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Ifci, book i> devoted to the approbate aaynptotic eethodt of 
oolviag the problcsa in the theory of nonlinear oacillationa oet in 
•any fielda of phyaica and engineering. It ia intended for the wide 
circle of engineering* technical and acientific worker, who are con- 
cemed with oscillatory process**. 
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PREFACE 

At the pteaeat ti.e the queationa of nonlinear o.c.ll.tion. H 

„..t attention in -idely .«>»«« Held, of "»~™' mA phy.tc | 

The aethoda of a.yaptotic eapanaion in power, of • m»li pernaete ^ 
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In Chaptar 1. Mturil oscillation* in quasi- linear one degree °1 

freedom in discussed. 

OiipUt 2 contain! basic elementary informatics, on • # ye'-.bad of the phase 
plana. Frue oacillationa in relaxation type syat«». *l» di scanned. 

For the understanding of the question of the trans.vion to the discontinuous | 
treatment of relaxation oscillations, *e are airing the fundamental propositions o| 
the method of the large parameter developed by A.A.Dorodnitsyn. 

Chapter 3 is dcroted to a study of oscillatory systems under the influence of | 

external periodic forces. fl 

Chapter 4 describes the methods of the mean, by the aid of shich systems with; 

many degrees of freedom can be considered. f| 

These four chapters are written for a reader familiar with mathematics to th«| 
extent covered by the normal course of Polytechnic Institutea. 

Chapter 5 ia intended for mathematicians who are interested in questions of 
theory of differential equation, oith a wall parameter. In it question, of the | 
justification of asymptotic methods are discussed and s series of theorems on thu 
existence and stability of periodic and qu.ai-periodic solution, are eat.bliahu4.-J 
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1. "Die study of oscillatory processes is of fundamental importance for the 
widely varying branches of mechanics, physics, »**d engineering. The vibrations of 
atructurea and machines, the electromagnetic oscillations in radio engineering and 
optica, ael f- sustained oscillations in systems of automatic control and servosyst 
sonic and ultrasonic oscillations * all these oscillatory processes, seemingly dif«H 
ferent, with no resemblance whatever to each other, are correlated by the methods 
mathematical physics into one general doctrine of osci 1 lationa. 

It should be noted that, as science and engineering develop, the role of the 
doctrine of oscillations is also rapidly expanding. Disregarding such discipline 
as radio engineering and acoustics which have been completely “covered” by the 
trine of oscillations, let us take something like machine building as a typical 
aagile. It is not so long ago that no particular importance was attached in this 
field to the study of oscillations, and stress calculations were based on static 
concepts on the relation between deformation and load. However, with the tend* 
toward increasing rotational speeds and decreasing dimensions, the role of osci 
tioas in the transition to high-speed machine building can no longer be disrega 
Die numerous accidents, due to the increased actual loads produced by the exci 
of oscillations, have made it imperative for designers and engineers to study, 
care, the possible vibrations of machine units, and to estimate their intensity 
the sources of the modern theory of oscillation nre clearly defined in 
classical mechanics of the times of Galileo, Huygens, Newton, in the problei 
motion of the pendulum. Die works of Lagrange contain already formulations 
j theory of small oscillations. In its further development, the term “theory 
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liMir oicillitioA* H mi u»«d^ i.«., oicHJitioni cbnrict«rii«d by linear differen- 
tial aquation* with constant coefficients, with either homogeneous or free terms, 
Ui»| known function* of time. 

In the work of many scientists, linear differential equation* have been an ef- 
ficient tool of research. Thu*, A. N. Krylov and hi* students, developing the theory jj 

't! 

of linear oacil lationa, applied it successfully to the solution of the problem of J 
roll of a ship, to the theory of the gyroscope, and to artillery problems. | 

The simplicity of the basic principles of the theory of linear di fferential , 
equations with constant coefficients Has resulted in * large amount of work done 0*| 
the theory of linear oscillations, in a feasible generality for formulating it* log 
sad in clearness of its physical interpretation, rufidfiftcfital concepts of this thor,* 
ory, auch as natural frequency, damping decrement, resonance, normal vibrators, stM 
have enjoyed wide popularity and hate been an irreplacitle means of investigation ll j 
almost all branches of physics and engineering. The property of linearity of difnjM 
ferentiating operator*, interpreted as the principle of superposition of oscilla- M 
tioaa, the fact of the transition of harmonic functions of time (when these opern^H 
tors are *>plied) into harmonic functions of the same frequency, have permitted i «■ 
vesti gating the influence of arbitrarily applied forces on the linear oscillatory * 
system to be reduced to the investigation of the influence of forces of the 
type, harmonically dependent on time. Thereby the " spectral* approach to the oaafl 
1 story processes - an approach that has had ismenae iaportance even outside the t j 
ory of oaci llationa in the proper sense of the word - has been worked out. jfH 

The technique of calculating specific linear oscillatory ayatema, under th^^S 
stimulating influence of electrical t^i^ering, ha* been enriched by the 
of the so-called symbolic method and of various modification* of it, for exampldH 
ike method of complex amplitudes. Its basic idea ia that, since the dif feremti|^H 
/' jqperator, in combination with the constant coefficients, obey* the very same 

tribe tive, associative, and commutative law* a* ordinary number* do, it follo«ft|M 
-\thm differentiating operator with reject to time may be replaced by a certei^^^| 
Ibel and the ayatemn of linaar differeatial equations with constant coefficiaigHjj 
jbe, formally, reduced to linear algebraic equation*. By solving them, *e obwS 
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"symbolic solution", which mu.t than be deciphered, using . certain sys«« °P er " 
tiona. 

In the caae of oscillatory system. with an ielinite number of degrees of free- 
dum (or, they ars also called, systems with distributed parameters), ahich r 
described by partial differential aquations, which. in addition to differentiati on j| 
.ith respect to time, also include di f ferantistion uith respect to other mdependejj 
variables, the aymbolic -ethod lead, to elation, -ith a ...ll«r number of "r>.bl«| 
which already represents a very substantial ainpli fi cation. J1 

After the fundamental work of Heaviside, the symbolic method began to be sucjl 
cessful ly uaed. ..inly in electrical engineering, for the solution of numerous P(«f| 
leas. However, for a long time mathematicians doubted its legitimacy and jnstiflM 
tion. It is only since the 1920’.. after the work of Carson. Deutch, Bromwich. « M 
others, that the mathematical aspect of the symbolic method first started to bec«fl 
relatively clear by being linked to the Upl.ce tra«. formation, mid to the P«w''<j9 
methods of the theory of functions of a camples variable. fl 

An extensive literature is today devoted to the theory and application of tfcfl 

symbolic Method*. jl 

In the USSR, work in the field of the symbolic method has been done by S 

A.M. Efroa and A.M-Camlevakiy, by N.H.Krylov and N.N.Bogolyubov, Ly A.l.Ur’ye. ■ 

In vie- of the fact that the theory of linear oscillations, for the abovo-S 
mentioned reason., has been developed in very great detail, and in vie. of tho 
that its mathematical apparatus functions, one might say, almost automatically jj 
ve.tif.tors have attempted to classify oscillatory processes studied by themjM 
' I linear categories a. f.r •• possible, frequently discarding the nonlinear UffM 
- juithout proper justification. In this case, they retime, completely lost s£H| 
lof the fact that such .••linear- treatment might lead to substantial error. • 

of the quantitative, but even of fund—it.l -id qualitative types. M 
& 4l’.....:.Ik,fiag the initial stage of dev.lop.-it of the doctrine of oscillation.^ 
v was only in isolated cases that linearisation ... not used -id that nonliaa^Bj 
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e.ll.tioB. were Milt (Oetropredekiy. Hal-Ua.* ■**»•.* 

ytt it .u.t b. euph naiied that. «« i» *. 19 th Century. there already ***** • 
..thw.tic.) apparatus which, on proper doaelop-nt and p.ner.liiation, could h.ae 
been applied to the ntudy of nonlinear oacillationa. aufficien-ly clone to line 
Oscillations for -hich the corr.apondin* dilforenti.l equation.. .Uhourf, they are | 
oonWnaae. .till contain «*« P-r-eter «. entering the., equation, ao that at 
anlu. of « they depenerat, into linear differential equation, oith con.t.nt coeff. J 
cienta, teroed aef ficiently-cloae-to-linear. It ,n thi. c«| 

that the parameter . i. --all*. ..... that it -ay be taken aufficiently -H » jj 

absolute .aloe. Speak, np of auch a .*th«*.t,c.» « «« thmk.np P»-« 

of the theory of perturbation., developed by aatrononera for studying the *>«***, 

the planet.. Here, too deal with the .tody of a»«on. de.cnUd by **j| 

... —.11 oaraaieter. When thi. parameter becooea >«■ 
fercntial equation, containin* a wall p *| 

.... d......... i.u, «.!■ w ’ ” ° M 

..-a. **>- ~ *“ *»• •' "*m 

I— “••• «*“•• ~ “ “• U| “ m 

a'”- 1 " • h “ h “ IB 

iaipoftftitility of the ordinary expansions in poaori* of a i P Jfl 

—U. .....M. ... -no. a. ,0 "' 'B 

’*’■ TK. ..... i. .... a. -..I — — '• *— •*"*■ ” f • '“*HB 

to* a. —a- «**• — ft— “ w 7 ““ “■ 

which, beaidea terwia depend, np hawom tally on cm fl| 

ular tetwis of the type . .JBI 

(« sin *(, <“ cos at, ,, 

" !u ua* a. a- . to — «• a.'— °*‘- “ *- 

' iu,. ....»« .< .i» —<« — -“** i “ , -“ •** *• “ 

15 U. . nun- -a.. •« a- — *•> a- ** “ **M 

M f—.M . auto- to —tod » *.« - 

H 1ft. .» to to.. Uto— «- to a. town —>• •' ‘toWj 
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Motion dwcribtd by thw t^itioo 


* 

.itl, the -«1) pox, lire P.r—ter «. The «lution of thi. «q-.uo» »• 


(toMTat. if -e u.ed the u.u.l method of expansion in P»«r netie. of e to noire U»M 


equation. we would gat 


It the ..tie. i. terminated .1 the fir.t, .econd. o, third ter., ,.e.. if the fo 

. - * k » t . 


U. of the fir.t, .econd, etc. approximation .re used, thes 


show thtt- 


quantity in que.t.on i. d-ped e.th incree.in, t. .men the.e for-U. «»» »- 
plicable only .hen t « l «WU. *•»»* thi. true, x ennot x.ry .ppreci^.ly. J 
Thi. property of the ordinary expnn.ion. in po.er .erie. of . s».U P “"**S 
become, quite cle.r on con.iderin* the -ethod proposed by Po.xxon in 

the problem of o.cill.tion. of . pendulum. |fl 

Poi.aon’n -ethod cen.i.t. in the foil—-*: Let it be required to find 
tion of the .bore-mentioned nonline.r equ.tion confining the — H >"“ eter *M 
which we nay represent in the for* 


dKx , i, v . 

-3a-r*' A 


=*/(*•£)• 


„U.i«. ...i.Iyi- I* °'| 

t .*l or der of —line., -ill be obtained in the form of the .erie* j 


x-~* J r t +.«x 1 .+ *x t + . .. 


* A f . n {O in the 1 aft-hand wide of eq. ( 5) * 

On tub* titu ting the »ene» of eq.iOl in cne 

o. *-« '. •* '• “ d “• “*“ i 1 

.* ... •* •' I 

; ter * are then equated. j 

1. thi. «y, «e obtain the .yetem of equ.tion. | 
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^ Met w following *ilue for xj: 

Jf, f<|# sill (mf f- f|) -f -fjL. C()s 3 (w/ | (J) ( IS) 

B» aobatituting a,.<13) and .,. 05 ) i4t .,.( 10)( «« obt . i(l „ wit . d ^ lutio 


i* tin fore 

r 

x~a cos («./-[ i t ) - —o^sinfw i in . *«* 

«.» (wr cus.i(ujf | <i). (16) 

lh* approximate solution so found cont.in. the secul.r tern 

3t .. . ' 

m at SIH (* ; / 4- 0), . 

•nd therefore the osci Uation. reor...-t-^ > / -i- . 

v M . s m, «iuuju rxpwa, *mie their on 

p l viide, et t increases uithout Unit, should also increase without limt. which is 
is obvious contradiction with the character of the esact elution of e,.(8). which 
.. is -li known, i. expressed by elliptic funct.on. and ha. the following for.: 


* - cn 


{?♦}■ 


There cn,K denote r.apectively an elliptic cosine and a total elliptic integral of f 
the first kind. 

The failure of eq.(16) to correspond to reality „ further confined by the [ 
fol losing fact: [ 

If we uultiply eq.(8) by and mtegr.te, we easily find the first integral, f 
sssely the integral of kinetic energy j| 


~ m ('3f ) J + J «*+-£•*< ~ E, 


i •spsessis* the law of conaerwatioa of energy. jj 

It follow, fro. .,.(18) that for . > 0. y> 0. s* cannot be greater than H, I 
H ssd. conae<piently, the -*lit«d. of the oscillations cannot incre.ae without lilitj 

H °" thsS * ,i " Ple “ be ~— <> b »iou. that thi. method of ob-l 

|t«ni«g the approxi.au button, by espanding x in power aerie, of the ae.il p. r 

4 Uf * *" °**r fot • *ert short tine interval. | 

1 .**' * erie * of °«*« 10 thm preaence of aecul.r teros. is not only uitf 
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f ° r • — Ir.i. of the behavior of the .elution of over 

U«. utiro r..i an... but lik..i,e f 0 , . qualitative *n s ]y sis of that behavior, «v. 
•hare the aeriaa of eq,(16) ia convergent Icf. for instance, the firat example 
aq.(2)J. 

remark once again that the presence of secular terms in the expansion of 
oea not signify in any case that eq.(0) has no periodic solutions at all, 
but merely indicates the inappropriate choice of the solution. 

This may be illustrated once again by the following simple example: Let us con 
aider the function 

sin (us f r. 

the period — — - . for small values of t and any values of u and t, 

■ay expand it into the aeriea 

! sin (oj 5 )/ sin wt f sf cos mt — 

— sin - jT - cos o ,( -j- . . , 

On considering the right-hand side of eq.<20). it ,s difficult to e.tabl.ah 
periodicity, in viem of the presence of secular terms. 

Tile above-mentioned difficulty of the aecul.r term, in the theory of perturb, 
lion. i. Of entirely the same character. A large number of effective method, of 
overcoming it .ere propo.ed after the aork of Lagrange and Laplace. It i. true thati 
tha pomer aerie, in po.er. of a —11 par— ter, to .hich they ieed, are a. a rule 
divergent, but nevertheless the approximate formula, here obtained. ,f .. limit our4 

.elves to r certain fixed number of term. - • 1 , 2. 3 .re very advantages 

/or practical celculetione. The point in th.t the.e aerie, are .aptotic in the 
sense th.t the error of the m* h epproxim.tion i. proportional to the (. ♦ l)th 
j° 1 the “• II p,r * ,eter *• lor this rea— . for a fixed value of m • 1, 2. 3... 
the error nil become aa small as any a.nigned quantity, at sufficiently —11 vnl 
tie. of «. Of course, by increasing . mithout limit, .e .ill generally not obtain 
eo "I* r »«' c «! Beaune of the fact that o - «; h—ver, the leek of thi. convergence 
i. not of mnjor i.portence for pr.ctic.l calculation.,, aince, in practice, the dm 
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ta emanation of the coefficients of the following posers of t becomes so cosip lex that 
ncuslly only the approximation. of the first or second order (or. in *«,.».!. of 
eery lo. order) can be used and th.l their applic.bi lity is completely depend.* t on 
th« ssyoptotic property. 

The above-mentioned asymptotic methods sere found to he very effective in ce- 
lestial mechanics, «„d .ere l.t.r applied to quanto, .echanics. It .u.t, ho.ever, 
be ..phaaised that the., method, .ere developed especially for conservative dynami«S 
ay.t«a. deacribed by conical equations, and c«»ot be applied eithout fund.ment.il 
gencrali ration to the study of -oil of the noniinesr oscillatory sysla,. consider, 
since these system. are nonconserv.tive, containing source, both of energy inflo. 

•nd enejKY absorption. 

In addition to the system of the theory «f perturbations, a aalhenatical systjj 
not specifically connected with conservative systems has been developed. Mere, fif 
of all, ee must point to the theory of linear differential equations .ith periodic! 
coefficients founded by A.*. Lyapunov, and to the Ly.punov-Poinc.re local theory of f 
periodic aolutioos. This latter theory consider. gener.l nonlinear differential 
terns containing the small parameter t in such a may that for e • 0 they possess 
odie solutions, and it establishes explicit criteria for the existence and stabilif 
of periodic solutions for sufficiently small value of e f 0. The methods of Lys 
and Ptoiacare have the substantial advantage over the usual method, of the theory J 
perturbations that they are rigorously-based methods, suitable not only for quaatif 
tative investigations but also for qualitative studies. 

i 1 lf€ UdOQ ffOH tllC iboVC , the nth im i t i rs I aua»a_ -L ' i j t ».*.i 

■ cuuia DC ippin 

to the Study of nonlinear oscillations alreudy existed. It »»», however, not 
tcasatically utilised in this field, before about the beginning of the 1930' a. It 

asternal correlation eith the problems of nonlinear oscillationr. had likeeiae aot| 
jbeen discovered. 

The Lyapunov-Poincar* method, ears first applied to the systematic invests! 
jof nonlinear o.ci list ion. in 1929 by the Soviet school of physicist, ehich is 
cast*) »ith th. names of L. l.Mandel’ ahtam, N.B.Papalekaa , A.A. Andronov, and a 
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Thus email nonlinear terns nay exert, aa it were, a cumulative action. 

he nay also tapHniit that, tec suae of the nonlinearity, the principle of super- 
position is violated, and individual harmonics of the oscillations start interacting, 
tlma making any individual consideration of the behavior of each harmonic component 
of the oscillations impossible. ^ 

It is entirely natural that the oscillatory systems of slight nonlinearity 
should be siost amenable to atudy, aince the methods of the theory of perturbations 
■ay be applied to the* in one form or another. 

However, the study of a system of extensive nonlinearity ia a very difficult 
problem from the mathematical point of view, and requires an individual approach to - 
each specific case. 

The oscillatory systems with one degree of freedom, under the influence of Uri| 
independent forces, have been more or leas well studied. Even this, however, cov* jj 
ered the qualitative aspects alone. 

However, for weakly nonlinear systems, described by the above differential eq 
tions with a small parameter and nonlinear terms, we already have today a large 
her of rather general methods, applicable to several typical classes of oscillatox 
systems which are often met in practice. 

The Van der Pol method has been one of the earliest. In his studies Van der I 
considered mainly eolations of the form 

it*X 


dt* 


+ 


*/(*■»') 


(21)i 


with a Mall poaitivc parameter e. In thia case, it *aa ordinarily eaauaed (tkn 
Van d«r Pol equation) that: 

id i “ 

:J L. . . • , 

fith a certain schemata set ion, thia equation, at least from the qualitative poi| 
{view, correctly deecribea the processes of self-excited oscillations in electro 
oscillators* 

V J Jp'.o btain the first approximation. Van der Pol proposed a special method. 


11 




- V5 -,;.r 
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* lowly varying* ioifficiMU, analogous to one ol the methods used es fir beck »s 
$■ colei tint mechanics. He represented the true solution in the form of a 
function expressing the haiioaic oseil is lions 

x - a cos (W -f~ ?) 

•ith e slowly varying amplitude a and • phase f. These latter quantities 
found from the differential equations with separable variables 

j = *.4(a), - = */<(«). 

where A(s), B(a) are certain functions of the amplitude defined simply in terms of| 

da 

the assigned expression f(i, ^). I$y his method. Van dor Pol obtained s number o 
important results, for example, he investigated the process of the build-up of 
cillations. stationary states, oscillatory hysteresis, etc. 

It must, however, be emphasised that, in Van der Pol's formulation, the app 
nation warn derived by purely intuitive reasoning, and although this approximati 
did prove to be fruitful in the first period of work in the 
Apr field of nonlinear mechanics, it could not completely satis: 

the requirements of practice, further than that, the ques 
\ ^ ©f it* theoretical foundation, of the limits of its appli 

V \ ty, and of the derivation of higher approximations, all re--'; 

mained unanswered. 

1 m 

The basic purpose of the present look is to present 



I position of the asymptotic methods of nonlinesr mechanics 

veloped by N.M. Krylov and M.N.Bogolyubov. lor the study g 
systems with slowly varying parameters, the method of Yu. A.Mitropol' aUy is gi 
(hir attention has been focused primarily on weakly nonlinear systems with one 
of freedom. At the end of the book, certain of these methods are extended to 
general esses. 

As already stated, the systems studied by us are of a form very often me) 
practice. 

Let us therefore consider a number of typical examples of such system 
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9Km * 1 ** • iU h • for illufttmtiag the oethode deecrihed. 

a. Ik. atapleat exMpla of • nonlinear oscillatory aystw ia the ordinary ..th- 
eme ti cal pendula. (fig.l). If friction i. neglected, then the equa- 
i—V . tion describing the oscillation of the pendulum has the for. 

mm £ 

S i '»A^ S '" V o. 

1 : ' 

> .here . i. the .... of the pendulu.. 1 the length, g the .cceler. 

S ti0p of " r ** ity * lh ' *««»* of deflection fro. the vertical po.il 

tion, 

/7 J~| for of deflection, .in x may, with • sufficient 

j degree of accuracy. he replied by x. In this c.e, eq.{25) My bn 

" reduced to the fane 


***•2 i/'x . e 

J - ; '• “ 

Equation <26) i. .n equation of h.reonic o.cill.tioo. which will be .sochro 

i-e.. their period T ■ * Ji.ill not depend on the initi.l velocity nor on the 
flection. 

Howewer, for large deflection, of the pendulu., eq. (26) is inexact, 
case where the deflection, do not exceed angle, of the order of one r.di.n 

eq. (25) .ay be replaced, with .efficient accuracy, by the fir.t two ter., of the 
paniion into icriei: 



Sill A* — A* 


' *■■■ - 

6 1 • " ’ 


Equation (25) will then take the fora 


d'x , fr f 

,7,1-!- y I 


g f X* t \ 


Obyiou.lv, a. .ill be shorn in detail below, the oscillations in this cast 

|~ l0 "** r be **®chronou«, and their frequency .ill depend on their e^ilituda of 

dilation 
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Ut us else consider the oscillations of » certain weight of «... », suspended 
• (Fl«.2). Let f(») ha the force produced by a apring etretched to the 


O f 'r 




length « with reaped to >ta atate of real. In thi. caae. the rigidity of the 
aprinp for the diaplacaaient x .ay he defined aa f'(x). Again diaregarding the for 
of friction, te have the equation of ootion 

m at 1 ! -/<A ) r. <). (29) 

■1 

. ■ 

If the rigidity of the apring increaaea with increaaing diaplaceaient. then, 
it i. cuatoaary to .ay, the apring haa a hard ch.r.cteriatic of nonlinear reel* 

— force (Fig. 3). If the rigidity decreaaea aith increas 

displacement. the spring haa • aofl characteristic (Fi 
mZK L ^ vrHiriouaiy the oscillations of the weight on the spring^ 

acribed by eq.(29), will likewise not be isochronoua, 

^ ^ view of the fact that the period of oscillation will 

5 crenae with increaaing rigidity, while the effecti?# ■ 

di ty in this case will increaae with the amplitude. 1 
Ana logruisly. m the caae of a aoft characteristic, the period will deer 
* or in eq*(26) » the restoring force f(x) - «g{ <* -.1?) haa a 

characteristic, and. consequently, the period of oacillation will increase M 
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creasing amplitude. 

** no* praasat an sxa.pl. of • nonlin.ar alectric o.cill.tory .y. tw . 
for this purpoaa. let u. con.ider the o.cill.tory c.rcuit con.i.t.ng of the i„. 
ductance L, an iron core, and the capacitance C dig. 55. 

Ut ♦ be the oagnetic flux fio.,„g acros. the coil. Ihen the equation for the 
circuit under con.ider.tion may be aritten in the fora. 


0 , 


( 30 ) 


•here i i. the current atrength. To deter-,.„e the rel.t.on.hip bet.een the current 
•trength and the flux .educed .« the coil, -hen an .ron core .. p re aent. let ua u.e 
the fol losing generally adopted fonaula: 

' «*!’ M* ( 31 ) 

where s > 0, b > 0. j 

The "’ Ly * UUt,tU * ,n ' ! e ^ 31 > ec b (30) , .« obtain the folio., „g „„„H„ e . r 
equation 


//=«!• , I . 

• c ( "' 1 ' M* 3 ) 0. 


( 32 ) 


for -hich the reatoring force lihe-i.e haa a .oft characteristic. 

In the .!*>*« oscillatory ayatea. the iorce of fr.ction. re.ult.ng in the da 
ing of the natural oaci 1 lationa. ha. not been taken into account. 

It la -ell kno-n that the la*, of aechanic.l friction, speaking generally, hi 
been studied only slightly. 

In practice, the folloein* laea of friction are ordinarily used: 

1) The force of friction ia proportional to the velocity (for o.cillationa 
sir at low velocities); 

2) The force of friction i. proportional to the square of the velocity (fojj 
cil lationa in a liquid aediu. or in air, but at high velocities); 

3) The force of friction is constant in value, doet not depend on the val 
..jggi : *StaJnl. a direction opposite the mlocity; thin i. kno-n n. the Coulo.b ft 

4) internal £rictio " <I«pe«d* on the losses in the material under oscj 
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iU ~ ** •** ‘ •' • 1. U.I. ..... u. 

“ «•“— “ *• '«» »< — «-»!.. r.l.tion. .i.h tb . di „. 

plictient or velocity. 

For eaa.pl., o« conaiderin* a pendulum freely ..imting i„ « iri 
aaauainp that the force of friction ia proportional to the veloci- 
ty «e obtain the equation of oacillat.ona in the for* 

a .... 


,,:x - j- /. <lx .L 


sin .v o, 


( 33 ) 


lit- 1 ■ lit r l 

•here X .« the factor of proporl.onaii ty, usually called the daamine 
factor. 

If a body suspended on a aprin*. .i th a re.tor.n* force f(,). j. 
aubmerped in . liquid, then. ...u«i«« that the force of jrict.on .. 
proportional to th. aqu.r. of the velocity. .. obtain th. follo.in* 


li;;; 


ii i 






M 


mXm 


hi 


iP.V 

llll 


fix) 0; 


( 34 ) 


•her. « i. the diupin* factor, and the plu. ..*» ahoeld be taken for *f > 0 and tJ 
aimia sign for ^ < o. iin«* ik. r .. * i- dt I 


.inc. the force of friction i. .Lay. directed ^ 


the velocity of the tody. 

Ut u. a„,.e further that. th,. .... body auapended on the aprin*. ia „„ t 
jected to the aquare-la. friction lot to Couloub friction. 

Then the equation of action oil! be 


'"-rf/H > si «» (;;;) !-/(.'•) *>. 

•here A denote, the abaci ut. value the force of friction.and 

1 i/ v •>. o 

4 t "** lit ' °- 

no illu.tr.tin* th. e.ti.ation of the force, of internal frictiwj 

V* CW> * idCf ^ Wt4wl ° ,cill * ti0 "« •< « certain .... „ au.pended from 3 ^ 


(55)| 


S, K" (;Jy) — 
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I sad cross section F, with • wodulua of elasticity E (Fig, 6)*. 

Ut Mau«« that the mesa • can execute only vortical oacil lationa, while the 
>*aa of the rod, which in oar cane playa the role of the epring, ia email by compari 
aon with the aaapaaded oeaa m. Then the ayataai .ay be conaidered a* a ayate. with 
on* degree of freedo.- In netting up the differential equation of notion of the o»- 
ci Hating naaa n. we will take into conaideration the loaaea of energy of oacilla- 
tion due to internal di ffuaion in the naterial of the rod, but we will neglect the 
naaa of the rod itaelf. 

Let * be the relative elongation of the rod. he then obtain an equation in the! 


/:l ! x | /;/’•)* ( V) . o t 


/ ' v ► 

I '•>- 1-t -I - <1* (.v)| 0, 


where w ^ ia the natural freigiency of the linear ayate., « 2 {(x) a function 

I r ‘ allowing for the deeping in the aaterial of the rod,- 

j> \ U * ’'• lue !**»* different for the aacending and de-f 

/ J acending notion*. In the equation, this ia indica 

/ 0 * ~Jr [ ^ opposite arrows. 

/ y/ f . Thus the process of oscillation of the systggj: 

■r u *1 und<!r con9i deration, in which energy is Leing log 


fig 7 dissipation in the naterial of the rod, is in f 

pressed by two differential equations. 

*e will asauae that the deviation of the relation between the atrean a m 
da formation a in th e mnteri.l of the rod differ, little fro. the line.r Hook*! 

* Thia example haa been conaidered in detail by C.S.Piaarenko (Bibl.34). hi 
atudy, b« developed • general method permitting the influence of internal! 

• tape to he atudied in ayetemn nth either • finite or an infinite m*h«. 
green of freedom- 


. 1 - 
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I ; 1 
ill! 5 

mi 

p^ r ( ’ ■ ■ ' ■ ' '"’t ■ 

iK-:'- i 1 


|I* **»• wmpmtt, eq. ( 36) will he close to linear. 

*• *°* present an explicit expression lor the function w 2 #(x). Let us assume 
that, for vertical oscillations of the as** m, suspended on sn elastic rod, the 
Hysteresis loop constructed in the coordinates: x ■ relative elongation and o • norm* 
•1 * tress, will be symmetrical (Lig*7). 

In this esse, the true modulus of elasticity will b« variable, and according to 
N.N.Lsvidenkov’ s hypothesis, the expression for the function « 2 4(x) will have the I 
following form: 


(.V) 

♦ 

r’*I‘ (.v) 


I (a f ,v ) 14 






•m !,#»» 




( 39 ) 


ehere v and n are constants determined experimentally, while s is the amplitude of 
oscillations. 

In the above- considered oscillatory cases, the dissipative forces (forces of 

friction) have sometimes not been taken 



‘V- 


> 


J 


H*. 8 


if.) . i 


;»,n 


into account; however, in reality the 
dissipative forces will always, to son 
extent, influence an oscillatory systs 
•• a result of which the oscillations 
damped in time. 

Undamped oscillations can, in prg 
tice, exist in a case where there is Jf 
certain source of energy in the syst 

jnhich ia able to conpenaate tha expend. tare of energy created by the pretence o| 
dissipative forces. 

Sncb a aource of energy nay be a periodic force acting on the oacillatorr 
• I ' 'M 

\ tm ‘ fot if, an ordinary linear vibrator ia aubjected to an external'! 

odic force eoaaiatiaf of a aiagle hanaonic. than ne obtain the following eqaaC 

notion: 
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§:pp,;i 


WMSMSM 


m 


mmmm 


r 


d\\ i ; tix 

m - a 


kx /. sin *./, 


( 40 ) 


iccordiaf to thicK vadiiptd oieillitioAi till exist in the oscillatory system. In s 

given esse, the losses due to friction caused by the presence of the dissipative 
dx 

tens A -jp will be coeipenssted because of the externally generated energy and charac- 
terised by the periodic tens I! sin vt. 

The source of energy in itself may have no definite periodicity, while i Ls ac- 
tion on the oscillatory system plays s role similar to that of negative friction, 

which compensate# the ordinary positive fric- 
tion introduced by the dissipative forces. 

Oscillations of this type, which differ 
substantially froo the above case of the 

presence of a periodic source of energy, arc 

l ■ 

called ael f- sustained oscillations. 

In self-sustained oscillatory systems, 
wilder certain conditions, the equilibriuat 
position loses stability, and Motion occurs*! 
bringing the system into a state of stationary periodic oscillation (i.e., oscills*] 
tions having a constant amplitude and phase). 

For the realisation of a stationary periodic state, the system ssust consist 
three parts: an oscillatory system; a certain source of energy controlling the OS^ 
cillatory system, whose action on the system compensates the losses due to frict 
makes the position of equilibrium unstable, and causes the oscillations to inct 
jsad a certain limiter, which brings these increasing oscillations into a atatio 
state. 



Fig. 9 




The first two parts of the system may be linear, but the oscillation limit 
jaluaya nonlinear; therefore, say self- sustained oscillatory system is descrit 
nonlinear differential equation. 

Self- sustained oscillatory systems are widely encountered, and are very 
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portant in phyaica and enginaering. 

To f«t a clear idaa on the character of the excitation of oacillationa in a 
aalf-auataiaad oacillatory ayatan. let ua con.ider the oacillationa of a ayaten aith 
••• d«f rr«c of frtedoi. 

If the oacillationa are of an.ll anplitude. ae can ua. the linear different,.! 
•filiation 


cAv , . it i- 

rn - j - A 


I-A.V- 0. 


<A- ' ■' ili 

The general aolution of thia equation, aa ia aell known, ia 

A - atr ' 1 cos (W t r). 

•here a and a are integration conatanta, 

k 


2m 


to- 


rn 


(41) 


(42) 


(43) 


Therefore, if k > 0, the anplitude of the Mali oacillationa ae’ 6t will oL»i- 
oualy be daaped by an exponential 1... If, on the other hud. X < 0, the m. 11 on- 
cillation. .ill continue, and their amplitude .ill increaae Ly an exponent,.! laa. 

In »iea of the fact that the anplitude of o.cill.tion cannot .ncre.ae aithout 
ii-it, it ,. natural to po.tul.te that, beginning at an, i„. t .„t, the coefficient 
of daaping nuat change it. aign and becoaie poaitiwe. 

Thia property of an oacillatory ay.ten nay be reflected in the differential 
equation of the oacillationa by replacing the coo.tant coefficient X by a 
coefficient, for exanpie, of the folloaing fore: 


. , ..Id A-V 

’ 1 n \,n )' 

•hare A > 0, B > 0. 

Aa a reaalt, ae obtain aa equation of the fora 


(4 


</-A . | 

" ,n> + ! 


I 






- kx = 0 , 


U 


Vi s 

:r 


frea which »t folio., that the daaping ia ne gat ire for anal! abaolute valuea 
and po.it ire for large abaolute value.. Thua, oacillationa of anal 1 anplii 


2D 
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coatimi*. tad those of large amplitude will he damped. 

Ihia indicates that there exist undamped ael I- sustained oscillations toward 
which oscillations with both saiall and large amplitudes tend. 

Equation (45) is called the Hayleigh equation and is of major importance in the 
theory of self-sustained oaci 1 lations. 

Equation (45), by substitution of the variables 

t 1 1/ k . I 


• v y 

may l>e reduced to the following form: 


V m 

f Ml k 


(46) 


Am } 


X'h 


) 


d’y 

dt* 


-(* y-*> 


dv 


rfx 


(47) 


where^. * «• 

vC 


{.»• 




The equation of self-sustained oscillations, represented in this form, is 
called the van der Pol equation. 

•e now present concrete examples of self-sustained oscillatory systems, 
consider the electronic oscillator schematically shown in Fig. 6. 

*L» * n< * ^ JC * respectively, the currents of the inductance L, 

capacitance C and the resistance H of an oscillatory circuit. 

Let E a be the constant voltage in the plate circuit; V a be the total vol 
on the plate of a vacuum electron tube; V g the grid voltage: i t the plate 
M the coefficient of mutual inductance between the grid circuit and the oaci 
circuit. 

According to the diagram in Fig.fl, neglecting the grid current, we ha 


>2 . 


. di r i r 

L ™ -- -gr J if. ,lt m h !■„ — V", 


M 


ili i 


r , t 


iff 
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Mid, conaequootly, «e can trite the differential equation 


, . ,,H l, , 7 . < l/ i. 

' ! 'a* 7/r 


f«/.- V 


Aa is well known, the plate current i # ia a definite function of the control 
voltage u • Vg ♦ l)V # , i.e. 

i, t /(“) /( V H +l)V„), (52) 

where D ia a con* tent called the grid through of the electron tube. The numerical 
value of D in usually small with respect to unity. 

Chi substituting eq.(52) in (51) and taking account of eq.(48) and eq.(49), 


u '-£ L r^Jr hO. ;|w„ -(.U m.) "/ ]. (SJ 

Let ua now consider the following quantities 

I ' ■ - ( .M -- /./>) ~i '- . 

Obviously V ia the alternating component of the control voltage u, excited 
the oscillations of the current in the oscillatory circuit, while E Q is the c 
component, excited by the source of direct current. 

1W lor m ssksoB V, eq. < S3) yields M equation of tK» following for«s | 


1C™ \ v I | £ - (»l /-/>>/'(/:,. I V)j 0. 

On niibati luting the variables by the formala 

/^tVTc 

•a obtain the following equation for the electronic oscillator in dioanat 
for*: 

• 2+f + tAzlv—W mnn, i 10 ! *Y- 1 
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( 50 ) 


and, svMwquaatly, •• can ■rite the differential equation 


f . d " l l , A 

' <// J h A* <// 




Ae la veil known, the plate current i, ia a definite function of the control 
voltage u • *• DV,, i.e. 

'* /(") /0V+ oi',). 

•here D is a constant called the grid through of the electron tube. The numerical 

value of D ia usually saall with respect to unity. 

Q» substituting eq.(S2) in eq.(51) and taking account of eq.(48) and eq.(49), 
*e get 

y 1 " 'K h.m w, ]. (S3) 

Let us now consider the following quantities 

/: o I 

■j-w 

» ' * (M -ID)~L. 1 

at | 

Obviously V ia the alternating conponent of the control voltage u, exci ted 1 
the oscillationa of the current in the oacillatory circuit, while E is the c 
component, excited by the aource of direct current. 

Then, for an unknown V, eq,(53) yields an equation of the following foru: 


. ■ + »' i- 1 Z - (•» "»m, 1 1’)| 

]Qn substituting the variables by the fonawla 

j - / 1 VTc , 

;we obtain tha following equation for the electronic oscillator in diaboei 

| fan: ' 

h: '■% + v + u» r I y,| 3 


m 





U " d,r Cert,io “•option., «q.<55) nay be reduced to th* van der 


No* let ua aaawae that the conn taut 


iay be reduced to tha van dar Pol equation, 
ooaponeni of the control voltage E n ia » e . 


I — 

J-r . 



0 _ 


i«*.n 


lee ted in auch a -ay that it for., th. abac... of the pent of inflect, on of 

tut* characteristic: 


i*e., auch that 


/(«). 


A/:,,) 0 


Tl>en, for a certain interval of valuea of V 


•e aay put, in firm approxiaatio 


/(/:« f V) - /(/:„) -f Vf '(/:„) f 


Let ua aaaune that 

(M ~U))r { ,.; it)<{) ' 

£ >0 

Then eq.(SS) ia tranafonned into the van der Pol equation: 

,/,J “*(l - X*) ** _f_ v 0< 

ia which the fol loving notation ia introduced: 

( W ~ A/-))/' (/f 0 ) — -A 


~~ :r; ai ■ ' v> 

«i~ - 

2 j(.lf i.O)/' (/:„) — -~-j ‘ 

a till another exaeple of a aal f-oeci 1 letory ayatee 
in electrical engineering. 




ML ■ 

W ' 
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Con aider the alactric oscillatory circuit (Fig. 10) consisting of the capaci- 
U«c* C, the inductance L, and a certain aleaient with a nonlinear roll age -cur rent 
^characteristic: a • F(i); (Hg.il). 

Then the oaciilationa in the circuit eill Le deacribed by the equation 

; tc£+< + «*w£*,o. (si 

or. if on aaauee that the characteristic in upprosimated by the fifth-degree poly- 
nosii ■) 

/ ' (i) : A -{ - Hi I / >i' J | /;V“ |- Fi* -{ • (//"*, (59) 

by the following equation: 

^ ~d¥ + 1 + j- 20/ -f- 3 Efl -j- 4 Ffi -f- 5 Gi 4 ) —■ o. (60) 

for ahich. depending on the character of the polynomial of eq.($9), a solution cor- 
responding to the stationary oscillatory state may exist. 

Let ua consider the Froude peadulua as a mechanical sel f-sustained oscillatory 
systea. 

1. conatr “ttion of this pendulum is schematically shoon in Fig. 12: The shaft ( 



rotating at uniform spaed, carries the sleeve M rigidly connected with tfc* 
the friction of the sleeve mhile turning on the eheft ia known. Let 9 
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«f dafl actio* ol tho pandulu. a.i. fro* the vertical (Fig. 13). u the angular veloci- 
ty of rotation of the ahaft, J th* aoaant of inertia of the pendulu., X fj? the ao.cn t 

dt 

of th* forcoa of friction of the pendulu. against the air, ohich ia proportional to 

th* angular velocity of oacillation of th* peadulua 1?. 

dt 

In addition to the force of friction between the pendulu* and the air, th* «o- 
■«nt of friction between the .haft and the nleeve *u.t nl.o be taken into account in 
netting up the equation. 

: | 

Let ua aasuate for amplification that thia »o»ent2JJis a certain function 1 of :| 
the relative angular velocity v (of the pendulu. with renpect to the ah.ft) j 

M = r(to. (6i) f 

In the cane under conaideration. we obviously have 

. <f0 i 

v : M + a, . 

and. therefore, the equetion of oncill.tion. of the Froude pendulu. (ideal. red) any 
be exp r eased in the for* 

J ~ t ui + , '~ ( tt+ , \ u + ,u) ! »>e<> sin o o. (62) | 

Ohere a denote* the .ana of the pendulu.; . the distance fro. the center of gr 
of the pendulu. to the center of the .haft *«* and g the acceleration of grawij 


The characteristic of friction 


j H*. U 

inflictiofl of the deacending branch: 


aleeve and ahaft, represented by cq.( 
haa, generally speaking, a descendi* 
(Fig* 14) on which | 

F* (v) < 0 . i 

L*t ua select the velocity u in 


thnt u fonaa the abscissa of the 


{•kill naming thnt 


/?'(«)=* 0, 


^ («)+>.< o. 
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~Jt aiUiin certain liwita, we «iay pu t 

'■■(» + ") = /■•(«)+/•■'(, /)|l + |p»(„)(^)‘. „„ 

n... « ....id.,,,, „ d u ,„ f „„ , !ln 

•q.(62) to th. Hsyleigh «(ju«tion or to th« ,sn der Po] equ . tlon . 



f 


<,r 


Hir.lS 


K*. 16 


Beloo. , e s r . *>«„ snoth.r e ,s.ple of . . echMic ., « H . su . Ulned 0 . cilUt01 


Ut •“"* th,t * c<rt,in M y °< ■“•••• tested oo the rough surface 
■ belt, stretched between two pulleys and .osing « t const . nt „] ocity „ (H|| y 

lh. body .tuched to . fired po.nt by . sprtng .bos. elsst.city v.Js secor 
to a linear la*. 

It is -.11 known thst. for cert.in s.lue. of v lhe My , u , not u im 
•tete of rest, but will perfor. di.continwow. oscillations. This i. due to 
l-et thst the force of dry friction between the body snd the belt is not . 
quantity but series nth being the velocity with which the body slides 
j the belt (fig, 16). So long .. the body i. .t rest with respect to the boll 
]• 0). the force of friction 9 <£) increases. r«s.i„i«g st esch instant ^ 

:j th * f0r “ ° f * ttr *‘ ti0 " *>>« spring. this force re.che. . cert.i| 

•| equal to the critical value of the force of friction, the body begins 
| respect to the belt; at first, the force of friction will decrease wit 
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Ijl will decrease u soon as |^~| reaches a sufficiently high value. 

Lat us take as the origin of coordinates at a point at which the spring is in 
its unde formed state. Then the sliding velocity of the body may be written in the 


i tiy </.V 

I <//”<« 

while the equation of motion of the body will have the following fora: 


+ ?('„ n.) f a* <»• 


If, before the beginning of computation, a position of the body is taken at 
which it is in equilibrium under the simultaneous action of the elastic force and 
the force of friction, i.e., the position for which 


?( - V 0 ) \ kx 0 , 


than, for the new coordinate x: 


x 1 l ? ( * 0 ). 


the equation of action will have the form 


' G) ~A7, •■») ?< -».)• 


The above oscillatory systems are close- to- linear. 

In the differential equations obtainad, the nonlinear terms, being small, i 
be considered as a weak disturbance proportional to some small parameter. 

; Thus, in the general case, for such oscillating systems, it is convenient 
write the differential equation in the form 


It r+« , *=y(*. 5?)* 


; where the right side contsins the smell nonlinear terms (e « 1) chsrscterii 
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I 


w§&, 




sin n'l dt 


I T 

COS ft 0 

*** a 


( 69 ) 


contain T in the denominator* 

Thus the power developed by theee force* in the tiae interval T will depend only 
on the amplitude of oscillation. 

It is therefore natural to consider the approximate equation, determining the 
course of the variation of amplitude, in the following form 

' < 

! -- = /-(a). (TO) 

i at y ’ 

We will later demonstrate that the successive application of the asymptotic method 
actually leads to an equation of precisely this type. 

It it expedient to represent the function )(•) in the form - 6(a)a, ,hy intro- 
ducing the effective decrement 6(a), here emphasising the analogy with linear sys- 
tems in which 6 is a constant. 


It is thus natural to put 


da 


= — 


dt “ 


«*(«), 


( 71 ) 


r*fc 


where w(a) is the M ef fective frequency of oscillation*; and 6(a) is the '’effective 
damping”, determined by the presence of an energy source or energy sink in the sya-f 
tarn. 

In systems with friction, at any values of a, 

1 £(«)>0, 

JC ■ 

while, in self* sustained oscillatory systems, for certain values of the mnplitu 
of oscillation 

:ij 6 («) — o. 

Let us discuss another type of oscillatory systems which are widespread 

1 - ; • 

turc but differ substantially from the above sel f- sustained oscillatory aystn 
.1 ■ • 
slight nonlinearity, in that their parameter e is a large parameter; in part 

llet ua consider the case c - 
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Mi mm* 
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Hi« oscillations daacribad by equations of this typo are called relaxation os- 
cillations. This torn reflects the existence of two different and characteristic 
atsies into which the oscillatory process is divided in the relaxation oscillatory 

i' 


vv ’ ; ■- 


. [<L 




30 


He. 18 

ayatea, namely the alow accumulation of energy of the system, and the subsequent dis- 
charge of that energy which latter occurs almost instantly after a certain critical 
potential threshold for this accumulation of energy has keen reached. 

Oscillatory systems of the relaxation type (e being sufficiently great), just 
like the above quasi -linear systems, may be covered by rather general methods of 
study. 

As an example, let ua consider the relaxation oscillations taking place under 
such conditions in a circuit with a neon tube, arranged according to the circuit 
gram in fig. 17. In this diagram, the neon tube N is connected to the CC voltage 
source E, across the resistance fl and is shunted by the capacitance C. In coasi 
ing this diagram, we will neglect the forces of inertia in the oscillatory sysi 

which leads ua ultimately to differential equations of the first order instead o 
the second. 

j The nonlinearity of the oscillatory system presented in the diagram of Fi 
To doe to the neon tube, for ehich the relation between the roltag* » end the 
jfeat i does not obey the linear Ohs' a law. 

. (fe iaewiisaiioji, toe process of variation of the current i, as a functig 
voltage v, proceeds as follows: then v deviates from the 


. m 
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f 


m 


fell: 


l,-: 


iecr.eaing level., the tub. .ill not burn .t first nnd carry no currant. When 
• certain volte*. v i(| , knoen a. the ignition voltage, i. reached, the tube lights, 
ite real stance drops sharply, and the current juops to a value of i,; a further in- 
crease of v results in a linear increaae of the current. If non, after the voltage 
he. reached a certain value v.„ > v 1(j . ee begin to reduce it continuously, th. cur- 
rent i Bill decrease by a linear leu so long aa v does not reach shat is called the 
extinguiahing voltage v e> . At this instant the tube goes dead and the current i is 
interrupted, incasing equal to zero. In the cos»only adopted idealization, this re- 
lationship ia graphically represented by the characteristic of Fig. 18, which con- 
sists of linear sepsent* and a segment with hysteresis loop. 

For this reason ee say put i - 0 for the extinguished tube and i - i * * Y, » 

t* 

lor the burning tube. N 


To set up the di fferential equation, «e note that, since the current through 
the capacitor ia equal to C the current in the reaiatance H will l* C ~ * i, i 
consequently, the voltage drop across N will be represented by the equation 


whence we find 


«( c £+')= 

dv E a — v - 


~ O. 


■Rt 


CR 


( 72 ) 


When the circuit ia connected to the voltage K >t the process of charging the 
capacitor begins. 

Since, at the initial instant, the voltage across the tube terminals is equal 
to sero, it follows that, for a certain period of tiae, it will be leas than 
taring this tiae the neon tube will not light, and, accordingly, eq.<72> will yU 

I dv f:„ — V 


di 


RC 


(73)| 


.If U* > v ijr , then, according to eq. (73), y will reach the value v if after e cet 
and the tube will light; after thie, nt a sufficiently high value of R, 

' .di*chsrge of the capacitor across the neon tube begins. For thie 

| wo have 
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V; r; 

km 


wx 


W: 




, + ^ 

w~ 


(74) 


L«t H Ihi to great that 

E« — v~Ri r < 0. 

Tt»«n v, according to eq,(74), aonotonously decline u> the value v • v #x , after 
which the tube extinguishes and ihe process of charging the capacitor reauae*, fol- 
lowed again by discharge acroaa the tube, and ao on. 

Thua, periodic relaxation oscillation* take place in the circuit under consider- 
ation, causing v to vary between v ejf and v ig . 

The equation of oscillation way obviously be written in the fora 

dv 


(It 


(75) 

where 4(v), over the interval v eI * v * v i(fl according to eq.(73) and (74), has the 
two values: 


ij» /?!* ^ (for increasing v) 

AY. 


«I> (t») r:-.: 


f. n — v — R- f r ~ -- (v ~ v t ) 

A jy 


IK 


(for decreasing v) 


(76) 


3. In the stave examples of oscillatory ayatesa, the disturbing forces did 
dapand explicitly on the tiae. These oscillatory systcas were isolated froa ex- 
ternal influences, as a result of which all the forces acting on the aystea de» 
pended only on the dynnaic atnte of the systcai itself. 

Below, we will present typical exaaples of nonlinear oscillatory systeaa i| 
jthe influence of extarnnl periodic forces, Mid will analyte, frea the physical 
Jof view, the characteristic phenoaana that can arise in nonlinear aysteaa ia 
"jeaae. 

Lat ua begin with the consideration of the siapleat exaapla of ail, 
[oscillator subjected to the weak harmonic exciting force eE con vt. 
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T)ii tquitioR of Motion in thin cn« it written in the fora 
v 

+ ***“*/(*• •+••£<-*«**• 


<77 ) 


In vic« of the smallness of the external force and the aaallneaa of the non- 
linear tern, the oacillationa after one cycle will have a fora clone to harmonic: 

x^a cos (<*>/+ <}*)► 

dx 


(78) 


dt 


a to sin («o/~|-^). 


■r J' 


The amplitudes and phaaea will undergo substantial «>odi fi cations in this cane 
only after a tine covering a large number of cyclea. 

Let ua conaider the wean power 

t i r 

g dx , d (79) 

cos d . — dt % 

introduced into the ayatem by an external force over the time T, during which it 
atill does not succeed in noticeably modifying the for* of the oacillationa. Since 
the external force ia considered Mall, this time 1, during which the oscillation i 
approximately "natural", may be taken sufficiently Urge with respect to the cycle 
of oscillation. 

On aubstituting eq.<78) in eq.(79) we obtain the mean power in the form 

M T 


. ii" li f cos [( ■ . / J- if] 

COS «v — *»)t — 1 

i A ^ If \ V 

j 

V— ”1, 


(80) 


for sufficiently large values of 1, this expression ia practically different 
from xaro only when the external frequency ia sufficiently close to the natural 
quemey. 

Thus a aaiall disturbing force, acting for a prolonged period of time, 
a perceptible influence on the oscillator under consideration only in the c 
resonance v % w. Let ua agree to call such resonance the “principal” or or 

I 

resonance. 

In our discussion we started out from the purely harmonic fora of natur«l| 
lei llations. 

Hsswver, because of the presence of a nonlinear term in the natural one 
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:'Z 


I 


IP'.'. 


1 


hi m 


higher harmonic m unawoidubly gsnerst.d |.m in the absence of nn external ex- 
citing force). 

On substituting * in oq.(79) by th« expression for the nsturnl oscillation con- 
teiaing higher harmonica of frequencies au end by reposting the above reasoning, ee 
prose that the nean poser under consideration, for s sufficiently great T, differs 
frost sera not only at w a v. but also at nw ft v. ehere n ■ 2, 3. etc. These auxil- 
iary resonances, which can be detected only in the next approximation, in alloeing 
for the presence of overtones in the natural oscillations, will be called frequency- 
division resonance or daawil tip lies t ion resonance. 

In still higher approximations, more complex resonances of the fractional type 

r w % m ir 

nay be detected. These are due to the feet that, at a sufficiently high approxima- 
tion, the expression for ^ oust take account not only of the overtones of the nat- 
ural frequency, but also of the combination tones with frequencies of the type 
nw i ni. 

In the case under discussion of a nonlinear oscillator srith a saiall applied 
harmonic force, ae detected, in firat approximation, only the principal resonance 
tt - v. !„ certain weakly nonlinear systems, already in first approximation, reso- 
nances of s different type appesr, for example, aukmultiple resonances. 

for exmsple, if we consider an oscillatory system whose rigidity vanes peri- 
odically, me obtain the well-known Msthieu equation 

diX 


i-i.. 

LX- 


dP 


+ cd*( 1 ~j~ A cos v 0 * ^ °- 


(81) 



Asstmiing the coefficient of frequency modulation to be small, and consi| 
[inn the term 

oM cos • x (•! 

to be an external excitation, let us calculate the exprexsion for the mean 
Here, already in firat approximation, we have 
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A rr- -y | COS V/ COS (ti>/ -f »>) <1<0 sill («>/ ~f~4) M == 

__ [cos I^+fcW+ajJ _ COS Kv~2 w )/--^l f 4T 


v| 2 <i> 


v — 2u> 


fend* consequently, the work performed by the disturbing force of eq.(82). tnken in 

ita mean value over a long interval of time, does not in practice vanish in the case 
v 

•hen v £ 2w, i*c., w % j * 

Thus, in the oscillatory system described by eq.(81), »e * re able, already in 

firat approximation, to detect the resonance of frequency halving. 

* ... 

Let ua also consider the influence of the external harmonic excitation on the 

itelf-austained oscillatory system. Kor this purpose let us take the generalised 

van der hi equation in the form 

<f .t ,, . K (lx . p . . ( 84 ) 

; lf S — • s(I — -v J ) - a j -f j c-=L sm vf. 

Asswin* that V doei not take value* cloae to unity, let ua perforu the substitution 
of variables by the expression 

.. i it . t (8S) 


x v+ U sin vf, 


•here 11 ■ 


Then «e have 


2 +>-*11 


(.V -I- (/ sill v/)' J | |^- 4- lh COS -A (86) 


Ut u* analyte uhat reaonancea can be detected in firat approximation for the 


given equations: 


Ota calculating the mean power produced l>y • small disturbing force 


: 1 1 — (y 4 - U sin >/) J | ^ + t/v COS >/] 


| in a state of purely harmonic oscillation 

y a cm (W + ty)» 

JV — fl(u sin (to/ - 4 * «V)» 
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ft 


1^:1 : " ^ : ' • 

. • ‘ r ,■ 

/ 1 

• j> j 


' J f t ••• 

lgl§;#sr 

\ 1 . . *i b 

■ ( 


* 

• SO 


li 

i® 


Slfe®-' 


r; ' 


■ ■ ■. ? 

... ;L. 


it is not obvious that at dona not vanish for 2w £ v, and likewise for 2* £ w whereas 
the resonance 2« £ v originetes in the coaiponnnt of the disturbing force of eq.(67) 
at &n amplitude proportional to D, while the resonance 2v ^ w 
originates in the component whose amplitude ia proportional to 

li*. 

Thus, if K ia a small quantity, the resonance 2u £ v can be 
detected in second approximation but the resonance 2v £ only 
in third approximation. 

From this preliminary analysis it is clear that, in cases 
of resonance, only weak periodic perturbations can exert a sub- 
stantial influence on the course of the oscillatory process dur- 
ing a rather long interval of time* 

In this case, in distinction to perturbations not explicit- 
dx 

ly dependent on time, of the type ef <*. -j- ). the phase ratios will play a sub- 
stantial role. 



Now, if we take the typical equation (80) and use m * v for simplicity, we 


find: 


A 


iimtl: . , 

~r~ sm 


( 88 ) 


Thus, at sin q < 0, energy is received by the system, end st sin f > 0, energy is 
taken from the system. Already this simple example indicates the importance of 
phase relstions in the esse of resonance. 

For this reason, the approximete equations determining the course of the oeci 
latinos must include not only the amplitude, but also the phase of the oscillatioi 
so that, instead of a single expression (70), we have now a system of two conjugal 
equations of tha type 

;■ y = '<«.«. 

L % =*<»•«• 

The question of the factual determination of the rijdit*har.d sides of 
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--■‘-—s-: 

_ ... . .L.i rViotar «« uU 

.. *. ........... — ~ 

— -r^r. - - =,.... — - - 

tiont of the type 

. £+■* = ■/(-• '•£)• 

...... £ — — ‘ 

In cut of a non 1 i n*a r oncill.tor «e *«« 

In the cne of «,.(•». *• 8^tt • li0,, • " h "“ 

- f v, </A \ — — ut ‘h cos <f • x. 

w Z — - 

r - “T: z *. .« .. *-■. 

,„ib,d b, >■'* p “ u “ 

the o»ci 1 Intion of . «» un,t **»*• 

pended fro. ■ spring «“> • «»»>*"«" el “ a | 

city characteristic, io the pre.ence of fri 

tion, with the spring being under the infl 

of the disturbing force eE *o* n (F»*. 

. - f . .haft, consisting of ted 

The problea of the ur.ton.l oscillation. 

^ H . -I— - - ** *“" ” “ , 




Fig. 20 


V/J + <4 + 4> c 0) + / (S) = ,£ co ‘ * 


■hich i. likewise of the type of .,.(77). Her. J, 

ni the Masea 6 , .* t - * 2 » the a«U of u,r.io. arf 1 <*> »* * ““ 

•I — f fataltAR. 


Lalacitv. takia. aecouat of th. iafluaac. of frictioa. 


# 11 ;: 
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Th. problem of the o.cill.tion. of a pendulum ** °‘ ‘ n 

periodic force i. liVeuiae redeced to an option of the type of .,.177), «U. 

An equation of the M.thieu type (81) e-pre...-, for en-mle. 

the problem of the tran.wera. o.ci 1 l.tion. of . hinged rod .ob- 
jected to the ection of the longitudinal P-W.ting force M t) * 

• eK co* v t. 

In thi. cane «e obtain the equation 

<t'x i q I i , r — 0 (92) 

rf<r + “ [ 1 ” lift \ x u> 

in which th. following ay-W. - .ntrodoced: F.j ■ rigidity of 

F>8 ' 21 rod; i • length of rod (Fig.21). 

An equetion of . -ore general type then the «ath,eu equ.t.on .. found rn the 
cn.ider.tion of a nonlinear o.cll.cor in which c.rta.n p.r-eter, for — >* the 
natural frequency of the correaponding linear •**“**• Y » rv per.od.cal ly. 

| e then h*ve *n equation of the for* 

^._j_ ul 9(l-j-Asinvf)x ^s/(x, ^). (93) 

dt* v i 

A. an example, let -a con.ider th. o.c.ll.tion. in the circuit con.iating of 

U. MOMfT I—— t. * >*• “ “"“I 

of the fora 

«1» r.~ *I» (i). 

Of low ohmic real a twice H. and the w.ri.ble capacitance 

C=C^,(l-f f-sinvf) 

n.. «... .i » o- o~“ 

41+0(0. 

'in thi. -ay. - >>•*« th* foUo ""* 


dJUj± 


at 




« ““ 
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mm obtain: 


|t+*'( 2 )l 3 +* 2 + 


A.eu'.ift* ih.t the iodwtenc 


+ TSTTM W ‘ . I 

... L i. .efficiently ,re.t rel.ti" to the noohoe.r J 


inductance" 




- - — *- -r: 

U T*"" 1 " ' Mc ond order ol -.11— »- *"+' j 



the 


1 — psin "4)q = 


„ *(2) ( *f 

?(»— # 


K«.» * her '“’ Cf 

„ - ..«.>• .. . - "" d " 

„ ~ •» •• " c j 

echeeeticelly »» 

In thie c..e, »e *et the equation ;/ 

i : tcfi+KcJi+/=<„; J 


an external 


til 

wmm 


.^; r , .. 

ill 




I »,■ the cherecterietic of the tube. 


V'.~A*,§+M ,W * 
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where l r • M - DL, then by substituting 


Co 


i l = l—jfcCO»'4 


( 100 ) 


•q.(9T) can be brought into the fom 

CL 5 4 -RC% + U =/(Mr%) + Et '<* (* + ?). 


( 101 ) 


ehete 


« V(LC# - i)» f- &C& 

c t — M r . 


Equation (101) beloo*a to the type of eq.(93). end can. by the aubsti tution 


(102) 


'. = '+-Sj~sr cos < v * + ?>- 

•here ^ brought into the form of eq.(86). 

Up to nov »e hsve been considering the influence of esternsl periodic forces on 
osci 11 story systems close to linesr. te usy, hoeeter, slso consider the question of 


1 
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la particular. ee obtain eq.(103). if in the previously considered dieprao of 
the pane re to i of relaxation oscillations, « connect the alternating hareomc volt- 
nge (Ey coa vt in series with the constant voltage t,. 

Thus, for the diegrae. given in Fig. 24. •« obviously hare: 



dl .... 1 tfi.cos* 

J 


(104) 


In rise of the fact that the overtones, up to a very high order, play a sub- 
stantial role in free relaxation oscillations, an analysis of the expression 


| Jit, ««*<•£<". 


will show the ayatea contain* reaonancea of the f reque«cy-di viaion type 

m 

v=~, 

where n way be a rather large nuaber. 

For thia reaaon the frequency - di tiai on reaonancea »ay be obaerved in large 
nuabera and aoat conveniently, in relaxation ayateaa. 
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CHAPTER I 

NATURAL OSCILLATIONS IN QUASI -LINEAR SYSTEMS 

Section 1. Construction of Anyptotic Solution* 

Let us discuss no. the nethod of constructing a.yeptbtic approxiu.tions. ft 
of .11 for the c... of the o.cill.tion. d.f.ned by . d.fferent.sl equ.tion of th.| 


p|| f||i 


g+„v, -../(*.£), 


•here i ii • will poiitiw pirweter. 

«e n.y approach the correct fomulation of this nethod by starttn* fro. _ 
physical idea, of the ch.r.cter of the oscillatory process under consideration* 1 
Thus, in the absence of disturbance, i.e., at t * 0, the oscillation. <nl 

vioualy he purely harmonic •# 

X ~~ a COS v 

* . 

with cone tent amplitude end uniformly rotating pheee angle. 

£ = 0 , (4 = * + | 

:• ' • . -.Ii 

(the anpli tude a and the phase 6 of the o.cill.tion -ill be quantities cos* 

tiae, and .ill depend on the initial conditions). 

j The presence of a nonlinear disturbance <« I 1 0) siil lead to the app 
H overtones in the solution of eq.(l.l). aiM «*»•« the in.tantsneou. fn# 


i. 


w depend on the amplitude, end. finally, a.y produce a sy.te.stic i«e*e| 
4 creese l a the anpl i tude of o.cill.tion. according to the inf lo. or ab 


energy by the disturbing forces. 
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0.3) 


All tbeaa Affects of the perturbation »ill obviously vanish in the Uniting ease 

0). 

Taking all this into consideration, lat ua find the general solution of eq.(l.l) 
in the fora of the expansion*: 

j* acos^“h t;l i( u » ** u *( a » ^)~f" t#a a( a » * * 4 » (1*2) 

where u,(e.f), Uj(a.f), . . .gre periodic function* of the angle f with the period 2«, 
while the quantities i, f, •* function* of tiwe, are defined ty the differential 
equation* 

^ = a 1 (a) + *M 4 < a )+..., 

^ = u>4-«fi,(a)+» a B - (a)+ . . . 

Thu* we no* have the task of aelectiag the appropriate expression for the func- 
tion* Uj(a»f )* u,(*.f) Aj(*) t Bj(a) , A,<s). b t in) . . . .in such a «Y that equa- 

tion (1.2) in which the functions of tiwe defined by eq.(1.3) are substituted for a 
and f, will represent the solution of the original eq.(l.l). 

As soon a* thin solution is solved and explicit expreaaiona are found for the 
coefficients of the expansion* in the right-hand sides of eq.(1.2) and eq.(1.3), tho 
question of the integration of eq.(l. 1) will finally consist of the siwpler question 
of the integration of eq.(1.3) with separable variables, thus allowing study by tho j 
aid of the well-known elewentary wethods. 

As shown later, there are no fundawental difficulties in determining the co*I*| 
ficienta of these expansion*, but in view of the rapidly increasing complexity of 
the formulas, only the first two or three term* can be properly defined in 
work. 

Concentrating in our expansions on these terms, i.e., assuming that 

x — a cos < 5»H-“ r i( a » • - {- 

(«=!, 2, ...) 


(II 


• Thia foimlation of the .atbod of expansioa by a aall para.* ter ... fiia 
in the book by Krylov and N.N.Bogolyubov M Introduction to Nonlinear Mac 
fiKhi.911* . "'-:m 
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Ejj» 

If: 


mu 




lie 






T 1 

1 


where 


da 


(«) + («)+••• + e*4 M (fl). 

^ rs u) -j- (fl) -+" («)+•••■+■ ( a )> 


(1.5) 


«• will b« able to obtain approxiiantionn of the firat. aecoad. and to on lea order, 
therefore, the practical application of the aethod ia determined not by the proper- 
tiea of convergence of the aun. of «q..<1.4) and (1. 5). •» - - ^ * their »y»P 

totic propertie. for a given fiaed a. a. e - 0. All that i. required i. that, for a 
aaall vnlue of e, eq.(1.4) yield a aufficiently exact repreaentation of the aolution 
of eq.U.l) over a aufficiently Ion* tine interval, for thi. reaaon, the proLle. of 
convergence, aa a - *>. eill be diaregarded here and the expanaiona of eq.(1.2) and 
(1.3) sill be conaidered aa foraal expanaiona neceaaary for the conatruction of the 
asymptotic approximations (1.4). 

1st other word*, let us pose the problem wore cautiously by formulating it as 
the p tobies of determining the functions 

u t (a 9 <f), u A a > W /I i (a), /1j(a) B x (a) t B 2 (a) (1.6) 

Mich that eq. ( 1. 4) . in which the tine functions s, f ars determined by •‘equations 
of the a 1 *’ approximation* (1.5). aatiafiea eq.(l.l) -ith an accuracy to teraa of tb 
e** 1 order of aaallneaa. 

«. remark that it ia preciaely in thi. c.ae of eq.U.l) that the convergence 


of the expanaiona (1.2) and (1.3) could be e.tabli.hed under very general conditi, 

dx 


!SiO.J 


imposed os the function f(*. J[>. Since, however, we later .ill have to do with 
esses in which analogous expansions are know to diverge, we sre not linking o 
method of constructing asymptotic approximations to the proofs of convergence; 

! therefore* everywhere and without specific reservations, we will assign the 
atnted formal meaning to the series arrsnged by powers of s swill parameter 


U 




Let sa say a asre words on evaluating the error. Iron the fset 



approximate solution obtained satisfies eq.(l.l) with an error of the 


j the mass l major ant method can be used for proving that the deviation 
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liip 


Hit* solution from the corresponding enact solution (where the initial conditions are 
in agreement) is limited to a quantity of the order of and that, consequently, 

this deviation will remain small for any assigned values of ft, no matter how large, 
provided only that t itself is sufficiently small. Here we have the fundamental dif- 
ference from the approximate formulas of eq.(6), considered in the introduction, 
which were applicable only at small values of et, i.e., only over a time interval 
during which the amplitude of oscillation does not perceptibly depart from its ini- 
tial value. 

#e would like to mention that the question of a strict justification of the 
asymptotic methods constitutes a special and purely mathematical problem which is of 
significance for the theory of differential equations with s small parameter. 

for this reason, we consider it expedient to relegate their discussion to Chap- 
ter V which is a mathematical supplement to the main text of the book. Here, how- 
ever, me are concentrating our attention on the problem of the actual construction 
‘of approximate solutions and their application to the study of specific examples. On 
a number of examples, for which the exact solutions are known, we will illustrate the 
effectiveness of the method and the accuracy of the approximate formulas. 

Before taking up the problem of constructing approximate solutions, we would 
like to mention that the problem of determining eq.(1.6) contains a certain element 
of the arbitrary. 

Let us assume that certain expressions for these functions have been found: 
Taking the arbitrary functions 

(«). M«). (<*). &(<»), .... 

Mid perforoing, in «q.(1.2) and eq.(1.3) the aubatitotion of the variablea: 

it . = b -f- ««, (b) ~f- I*3.j (ft) 4 . . 

* = -f--. 




w« obtain 


x h coi '9 -f' 


/’■i, (A) sin f «,(/•, «)| | -*-■ 


45 


mm 
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\ i 


(tit 

(ft 


til 


Cl. 7) 


** 1 | if>) h 

,fr ’■ (*>— •■', w+'i»wj+' : .... 

iM .j 2/ij (/>) -j-~ 

t , I,,/., «.,»l| : . . . 

1 </f» ‘ 1 i/r; 1 J 

Ac indicated by eq.(1.7), we .*•»" »rn»* at equation, of the type of eq..(1.2) 
and (1.3). but with different expression. for the coefficient. (1.6). In order to 
have theae coefficients determined uniquely, we auat impose additional conditions on 
them, which .ay be done, generally apeahinp. with a certain degree of the arbitrary. 
Aa auch additional condition., let ua take the condition that the firat harmonic is 
absent fro. the eapre.aion. u,(a.e). »,<•.*>.■•• I" other word., theae periodic func- 
tion. of the phase angle will be an expressed a. to satisfy the equation. 


J </, ((.' , ) O >S 'V l/v 0, J* llj (ll , ’j) COS (I f - 0, . 

ii t o 

Jr/jfi/, **-> sill •!< d'j (>, j M.,(<v, 


( 1 . 8 ) 


} sin 0 , ... 

Yrom the physical point of viea, the adoption of theae conditions cor respond* 
to the selection of the lull amplitude of the firat fundamental harmonic of the oa*| 

cillation aa the quantity a. 

After theae preliminary remark*, let us discusa the problem involved, namely 
to find the appropriate expression* for eq.(1.6), alloeing for the additional 
ditiona (1.8). 

Differentiating the right-hand aide of eq.(l*2), me get. 

x = a cos -j- tiij (a, '}) -f- * 3 «.j (p, ty + • • • • 

+|j{ — •••}■ 

£=SH+^+^+-}+ 
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I +2 {-«s |, i*+» 5 jj+» a $j*+ •••}+ < ,9) 

+(»)*{•» +*’S+-!+ 

+ > S£{- -n *+*s&+ ,, nS» + "’} + 

i(nn— o .*+.$+*$+.4 

Taking eq.(l> 3) into consideration, we aay find the following quantities 

£* = ( * d p 4- s * ^ -1 - ... V iA , H- 8-zl.j +...)= 

dfi \ </J • da 1 / 1 1 J 

'» da "T* 

(1.10) 

(£) j = (84, 4- «M,+ . . . J* = * 9 4* + t» .... 

il^t = ^ 1 ^ ...)(«•> •+• *B, + s -3 B a -4' • • - 

= «4,« + » J (4,- + 4,»,) -+-**•••. 

-I- i'2wB, 4- » 3 (fl; 4- 2»fla) 4-r 5 . . . 

Ob aubati luting eqa.(1.3) and (1.10) in eq.<1.9). and arranging the reault ib 
poser a of the paraaeter t, we find: 

~ = — a® sin ^4- * (4, cos 4 — afi t sin + I 

. . f . . n . . , a <)w i 1 n ‘llhJL \ 


: = — 


4 -t 9 { 4 , cos *V — ofl a sin 4 4 4, ~ 4“ B, ~~ 4" 

+«^+- 5 — 
5 cos *V *4“ * 1 2(04 1 si a cos v v S ~ 


1 
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apr* 08 •" 

— (2u>/Vi f /1,^'n^sin 'V-f- 

whence it follows that the left-hand side of eq.(l. 1) way be represented in the form: 

u>* V == g j — 2a>.4, sin 0 COS '!»-}- 

_j_ w ,3 j d jh _ a g* — cos '* — 

-(2«^ + 2 ..|,« 1 -|-/l,"'„) s in.l+ 2 »/l l ^+ "' ,a 

The right-hand side of cq.(l.l), taking eqa.(1.2) and (1.11) into consideration, any 
be written ss follows: 

* ! 

./(*. = */(«i cos-*, •— au> sin i) -f- I 

+•* |« l /^(o cos •!», — aw sin >!»)-[- {y\ t cos *j». — «fi, sin ’'s-\-w —^.X 
X /*, (« cos •>, — «w sin •>)} -f-s 9 • . . 

To have this expression (1.2) satisfy the initial equation (1.1) with so ac- 
curacy to terms of the e* M order of smallness, it is necessary to equate the 
fieieats of similar powers of e in the right-hand sides of eqs.(1.12) and (l.ll 

*> • • ' v . • .. : y|| 

to terms of the a^ order inclusive. 

As a result, we obtain the following equations: 

| l#|^ cr ^ (ff t *^) 2ii)/t| sill — j— 2u>fi/?j COS *!», j| 

j . •' ..." ’ . ' . " . t|i 

I I •* (gsUf 4* a a) ~ fi (°» . $) ~f*. sin '!» •+* 2 umi / 3 g cos -’j, j j 
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a. is) 


** a ^ sin /i m cos * 1 ^. 

*^***» r° r bw»ity ( >i introduced the .following nyuboln: 

/o(«i ?) = /(« COS •'/, — «u> sili •!,), 

/t(«» '!») = «,/»(« cos 'J(, — «w sill -l) -f- |A t cos •> 

aB t sin 'I* -f-<» j/a' (« cos •]*, — «u> sin •!/) -f- 

+ (»«!” A f£)co. * + (2,1, fl, + , I, "■ Si ,l .i 

■ c : v . 


It is obvious that f^U, f) is * periodic function of the variable f with a 
period 2* depending on a; ita explicit expression will be known as soon as the ex- 
pressions Aj(a), Bj( a) , Uj(s,?) have been found up to the k th masher inclusive. 

In order to detemine A,(n). B,(n). f ro . the fir.t equ.tion of the .yn- 

te " <114) ’ ,et “* co * , ' <, * r the Fourier exp.n.ion for the function. f 0 (.,y) «„d 

• l(n,f): 

CIO ‘ 

/bi(“. I*) = £> («) 4* 2) (r« («) COS tt'j -f h n («) sill ti'j | I 

«,(a, — v Q (a) ~h 2 Jv„ (a) cos -f- w n (a) sin .q.;,} . j ° * 6> 

ft. .ubnti tuting the right-hind .id., of 16) in the fir.t equ.tion of th| 

ays tew (1.14), we obtain the expression 

' »Tf» *. 

«X(«) + 2 ^(1 ~« a ) ivja) cos 
= *<.(«) + {* (0)4-2^)005 1*4- (A l( «)4-2M 1 } sin^-4- 

o> . . 

"hjjSiru ( fl ) cos «•!» -f- h n («) sin tv\\ , 

^ the of the none hnwonic, «e find 
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g x («) + 2uMi/i t : •- 0, //, (a) f- 2 *»A X ~~ 0, \ 

•.<“>■■■ 4= W- «•.<*)“ 4^-! 


(« -- 2, H, ...).) 

Thus ea have uniquely determined A^e) and b,(a). as wall aa all the harmonic 
coaponifeii ol the function Uj(e.f) except for the firat onea V|>(«) and wj(a). By 
virtue of the additional condition# (1.8), however, thia function will not contain 
a firat haraonic, ao that 

t'l <«)--<>. V'^a) () 

and, consequently, 

«,(«, A) — _|_ I V Hfj. <*'> 1 l>s n 'f I fl q (‘0 sill ' (1 Je) 

n .f 

By completely deteramin, u,(a,f). A,(.) and «e obtain, in accordance 

nth eq.(l. IS), aa explicit expreaaion lor l,(a,*). On expandin, it into a tourier 




/t ( fl » V) &*> (^) 2 \g n 00 cos fv> -f- /ilj ] (a) sin tv'A 

n I ' * 1 

aad taking uae of the aecond equation in the system (1.14) and of the addition 
(1.8), ve find in an analogous way, 


««"<«) + 2<w»fi 3 =, 0. h\"<<>) 4- 2*1, = 0 

u (a A) -- f ' |U ^ I 1 V *!•' M c "' n V r (<»> -In /ry 

4' • •/ fl j i" 7j - " * ...» -■ • 


1 m* 4 j; 


1 -'#13 


§g£ : 


Thua we ohtain a proceaa for the successive aad unique determination of th*J 
quantities (1.6) with which we are concerned. • | 

A * Thia aethod allows the determination of ^ 

-i • * . ■ •• • • 

] "„(<*. ty.jA u (a), B n (a ) (n = I, 2/3, 

| to any desired value of the index n, no natter how high, and thua the const 
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m-m. 


“ |«f ipproilMtt aolbtioai taliifyinR «q.(l.l) »ith •« accuracy to Umi of «ny d«- 
tired ordsr of MtllftiM with respwct to 

4^| 

] Ai isdicatwd by th« procots of d«t« reining the functions (1.6), the quantities 
( Agfa), &,(») (• • 1, 2, 3,.,.) srs uniquely detereined by eq.fl.6), which expresses 
i! the absence of the first hereonic in the functions u n (e,v). As s result, we obtain 
for A n (a), B n (a), expressions of the type of eq.(1.17) or eq>(1.19), which assure 
1 Uhe absence, from the right-hand sides of eq.(l.M), of teres having first harmonics, 
which in turn makes it possible to avoid the appearance of secular terms in the solu- 


Let us consider the first approximation 


immm 




■V- ... 

I||l ;fl| : '■ | 

X I 


x - -- a cos 'V-j- m l (a, C), 


in nhich 


( 1 . 21 ) 

!• note that, starting Iron eq.(1.21), ee aiy "rite: 

±a ~ a(t) — a (0) — *t'A v 
A (<$> — mt) = [•’> (/) — « t\ — (0) 

share Aj and Bj are certain nean value* of Aj(a) and Bj(a) over the interval (O.i). : 
(V ss ..i(! sr j ap the Utter »»r*«aiona, ee aee that the tine t Airing which the ««< 
titiea a and v - wt can take finite incrcaenta ouat be of the order of | 

On the other hand, the equation* of the firat approximation (1.21) are ob- 
tained after neglecting the terms of the order of auallnesa e* in eq.(1.3); howev 
such an error in the values of the first derivatives jj, ^ over the tine t will s 


ft' 


48 H load to an error of the order e*t ia the values of the functions a and ? thenaol 
’ ’ Consequently, in this interval of tine, daring which a, » - W •»« •hie 10 h« 

"•% ~jaud c ooai dwrntly from their initial values, the errors in the values of the 
5 '' jtudo and phoae of the oscillations will ba quantities of tha ordar *; thorn 
i<; this iatarval, it ia meaningless to ratals the tern tu j ( a , v) of the f i rat 0 
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Imllaui iaeq.(1.20), liici the error ol wq.U.20) and the error of the simplified 


formula 


X =. a cos v 


will both be quantities of the first order of smallness. 

Let us consider the esse of stationery oscillations, i.e., of oscilln 
i«l place at constant amplitude and frequency. In this esse, obviously, | 


M l (a)+sM a (fl)+. i . = 0. 


Because of the presence of the factor e in front of Aj(«), 
terms starting with the second order of smallness are rejected in eq.(i 
the value of the stationary amplitude of the first harmonic is detensi 
equation of first approximation 

< 4,00 = 0 . 

then an error is committed which, speaking generally, no longer is of 
der but of the first order of smallness. 

Taking all this into consideration, it will be natural, in the fe 
as the first approximation the simplified expression 

X = a COS <$*, 

in which a and p are defined by the equations 


w-'W' 


By entirely analogous reasoning, we take, as the second approx 



pression 


a cos^ + ^i (#. 


in uhich the time functions a and p are defined by the expressions 




Smm 
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\ 


I 



will both be qiiMtitiu o! the first order of swsllneas. 

Let vii consider the cnee of stationery oscillations, i.e., of oscr 
is* place at constant amplitude and frequency. In this case, obviously 


Because of the presence of the factor t in front of A^s), ee see 1 
terns startiag with the second order of ssiallness are rejected in eq. ( 1, 
the value of the stationary aaplitude of the first haratonic i* deterwinv 
equation of first spproxiavation 


then an error is cosatittcd which, speaking generally, no longer is of I 
der but of the first order of aaiallneas. 

Taking all this into consideration, it will be natural, in the fa 
as the first approxi station the siaplified expression 


ia which a sad y are defined by the equations 


By entirely analogous reasoning, we take, as the second sppr< 


j X a COS 4- iU t (<!, ^>, 

is which the tine functions • snd v ere defined by the expressions 
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I > 


t — « 4- afl, («) -f («)• 


Ut w alee derive Here explicit fomulee for A,(e). A,(e), B,(e), B,(e), 

Iro. eqe.U.15). (1.1«). U-1T). « •>.« 

>»,(«)«-% f /<«***• ^ Sin ’’' )S, "' W/ ' W 

« (1.27) 

•Af. 

0 

It iol!o«» further fro« «q.(1.18), thut 

' . (1 - 28) 

«, («. 'V» ,3 ..4 _d “ 1 

»» J . 

■here *.(.) end h.d «« *—<« th * x 

i ir (u) = r -r- f / (« cos *V* — fl< “ sin ’V) cos n - 

*» v ' 2r. J ’ (1.29 

2fr. 

(a) — ^ j / ( a cos b — aui s * u s * n 
n.ii„ to .i.»< •< •»<>•» - <*•»'• " •" , 

:■ . /!,(.)■ - -kImA+'H-JM- 

* . ic 

H _ i- f [„ t cos v, — au»sltt'V)4 


« 

4- cos 'V — oB t sin ') 4 ** ~d$~) X 

X f x , (« cos 'i, — ««* sin >V)j si " ') d}. 




1 Q s j4i \ 

la Ux IT. da I 


-*j=J «, («. ^)/;(" c « s 'V. -«sin^)-f 
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STATl 




HSti 


-j- (a ,, cos -V - «B t sin •'< + m X 

X /' .(«cos *v, — «»> siil ty I cos ') d't’ 


«. not* that th« aquation of tha aecqnd approximation (1.26), »>•*'* A I ( “' “ d 
Bj(a) ora delanaiaed by oq.(1.30). are complicated, i* ’>'* »t the fact that they are 
arittaa in tha .oat general caea. for concrete o. dilatory ayateae. •• will be aho.n 
beloa, they can be conaiderably ainplified. 

Ut ua five aore detailed coaaideration to the firat approaiaatioa: 

1. accordance eith eqa.U.23). < 1. 24) . and 0.27). the firat approxi.ation for 
the aolutioa of eq.( 1. 1) nay be repreaented in the fora 


where • end * ere defined by the e<p«tioni 




Mine tc 

*4, ( fl ) = — ^ f /(« cos 'X — am sin -;») sin ') d<\. ( 1 . 33) 

Hi 

te 

^(a) — o> — J* /(fl cos’V, — a» sin <J<) cos •]><*;>. 0.34) 

! ^ 

«e ante that the reaultant eqaationa of firat approaiaatioa coincide with the 

eq.atioaa found by the yen dor Pol aethoda. 

Ut oa darire atill another foiaala to deteraine the inatantaneooa natural ft* 

qnency «j<e). j 

By aquaria* the right-hand aide of eq.O.34), ea obtain J 

or’ (u)—m > — f f(a COS 'V, — am Sill «V) cos J 

i ' ' tea J 

+ ~ ««> sin •!<) cos , 1 


Declassified in Part - Sanitized Copy Approved for Release 2012/11/14 : CIA-RDP81-01043R001300240005-2 





If: 




m mm 

■ : ;«■ V( ? ^ ■ 


ii 


llllill 


llliifii 




wttyi 


isiissi 

biaSS 


Wl 


whence, line* we ere Making ail calculation* in first approximation and reject all 
tanui of the second order of aMallaeaa with respect to c, ve Have : 

U a* 

j;f | m 

[j I Iw^icosO^t/^cos^— atM sln^lcos^^. (1 - 35) 

■' ! ■ n 

The expression for the square of the instantaneous natural frequency, eq.(1.35), 
May be simplified. 

Let us introduce the function 

p(«. £)=-><-./(,. $). 

conbining the “quasi-elastic tern" eith the nonlinear term. 

Then, obviously. 


•**(«) “ST f — «• sin $) cos <\ d-\. 


(1.36) 


Analogously, bearing in siind that 


| <w-Yf cos *L sin C r/‘5» =. 0, 


we have 


*A t (a)±z — - j F(a cos y, — sin sin </y. ( 1. 37) 


In eqe. ( 1. 36) and (1.37) so obtained, the functions eAjfa) and «,(*) are repr 
sen ted directly by the function Rx, ^), «hich distinguishes them fro* eqs. ( 1. 38l| 
and (1.34), where only a nonlinear correction tern ia used. The quantity « entM 
# ' lion into the last two formulas nay obviously be interpreted as the approximate 

<q ■ - - 


4t- 


>e (0 th approximation) of the oscillation frequency of the system under conaid 


i tion. 


;>{)_! Ut u- derivt .till another method of obtaining an equation of the firntj 
proxination: fir.t, we recall that, for e - 0, eq.(l.l) allows the solution 

X r= U COS \ 

5$ 


■ $ 4 - 


m 
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} 


^ 3C 


,| ; • ~ ( jy = - tm sin •!/, j 

■l»«r« * ’ “t ♦ 8, shilo the caplitadc a and the oscillation phaaa 9 are constants. 

It is obvious that eq.O.jg) say be retained e>en in the case ol e f 0, under 
the condition that ee consider the quantities a sad 9 to be certain functions of 
ti«« rather than constants. 

Ut eq. ( 1. 38) be a certain substitution of variables and aaauae that a and 6 
(the amplitude and phase of the oacillation) are unknoen functiona of tine; on de- 
termining theae fne eq.(i.3ty), we will find the required expression for the original 
eaknoen *. To aet up the differential equations for a and 9, let ua differentiate 
both aidea of the firat equation of the ayateei (1.3B). »e get 


cos •> — a ~ sin — am sin 


( 1 . 39 ) 

Fro« this, taking into consideration the second relation of eq. (1.38), ee obtain 

(1.40) 


( la . 

df cm v- 


<#o . , A 
- a sin ^ = 0. 


(it 


By differentiating both aidea of the second equation of (1.38). ee get 


<ia . , (id 

f «» siu y * — am — -- cos y — am- cos 


dt*~ lit 

Oa substituting in eq.(l.l), the tens x, i, — 

* dt2 

obtained fra cq.(1.38) and (1.41). «e find 


(1.41) 

by their respective values 


(id a . i/Q 

~ <u ^ sin y - am — cos *jrr^ tf (a cos '*>, — sin <*). ( l. ( 

By aolriag the systao of tso equatioaa (1.40) sad (1.42) aith respect to 
da , d0 . . 

wrnna and-j-, ee obtain 


1 It 

' <(* t £ , . 

^-i • , rs — ~/(n cos — mo sill fy sin 

«’-) : </n * 

S8 -| -£-/(„ cos •>,- - awsintycOs-?. 

Tb»i»» in* tend of the ningle second -order differential equation (1.1) oil 
^l***®* to the variable x, ee now have the two fi rat-order differential equal 
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^§m- 
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1PB 




o » 


with r««p«ct to the variable • ead 0. 


2 * 


U obaerve that the right-hand aides of eq.(1.43) possess s period equal to — , 

....... de . d6 

with respect to the independent variable t, end that in addition, IM P ro “ 

portionel to the annU parameter «. since a end 6 will be siovly varying functions 
of tine. 

The differential equations, reduced to such a fom, will be called equations of 
standard fom. 

It is obvious that the right-hand sides of eq.(l.43) a»ay be represented in the 
fom of the suns 


* / (a cos ♦}», — ou> sin *i) sin ') 


,V !/,.;(„) cos v'/ 4- /•»(«) sin 4!. 


(1.44) 


— /(« cos •>, — am sin <}) cos *li =~ 

= t V | /w (a) cos Vi -f- fw (a) sin vi| 

According to the above, the fora of the approximate solution of the sy»t«s of 
equations nay be determined from the fol loving considerations: Since ■ end 0 sre 
siovly varying quantities, let us represent then as the superposition of the 
fly varying terns e end 0 end the sea of sasll vibrational terns. In first appr 

Nation* »e use 

a tjz a t 0-0. (f^ W+0). tU 


Than, 


- / (n cos — am sin sin 0 » 


I 


/Vi* («) cos 4 4 - /‘V (a) sin 41. 


<1*1 




f(a cos»V» — f<«sin^)cos^>= 

= cos '?+./*(«) sin v Vl. 


ST 
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UU ^ - 

v«l ♦ mil limiioidil oscillatory tern 
1 ► (1.47) 

</0 AS \ ♦ small sinusoidal oscillatory tana 

Considering that thasa sinusoidal oscillatory taros till produce only asall vi- 
brations of a and 0 about their first approximation# a and 0 and will not exert any 
influence on the systematic variation of a and 0, we arrive at the aquations oC first 
approximation in the form 

~~ =a */,*,',* (< 7 ) — /VI | — ~f(a cos •!<, — a» sin $) sin «’> J , 

* (1.48) 

— .= s/Jr,' («) = At l — J-/ (a cos •>. — a« sin $) cos >v\ , 

dt t l f > 

where 11 ia the operator of the mean for the constants s and 0 with respect to ex- 
plicitly contained time. 

It ia obvioua that the resultant eq. (1.48) for a and 0 coincides with the pre- 
viously found equations of first approximation. 

Indeed, by taking .the mean and introducing the full phase of the oscillations p 


instead of 0, we obtain: 


' I cos ~~ im s * n '<) ') 


2 3!<!<o j 


/ (a cos 7/ — aui sin 7) cos 7 1/7. 


To obtain the aacoad approximation wt must also consider the vibrational terms 
"jin the expressions for s sod 0. By taking account, in eq. (1. 47), of the terms 
jcf(|)(a)cos vp, tf<j>(S).i. vp (i • 1, 2) since they produce in s and 0 oscillation 


of the form 


.jUn/j .to.- «cosv* At, .... ^ 
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1 llil!;. 

S»:» i 

5 . . ' :•'■■■ ■ :.':■ ;:;';- f ' \ . V|. ‘j 

sa i ; 


lllSis&SB-ki 


’]•• •»*»*• ot tho folio*!#* «pproni»ot. aaprooaiona : 


:'7+»2t|^' ,,,(U ) S l " 4“ /*'*(«)« °* v 'Vj» 

:t) +- * S t [/.?(•> St" V 4’ — /*' («>'«»*]. 
»/0 


( 1. 49) 


IfV 

.hick corroded to tk. rofinod fir.t opproai-otioo. 0 o aub.titutia. th. *•>««• of 
;oq.( 1 . 49 ) in tko right-hond oido of eq.( 1 . 38 ) »o obtoio eq. ( 1 . 25 ) with on necorocy 
to uni of the first order of snslloess, inclusive. 

To obtain th. emotion of th. .wood approai.atioo. d.t.n.i»i«* . and 6 *ith .o 
•ecu racy to t. ra . of th. ...ond ordar of —Un... incU.ir., th. y.lu.a of aqua- 
tioa ( 1 . 49 ) «.t be aub.titot.d in th. right-ha»d aid. of .,.( 1 . 48 ) mt th. ...n of 

the result tshea eith respect to eiplicitly contained tiee. 

Ik. above r.aaooin* oay b. give. • b.tt.r a«b.t«ti.t.d for., bor tht. pur- 
po... eqa. ( 1 . 45 ) and 0 . 49 ), ate. ao.t b. co«.id«r.d a. a aub.Ut-tioo of r.ri^l.a 
in th. original ay.t» of diff.r.nti .1 .quation. reduced to atand.rd for.. Tb.a 
queation .ill b« di.eo.a.d in «x«ater d.tail at th. end of thin book. 

he not. her. that thi. ..thod of t.k.n* th of diff.r.nti .1 equation., r.- 

dacod to th. ataadard for., greatly f.cilit.t.a th. application of th. ..thod. of 
po.li.oar -ehaaic. to th. con.truction of approaiaat. «,lution. of .y.t— of non- 


linear di f fereeti sl equations. 


In ihi. Section .. d..crib.d a ..thod of con.truclin* .pproxtn.t. elution, fopj 
nation, of th. type of .q.<l.l). 1h.r. or. no difficult^, in ..tending thi. 

^ethod to ss equities of the fom 


•here 


•/(*.£• ,«)=v. (*.») + «*/•(*• *)+•• 

CO ' 1 


(l.»)3 


Hnr. th. right-hand .id. of th. oquotio. i. dopoodaot on * in a -or. o«-plo* 
1.^ ol th. Of ,.«i.l potoliotibio*. *• »•«•* equation .ill noj^ 

'fakMLAm** i«.*«d. dotoilod conoidorotio. of r.rio.. 
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g© g©: .:*•;&© .;' 

fell 


Mt in practice •ill b« §**««• 

Section 2. Conaenrative Qiiaa i -linear Syitwi 

A. • apacial c.»« of oq.(l. 1). Ut «• «>n.i<Ur th. fro. p..udah.™onic “«<*“P« d 


o.cill.tion. of a cartain .... -. »•«.. the o.cilWtion. a..crib.d by » potion of 
the for* 




( 2 . 1 ) 


in which the relation 


(2.4) 


Fro. this, eq».(1.16) and (2.3) will yield 


f >-' whence 


A r .» 

<«<> 
m ' 


A, 00 0, 

«, («)• 

1 

* '£» ma 


betaeen the ela.tic force end the diepUceoent in nonlinear. 

Let u. ..«.« th.t thin no.Une.rity i. .efficiently “.eeh". ao th.t ee -ay put 

/»(.v) kx .[ e«l»(.v). * 2 - 2) 

Then eq. (2. 1) will belong to the type under con.ider.tion, end 

* /[, •''] *<“, (2.3) 

•here e in i»all positive parameter. 

For constructing the fir.t approbation , let u. cone.der the fourier exp.n.ion 
for the function ♦ (. co. ,). Since thin function i. «».». the .,oe. .ill be eb.ent 
froa its expansion into a fourier aeries: 

r 5 “° 

COS'V) V (;„(«) COS « V- 


(2.5) 


Ihun. taking account of .,. (1.23) and (1.24). « hare, in Ur.t .ppro.xo.tio. 

a*| ~~ a cos'V, 


m 


% I 


where a and ? are de t a rained by the equations 


STAT 
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Is: : ' * 


Iffy j ; 

; • f.:\ i 


t, ■ 

’ ( t '■ I 


■ 


' .. ■ 50,1 



4 : ' 1 

\ * } '■ "\j 

lillil I 

f ' <’ £ | 




„ 0 W 

Hi ■ : * Hi 


[the subscripts of y, *, ond «(■) indicots the nunbsr of spprosinotion). 


( 2 . 6 ) 


It folloaa free the fitat equation of the syatsai (2.6) that the altitude of 
the oscillation does not depend on the tiae and preserves ita initial value 


il . II t y iOUSl. 

In *ic« of the constancy of a, we obtain, from the second equation of (2.6) ^ 

') »j00/ f 


where 9 is a phase constant equal to the initial value of the phase a. 

Thus in this case the oscillation studied in first approbation , will be har- 
monic. The nonlinear character of eq.(2.1) in first approximation ha* obviously 
only the effect of making the frequency of oscillation u),(a) depend on the ampli- 
tude. In other worda, owing to the preaence of the nonlinear term e*(x) in equa- 
tion (2.1), the oacillatory ayatem loaea ita iaochroniam ( iaochroni am is the term 
applied to the property of linear oacillatory ay.taaa of having a frequency of natu- 
ral oacillation independent of the value of the amplitude), while, as follows from 
the expression for w,(a) in eq.(2.6), the loss of isochronis* will be smaller, the 

smaller e#(x) is by comparison with « 2 x. 

Let us now discuss the construction of the second approximation: from eq.(1.18) 

we find 

\ Y* C„ (*.*) cos. «y 

«,<«. *v> --- fr Zi * 


( 2 . 7 ) 


,./i 


0u substituting eqs.(2.5) «nd (2.7) to found in eq.(l.»). « ft 

~ 0 , 

I 




» I %ma J * 


Since 


u ,3.. 1 V | «!>' (a cos 0) cos*V cos tv) fr). 

» 2 t*mr.a ddk{ri*.~~\) J 

n *> o 

nM 


( 2 . 8 ) 
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I ! 


-i.. 


jr, 

C 0 (a) ™ J «I» (a cos -V) 

is, 

(*„(«) “ 4- ( 4 »(«cos*V)co8 «'|< <i'f. (»'■■■ 1 > 


«• obtain by differentiation: 


JL j <!»' (a cos cos •> </''> 


ilC»(d) 
da 1 


P * i f dC„(a) 

y j 4»'(«cos*V) casldnn') d'i -- 7 - 

ii 

Goaaequently, •« »«y »rit« 

i i- 

^(<0 •>» [ 2»-ma I * 


+ L.lv ; 

1 Jwmka i «• ■ * 

l u i 


da 


2CA«) 


dC» <a) 
da 


( 2 . 9 ) 


Thus, in second approximation, we hare 


a'ji - <i cos v * * ^ /r« — 1 


while 


(2.10) 


( 2 . 11 ) 


: where 


"ll 


hhj 


. . .tfiW ‘i 1 * 4 . 

(ii) — . o> j* '2 vtma 2*»» [ 2«>«w | 


U-*i 


th . t ,1 m in second spproxi.ntion. the -plitude . doe. not depend on ti.e 
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fcv 


ma it. i.iti.l value. Uc phase angle * at th. constant «locity 

1 •> >'• ions". 

mi aq. (2. 10) *i»e. - approxia.nl. r.pre.ent.tion o( the ««««•! «.luUo. («th « 
accuracy to t.». of th. ord.r of -aline*. « J >. containing t« .rbitr.ty int.ar.- 
tio. con.tnnt. . and 0. »e oboe rve that. for con.erv.ti*. o.ci-ll.tory de- 

scribed by an equation of the type of eq.<2. 1), «1 1 lhe quantities *.<•) vanish, 
since the equation for the amplitude of the fundaaieotal hareomc. aiith an accuracy 
to any desired power of t, till be 

0. 

tit 

aliich esprea... the condition that th. o.cill.tion. of arbitrary -fl-u.de —t be 
atationary. Since the error of eq.(2.10) i. a quality of the orde, of •*. then cal- 
culation. -ith the .« degree of accuracy -ill yield th. follo-in« expression, for 
the ■asiwnr and minimus deviation. 

tC„<.n . « v r " tu) 

v ii ° k ‘ k ^d n z - 1 * l 


H m*i» 


j • y<_ 

h k — 

n i 


»■ 1 i 


(2.13) 


Before di.cu.ain* concrete e»-pl«. let u. tran.for. eq.(2.12). used for d«- 
teimining th. dependence of th. frequency on the o.cill.tion amplitude. 

By squaring both aide, and retaining only terns of not noro than the second or 

<Jer of •••line**, »e obtain 

$C, (a) , 


wfj («) — 4 ■ 


,<lC n (a) 


mka 


i C« c 

j y ■ „ 


2d ~TF=r 


- 20 ) (a) 


tlCa (a) 


I 


da 


( 2 . 14 ) 


Confining ourselves to the first approximation. -e have 





'*!(«) 


:w + "j 5 r 


( 2 . 15 ) 


r 


......Jig??, 
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nli 


component » of eUfetic fore* eater eeperete- 


We note thet the liaeer **d 
iy in nil ol the nbotn e<pnu®nn. 

1K« linear «n*ooont M Ur. by of the Uctora o and k; the nonlinear, by 

0 f th, eoefficiente C,(e) of the eapen.ion (2.4) for the fenction *(e co. *). 

It in .gain obrioue that the resolution of the total ele.tic force p(*> of ac- 
tion (2.2) into • linear and a nonlin.er co.po.ent ... U, a con.ider.ble extent. ar- 
bitr.ry nince the con.tant k .ay be .elected by ..riou. eethoda. 

Ut -a. for e*e«q>le, determine it fr- the condition that the' O^ approai.a- 
tion* for the oacill.t.on fr.O-eocy * coined., eith th. f.r.t approbation -,<•). 

Thea. eq.(2. 15) will yield 

C,(<i) o. 

Let u* now consider the 1‘ourier expeneioo 


( 2 . 16 ) 


p (a cos v) p u (a) 4 « P„ ( a ) cos "V 

n l 


( 2 . 17 ) 


(2. 18) 


and let ui note thei eq».(2.2) end (2.4) fci*« 

p n ((i) :zC„(a) (ft — 0, 2, 3, 4, . ), | 

/#, (a) - aft 4- sC, (*/). I 

Ihua the condition (2.16) lead, to the folloeing fonmla for determining the 
equivalent rigidity: 


1 


/'i (.«) 


JL | p (« cos ■'.) cos 'j </’>. ( 2 ' 


19) 


The conatent k ia d.ten.ined here a. a certain function of the -plitude. and 
therefore the po.aibility of neing eq.<2.19) U connected aith the fact that the «• 


4g 


jplitude a iteelf in a cooetant. If ~ *«». ~n.id.ring da-ped p.aadoh.monic o.cilj 
'lotion., the. auch a Mlaction of the con.tant k -ould be totally inad.ia.ible. 
jainc. in that caaal^ ~old be a a.ri.ble quantity eith re.pect to ti.e. 


The cooataat k .ay alao ba detenained by a different .ethod. If ee conaider. 
jfor example, th. expanaion in po.er aerie, of th. el.atic force in the 


of the poiat of equilibrium 
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p(x ) ix I 'U'M ix* f .... 

' i 

it ia natural to toUt. a* to the linear port and the r-ainin* terms to the «®n- 

(.V) - f*A- a 4- -J.V 3 f .. • . 

ehich correspond* to the selection of k by .eons of the equation 

F /«»■ (220) 

Regardl ess of what -ath-d is -sod in ..lectin* the constant k. .. -Y, by util- 
i,in« «q.(2. U)> eliminate th. p.r-eter « fro. eqa.(2.10). (2.13), (2.14) and 
(2.15) by rearranging th- ao that only the knoen function p(.) -ill enter. 

At • rftftult »c ranch the following iinml fomulftft: 


First ftpproiuofttion: 


Second ftpproniontion: 


, />..(<*> > 1 v P» {a) “ ,s 

« V ” F f V — — f - . 


IV r '‘ da 

“ll <") “i ( "H mka 2d 


As is clear, the au—d 


Pn («> 


(«) dp, * a) ' • 
£ P*\ a ) ,ia mka 


dpnia) 


m*«(n s — 1 ) ' 

I v . . ,, , a, -th hanonic on the natural frequency, while the 

■j represents the influence of the o nar*onic 
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is due to tho dispUcmt of the working point on the characteristic in connection 
with tho presence of the constent tec* 


in the oscillation. 

In the apecinl esse of symmetric oscillations, when the elsstic chsrsct 
of the system I, * p(x) is symmetric* eith respect to the origin of coordia 
thst the values of h, for t x sre equal in value and opposite in sign 

/»U) p( X), 

all even harmonics in the expansion of eq.(2. 17) vanish, and the foramina oi| 
tion ( 2 . 22 ) assume the form 


U COS 


‘“jf, (Vi) u/j* (ff) 


1 V/S i Dy 

k md Cn W — I 

a ! 

| ^ P'ln I ( ) da 

mka md (in U- — i 



finally, let us also eliminate the parameter t from the expressions for I 
mum and minimum deviations. 

Equations (2.13) and (2.18) yield 

V- : „ l 1 VM«> 

II mat 


M <0 5 1 y p n (a) 

k “ A ddri*~\' 

ft -'i 3 

OS 

x - _ *><"> i 1 V WPuM 


To obtain an idaa of the practical efficiency of the resultant approxi 
formulas, let ua consider certain numerical examples for ehich the exact 
: knoma. 

Let ua consider the equation of the free oscillations of a mathematical 
lum of mass m and length l without allowing for friction: 

• In moat cases of practical importance, the elastic force is symmetric, 
me try of the curve f # * p(*) is due, for example, to the ection of a cons 
I force. 
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if 



: "• 


plfll 


/ 0 . J 



• j 


'■ ; ;f .* 

4 k .. J 




m 

Ilf? ffll 

• 44 : f 

m 


- H 

Iplll 


• . ' <f 


fekkk^kk: k ''cf : : 




• ’ ' ‘uJj 





k " . k ; k . ■ 

if j o I 

. jl 

Esff | i 


i‘ & 


ii 

HllEf 


d J V . P 

m W + t sl " * ~ °* 


(2.25) 


* i» fch« miIb of deflection of the pendulum front its equilibrium position. 
In this example, 

K 


/'<*) 


/ 


sin x 


no that the expansion of eq.(2. 17) will be 

u> 

!Hn cos •}) * f 2 ^ (• I , , («) cos (2 n -f ! ) •) 

H » 

U fc (a) are Beseel functional. 

According to eqs.(2.21) and (2.23) »e find 
in first approxiaiation: 

A', (l COS •>, | 

/'<Vy\ 

<*><) / (i 

•here «*•-£-; 

• Im 

in aecond approximation: 


, r> "5 V * ) W ^,I i (<0 t*OS (2/1 j !)’> 

v i. • cos v +- 2 ;t 2i ■ — ’ 

1 n-i 


( 2 . 26 ) 


/*u'\ . ( “i \ s , , “i. v 
v “ W f " »Fd £ (2« + «) a - 1 


“o 

In particular 


tut a 
1 it l 


* ft«t 

Oto considering i -gI and u as functions of the sagtlitude of the first haratonic 

*''nm ; *um (<l), w (2.29) 


Is vis* of t)i« wty ra^i d convergence of the aeries in the right-hand sides of 
[the. expressions (2. 27) and (2. 28). it is sufficient to take only their first two 
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Umi ialo accowt in Ui* calculation. 

Moreover, to evaluate the accuracy of the solutions (2. 26) obtained, let us cal- 
ailste Iras Tobies of elliptic functions, the corresponding values of eq.(2.29) by 


the eid of the exec t fo mules (for the sms re lues of e): 




*A 1 

1 

Ill llll- 



T ' 1 


■ 4FL... 

III h 


‘SO— 

pllllfj 




| 

l 

. ' 


}• ; 

!* (> „ 




1 •: 


x cV, tt) 


k 


S • '! i 

, 1 COS 

! r/ 

r. 

JA*‘ 


s?n 


ity'* . i 
Ml : v :, ) U,S ' ; 


( 2 . 30 ) 


Here, ss is customary in ssnusls on the theory of elliptic functions, k is the modu- 

-n 1L* 

los # K the total elliptic integral of the first kind; q * e * ; ehile K'(k) ■ K(k’), 
•hare k' • Vl - k 2 - 

Table 1 gives the results of the calculations, and contains s coluon giving the 
exact * BIE in degrees. 

The results of the calculstions indicate completely satisfactory accuracy, par- 
ticularly if we bear in siind that our approximate formulas are derived under the as- 
sumptiw. that the elastic characteristic of the restoring force has a "meek* non- 
linearity, close to linear. In the example under consideration, even at angles of 
deflection of the pendulum amounting to about 160V the relative error of the first 
approximation of frequency is $.5*. and of the second only sbout 3*. elthough it is 
obvious that, in the. range from - 160* to ♦ 160*, the sine is s very poor approxima- 
tion to a straight line. At oscillations of the pendulum from about - 30* to ♦ 30*, 
the firat approximation given four correct decimal places, while for angles between 
i 45V the ••coed approximation in correct to five plscea of decimals. Consequent- 
ly, where the characteristic ie actually close to linear, the resultant approximate! 

formulas posses* a high degree of accuracy. 

The impairment of accuracy for angles close to 180 • is explained by the fact j 
that this value in critical since, on truncation through it, the character of the 
motion in changed, and ©aciljntten in replaced by rotation. 

Minima stadias of the small oscillations of a pendulum. In this cans,. 
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sine x in eq,(2, 25) csn he replaced by the two or three first Leras of the Taylor ex* 
pension* (depending on the approximation at which we intend to atop). 


Table 1 


V | m;i V a 

'll nm 

\\ m \ \ 

“0 

! «n 

| ''o 

• (♦» 


0,2 

0,10000 

o.ioooo 

021073 

1 .0.00751 

0,00751 

1 1‘27 '2.7' 

0. 1 

o,3W66 

0,30068 

O.^OOO 

1 : n/.K.HHU 

0,090' i: 

22 '53' 10" 

0,6 

0,3088 

0.3080 

0.0775* 

1 ! 0,07763 

0,97702 

3 T 18552" 

n.s 

0,7072 

0,7073 

0,0602 

0,060 10 ■ 0,‘M»0 10 

15' 10555" 

I.o 

0.0041 

0.0*116 

0,038 1 

0,03s r; 

0,03811 

36*59' 1!" 

i 

l, 1000 

1,1006 

0.0 1 13 

(1.01201 

0.01108 

(is' 12550" 

1 [l ' 

1,3833 

1,3816 

! 0.870*0 

0.88 122 

0.8K11 | 

70° 10551" 

M> 

1,5743 

1.3763 

! 0,8 M 

0,8 163 

0.8161 

«H 618555" 


1,761 

1 ,763 

! 0,80 1 

0,8076 

0,8072 

10167537" 

2,0 

1,0*3 

1,031 

i 0,730 

i 0,765 1 

0.76 Mi 

lib I7'03" 

! o *) 

2,1-ls 

! 2,13 2 

: o,7 ii 

0,7200 

0.7185 

122 09' 17" 

ivi 

2,283 

! 2.307 

! 0,638 

i 0.07 10 

0.6008 

13230553" 

2.0 

j 2, 132 

: 2. 176 

; 0,602 

0,6216 

0.(038 

! 11351552" 

1 2,8 

! 2.338 

S 2.633 

10,511 

0,5600 

0.5610 

150° 58 '28" 

j 3,0 

i 2,6 12 

i 2,783 

0.175 

o’:, i;o 

0.5023 

150 27' 15" 


le then obtain 

H S ! - S ) "• <2 - 31) 

Applying eq. (2. 21) to this equation, we find (confining ourselves to the first 
two terns in the expansion of the sine): 


We note here that the difference 


'.‘I 


does not exceed 0.000326 in absolute value, if x oscillates between - 30 and 
♦ 30*, while the di fference 


, / X ] , x :> \ 


does not exceed 0.000002. 
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a cos y, 
a'x 

I _ -rL 

H 1 


whence 


It is ob»io.i« frow. cq.(2.33) th.t an increase in the wplitude of the oscilla- 
tion of the pendulua, causes . decre.se in the frequency, while the period of the 
natural oscillations 

T \ / ",j ' 7 '"(' 4 If.) (2.34) 


increases. (Here T© • — * 2* y ~ )• 

To construct the solution in second approximation , let us utilne eq.(2.23); 
then, taking account in the expansion for sin * of the terw. -p »e oLt.in 


for the siaxiswus deviations, eq.(2, 24) yield# 


x Umt~~ a 15 ? 1024 * (2 ‘ 381 

Hie resultant formula. c.n be used for calculating the frequencies. periods. 
•axiM*. deviations for a nu»ber of y.lue. of . (amplitude. of the first h.r- 


COS3V} -jtfS.CO***. <2-35) 


° 3 I a * 

Hi 4~ To24 


rn-r 0 (i -f 16 + 1024 ) 


whence 
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MOiiic). Table 2 *i*es the ratal U of the** calculations. 

Table 2 


0,19990 

u t mm 

0,598.8 

0,7970 

n\ms 

1,1880 

i,.m r > 

1 ,508 | 
1,751 
1 ,927 
2,09* 
2,259 

■>;m 

2,518 

2,022 


<>! l j 

i 

'< , 

'll 

: 

| 

r* 

7 41 

0,‘ii»750 

(1,99750 | 

1,00750 ; 

1,00250 

0,99000 

0,91003 

1,01000 ; 

1, 01008 

0.97750 

0,97703 

1,0 >250 ! 

1,02288 

0,9000 

O/HIOIO ! 

1,0 500 ' 

i.oiijo 

0,9575 

o, oasis 

! .<*>25 

1,005 13 

0,9100 

0,91203 j 


1,09007 

0,8775 

! 0,88125 1 

1,1225 ; 

1,13370 

0,S|0 

0,81 111 

1.00 

1,1792 

0,798 

0,8078 i 

1,203 

1 ,2333 

0.759 

1 0,7050 

1.259 

1,2:H>9 

0.098 

0,7201 

l.iiOO 

1.371 l 

0,010 

0,0724 j 

1. tfiO 

1,4572 

0,57 S 

; 0,0221 1 

1,123 

1 ,55f > 1 

0,510 

j 0,5700 j 

j \,m 

! I,<i7l>i 

0,138 

j 0,5 100 ! 

\ 1 *593 

; l,7‘>'»S 


A coapari son ol Table 2 nith Table 1 aho.a readily that, lor deflection. of 
the pendulun not exceeding * 35* (eithin the.e li«ita. the frequence. and naxinun 
deviation. agree «ith the exact »alue. to the fifth and fonrth deci.al place in- 
cloaiae), ee .ay aocceaafully uae eq.(2.31) and the corre.ponding ...pier appro.x- 
.ate aolationa (2.32) and (2.3S) inatead of the exact equation (2.25). At greater 
angle, of deflection, of the order of * 160*. th« rel.ti.e error of the fir.t ap- 
proxination Mount. to 13* and of the aecond. to only about 3*. 

In conaideting the free o.cillation. of the pendulun. -e ha.e di.regarded the 

forces of friction. 

Aaatxaing that the oacillationa of the penduluai are d-ped under the action of ; 
force, proportional to tha eelocity. a. arrix. at the inv.tig.tioo of the folloui.^ 
equation: 

/«^+- ■>-.Tr-i- 4 sln* = «. (2.39) ii 


or, for mill deflections, 
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m 


lit* 




According to the general formula of Section 1, the nolution of eq.(2.40) eiii 
ki in first approximation 

A* (l COS (2. 41) 

where • end y must be determined from the system of equations of the first approxi- 
mation 


■(> 


(2.42) 


where we have introduced the symbol 6 , w * ^ • 

On integrating the firat equation of the system (2.42) at the initial values 


of t ■ 0, a - a D# we find 


u o 


„ it 


After this, the aecood equation of the system (2.42) yields 


At ; 4 (, ** 


V r " "! 1 "■ 


(2.43) 


(2.44) 


.45) 


where 0 is the initial value of the phase. 

On substituting the values of the aaplitude (2.43), and of the phase (2.44) in 
eq. (2. 41), we obtain the first app rosiest ion in the iosm: 

x a^e 7J cos |i»- 1/ f («* - ;j l)j { (2* 4 

thus, in first approximation, the oscillations will be damped, and will have 
a frequency depending on the amplitude y • y(a); with increasing time, the gradual 
doping will cause the instantaneous frequency to increase, approaching, as a limit, 

the constant M linear* value of the frequency « * • 

Let ua now consider the oscillations of a system in which the characteristic of 
the restoring elastic force has the form 

V /M>) f 1X\ (t 0, - 0). 


n 




Declassified in Part - Sanitized Copy Approved for Release 2012/1 1/14 : CIA-RDP81 -01 043R001 300240005-2 







Declassified in Part - Sanitized Copy Approved for Release 2012/1 1/14 : CIA-RDP81 -01 043R001 300240005-2 



pm* 


§§ t# ■ 
IflErv 




In thin cut, it obtain the nonlinear differential equation 

<Av 


m 


tU* 


X j 7 ,V U 0 , 


(2.47) 


•hich may be integrated in explicit fore by elliptic functions. Consequently, here 
too the approximate solutions way be compared with the exact solution*. 

Since, for this case, the expansion (2.17) will be 

/>(<!. cos *J») • 4 ‘| ^i# a )cos»i j COS Vj, 

the introduction of the dimensionless combinations {!) ^ x. (~) ^ * ( " anc j L j, e uae 
of eqa. (2.21 ) and (2.23) mill give 
in first approximation: 


(:)"« 

j 

V ‘A* / 

in second approximation: 


a cos <>, 

■ ► ;|i in- 


i''.:. 


(2. 4d) 


/ f 

/ Y k * S' / v > 5 ? 1 1^ J cos .K 

(!) (:) .«.* + 1 -y~~ 


j 3 / "'i <"> y 

\ “Hi / V ni / 


;l>( ' i‘ 
« v , / 

:■ (“ I 7 I / 
/ 
i. 


i.2» /’w, 4 

/ 


(2.49) 


•hence me hare 


i, 

I m»x 


J / \ i ) *' II urn 


r-f • 


“( 2 / 


* <2.50) 


I ’ ” ’ 

*e find the exact value, of (I) * ,nd-^ lor given value, ol (I)* 7 * . f ro _ 

W * a 

tables of elliptic functions, by using the formula 

•*(''.«) = cn {-* 4} = 
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j r ' = /' f " w ‘ { r,\ co **+ r ip ‘ os 3, H • • •}, (2 51) 

~ * s . / n 1 ’ 

“'•» 2*' ’ * |A) ' * X ' n *' \ i) * 

Htrc cn, k, K, and q denote respectively the elliptic cosine, the modulus, the total 

n K f 

elliptic interval of the first kind, and e 1 , while K’Ot) * K(k'), where k' * 

fT^T*. 


ll»e results of the calculations are given in Tatle 3. 

Table 3 


0,29927 

O.-VJUil 

0,88552 

1,17.11 

1,4502 

1,7111 

2,0293 

2.3140 

2,3091 

2,881! 


0 , 0000 .; 

0,5<K)H 

0.8M2 

1 , 108 ! 

1,4960 

1,7048 

2.0931 

2,3012 

2.0805 

2,0877 



i to ii 

w ii 


1 " 7 

j °\i 

<»0 

W i > 

0,3 

1,0330 

1.0111 

1,0331 

0,1 i 

1.12 IS 

1,1258 

1,1250 

0,9 

1,2002 

l.2«MS 

1,2041 

1 .2 

1,1250 

l.l 

1.1340 

1 .5 

1.8 

1,0115 j 

, 1.0241 : 

1,0257 

1,8110 

1.8207 

1,8323 

2,1 

2,022 | 

2,0450 ; 

2,0103 

2,4 

2,210 1 

2,21 >07 

2,2740 

3 2,7 

2.103 ! 

2.4085 

2,504 1 j 

i 

2,0: M) 

2,7.118 

2.7385 1 


Bearing in wind the simplicity of eqa.(2.48) and (2.49) «e must also recognize 

in this example that the degree of approximation obtained is entirely satisfactory. 

It can also be shown that theae formulas are atill valid even when a (I)’'* - « 

a 

Equation (2.51) leads to the following asymptotic formula 

‘•‘-o I I 2 | rf \ W ‘ *’ 

•here q is tale* tor the aodulus k - while the dote denote e ten whose ratio 

*2 L 

to the above first ten approeches aero aa a (I) 1 - «. Analogous asysiptotic fona 
laa are obtained frc* eqs.(2.48) and (2.49) for ^12 and -£uii\ respectively, with 

, ..at ,/ t .. . , „ > 


factors of proportionality ol \/T . \fT (1 + j^ g (|) J )• Their numerical value will 
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Thu*, nt the I mi I when a (-) - •, the relative error of the first approxiaa- 

tion of frequency amounts to 2. 4*, and that of the second approximation to only 0.6%. 

Section 3. Ihe Case of Nonlinear friction 

Aa a second special case, let us consider an equation of the form 

m ‘Z ■ kx - /'(^). <3.1) 

•hich nay te interpreted aa the equation! of oacillation of the naas ■ under the ac- 
tion of the linear elaatic force Ita and the nonlinear neak friction tf de- 

pending on the velocity. 

Thia aquation ohriously belongs to the type of the general eq.(l. 1), uhilc here 

/('•$■)- >(£)• 

In order to eahe uae of eq. (1. 21 )-{ 1.28) for determining the .anted approbate 
solutions, let us consider the expansion 

l 00 

- f'UiCOS'l) V p ( a) COS Mb, 
w n. w • {* o\ 


from which we obtain 


o*> 

J- f ( a at sill <J») ^ P„ (aw) as n (■> j). 


WF 


mrnrnm 

'■■m ■ ... v-: i- 
•\ \ !' : 


On comparing the latter expanaion with eq.(l. 16), we find 

II --/•„(««.) cos /<„(«) _ -/%(«<«) sin (3.3) 

lor this reason, eq.(1.17) nil yiald 

J /■’. (iiw), /I, {«)--(). 

H ■ 1 , ;■ ; • *.«•» * 4 7 / * 
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m 


m. 


Si ■ ■ 




1- ::s-v- r 

S;- ; ;■ ,-vi " v 

tion in th. followin, fun: 

’• f • 

.V 

a cos ‘1*, 

■ [' ' ' : /' ' ; / 

| 

tin 

c ,, , 


i • ■■ 

tit 

7 1 


••s'.' 

f j' 

th 

,/ It 

<•>, «>••'-- 1/ ■ ' . 

f m 








TH«i v taking eqa.(1.23) and (1.24) into account, we obtain the firat approxistn- 


(3. 5) 


THia readily ahowa that, for thaae ayataaia described by an equation of the type 
of aq. (3.1), the amplitude of oacillation in firat approximation ia damped by a law 
expreaacd by the firat equation of the ayataai (3.5). Aa for the inatantaneoua fre- 
q*«*cy, it in constant and equal to the ordinary linear frequency w, mo that 

f % 

•here 0 is the initial value of the phaae f. 

thua, in firat approximation, the oacillationa are found to be harmonic, at a 
conatant frequency w. 

•• have already had an opportunity to prove that nonlinear oacillatory ay.teoa. 
generally speaking, are not iaochrooous. 

The exaaple under conaideration, however, ia one of the ioportant caaea when, 
in firat approbation. the aystto ia iaochronoua. Such caaea will be denoted aa 
qussi -isochronous* . 

Let us diacoss the construction of the second approxi nation: Equations (1.28) 
«od (3.3) yield 


«i (a, •}) 


jr' 


/•■„ (««') cos 


■Vj.„ 

id, 

SSL 


fi O 

W t II 


1 


(3.6) 


From eq.(l. 30), (3.4) and (3.6), we obtain 


A}(a) ^ ~~ j #>'( r S | n ^ cos ^ f(|| ,y ^ 


'* ia add the “quasi” because the correspaading oscillations of the system, aa will 
J* *Howa below, will bo iaochronoua only in ffrat approximation. 
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t! 


I. ■ 


is . 






m : 

J0m:: 


m 


It ' ' 1 

III; : ; 

' ; 


•i . : ■ 


1 v nt * 

'.«sr» ^ «-• - r 


Jin 


H'«H ■ 

<11 / II 


J v < 


I/IM slit .*) X 


X sin n (* f j sin * </•!., 

■v»i . 

•X cos** «f* V -"•? ^ X 

• r r 2»>tr<i m md n* — I 


■ #»«<) 

M / t) 




i -I i (<i ) </ .!, (<» ) _ AM f ri 


2“» </ tin 




X J* /"( <iws?n*)slnn(* f -~)cos*i/*. 

Oh the other head, a aubatitatioo of a - | for * ia the integrele, givea 


(3.7) 


J V ( - i/o) sin *) sin n sin * d\ — 

= j* | no) cos *)sin /»* cos * if* = 0 . 


Farther, integrating by part*, we get 
*• 


: m J l ' ^ a%U S * n ^ S,n n ( ^ ^ •> ) cos ’V d‘t 


J /•'(«o)Cos*)sin/i*sin *//* j sin«*i/[ , ' “-'"~^j“- 


; • I F(aoi cos y) cos u *> r/> / ? „ (^ w )» 

rtf.i m J : ■ • * ■ a«> 


jl •• 


Equation (3.7) may thus be written aa follow*: 

,1.(0) 0. 


a> l 


/ , (tfw») f// , (a»i) / , 1 ^ fiV- (<!«*>) (3.8) 


HjOO }W»fl itu 2n»V- 


*«* 


n*— 1 




5$M 


I! 


,| 

MM 


x ~ a cos *j* -r* 



u> 

V 

/•„ (an.) COS 

*i) 

(3.9) 

* Za 

Ifi — 1 


H O 

in f l| 
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I 


r.-': 


I|;5 .. V 

. 

tM ; ' ■ : v . . . ;j 

:? v'-^V ■: ; 

Hi ^ 




while 


2m 


(«). 


(3. 10) 


where B|(«) it detemined frou eq. (3.8). 

Before discussing the analysis of the equations for the e^.litude e. > fooct.oo 
of ti.e for v.riou. 1... of the force of frictioo. i.e.. for r.riou. fo«. of the 
function F (£>. »• note thnt. for theee foruula. to be applicable, . general li.i- 
tation ia necessary. nanely that the force of friction nu.t be eufficiently well. 

In describing the analysis of concrete examples, let ua first consider the 
linear equation 


. d.i . 

4 /. -4* w .V 

1 dt ' 


0 


(3.11) 


with the Mill damping coefficient 


for this equation 


and, therefore* 


ft L 

dt 


l\ («w) * mu, 

/•„(««.) « (« o. '2, 

Thee. eqs.(3.8). (3.9). and (3.10) yield directly, in second spproxiuetion. 

.tr : - a cos *y, 

da In I (3.12) 

Iff “ " 2 ’ 

dif 1,1 

"ar~"v ’ « 

A. indicated by the fir.t equation of the ay.te. (3.12). full •* recent is ob- 
taiaed bet.ee. the la. of da^iag of the asrplitude and the exact forswla 

.b ' ' " " >.f 
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|§l 


V'-.V: ,: ■ 







m : r r 

Mi 


vhiU, for th« oMilUtiM (raquancy, »« h«»» the approximate tonal a 

j! . *- “{• - if!:)!- ,JU > 

which correspond* to the first too sums ends in the expulsion of the exact expression 
for the frequency 

,/-rrr W _ {l .} 

in poeera of-, which, however is entirely natural, since we are disregarding terms 

of an order of satllieit higher than the second. 

To get an idea of the degree of accuracy of the resultant approximate eq.(3. 13), 

X In 2 

let us take, for example, - * — — , he note that this value of the coefficient X 

W K 

corresponds to a considerable damping. Thus, in one period, the amplitude of the 

oscillations diminishes to half. In absolute value, the “perturbation term* X~ 

1 d 2 x dt 

still is about - of the “principal terms*— or « J x. In spite of this, the rela- 

4 dt * $ 
tive error of eq.(3.3) is less than 0.01*. 

Let ua consider another simple example leading to an equation of the type of 

eq.(3.1) namely a harmonic, or any small oscillations of a pendulum in a medium 

whose resistance ia proportional to the square of the velocity and is small. 

In this case, the equation of the oscillation will be 


<Ar 

tiff 

trx 

Hr 


i'i X 


w • 

r- ■*(")* 


0, cc/iii 


CC.Ill 


d X 
tit 
dx 
iff 


0, 

0 


(3. 14) 


tl*x , tlx fix I , .. 

- 7/r ! f 


dt* 


(3.15) 


•» aloaya |*|* denotes the abaolete value of j. (We resort to this not 


/dx. * 


(ion to indicate that the tent a (j.) rep resent a a resiataece to motion). 


• Tr anal • tor* a note: See errata eheet. 
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Can aide rid ft the damping auf ficiently week, we uae 


Ikco eq.( J. 15) will b« an equation ol the form of eq.(3.1). ah*** 

r i‘t* \ ... tlx I ,lx 

1 V dt ' •« I <n i 


Let ns find the expression 


oi the n th term in the fourier expansion 


F(n cos ?): 


■ (a cos ')) cos tv) tl') 


COS'V C*>S ’> COS tl'sii'J 


| I cos' 1 -V cos n'.il-'j ~ i cos’y cos /iy </•> j , 


h\A") r,(a) ■■■ /•*,(«)• /.,<") ••• °' 

U. {l > .. 

i\ (a) T r> » ^ * r. ( 2<j ; 1) Kit! i 1 )~ — *1 

(</ I, 2. ...)■ 


Thus, eqs. ( 3. 8) ♦ (3 


.9), and (3.103 will give the aecond approximation in the 


X Vi ca sr 




>lu ( 2 </ r H v 

*’ c "‘-V 'i' >' l ~-T** ' - »i 


{ sin :VV f i sin 5^ 4 . a - j 


« cos 'f | i cm 

where a and f ere determined by the equationa 
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* 1 ; 


II 


1 1 ; 


ml 




HjeWOWW 


here, for abbreviation, ee introduce the eywbole 


c,,»V 


q I 


'4 1 ■ ' 


h i)*~~ ijjoty i >>' i: •F~ 

J-— f- ... 0,0407... 

I loir.ii T • 


(3, 18) 


(3.19) 


25 1 1525 1 12150 

fey integrating the firat equation of the system (3.17), we have 

1 1 !*<•> j 

a * r 

■hence «e find the In of dnpin* of the aoplitude of the fundnent.l h.nwmic of 
the oscillation: 


1 


1 




(3.20) 


lo thi. eey. the nplitude of the o.ei ll.tion., for the mqo.re-low of deopinp. 
is dnped approximately inversely proportional to the increase of the linear func- 
tion of time. 

Ota substituting eq. ( 3. 20) in the second of the equations (3.17), and integrat- 
ing, ee obtain the law of rotation of the phase angle 


mt 


• \Caa» | 


1 


I 


1 


} H«- 


(3.21) 




Thus, ae have explicit expressions for the representation of the oscillatory 
process, in second approximation. 

•e note that the correction terns of the second approximation are very small, 


even nt considerable damping. Thus, if we take «a. • g . i.e., if we consider the 
case in which the amplitude a, one cycle after the beginning of the oscillations, 


STAT 


81 


is reduced to one-half, than the turn of the amplitudes of all first harmonica of tht 
oscillations will maount to less than l* of the amplitude of the fundamental har- 
monic; but the correction of the second approximation for the frequency of the os- ..j 

ci llations will be leas than 0.259E. 

Let ua now compare the resultant approximate solution with the exact solution:] 
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it 




mli: 

■ 


Although eq.(3. 15) can be integrated to the end, aa a reault, ee would arrive 
at the transcendental quadrature 


i* tU 

' V\\ :*.•> <i 


(3.22) 


(where t denotea the distance between the extreme poaitiona of the oaci Hating pendu- 
lum) and thus the function required cannot be represented by the aid of the elemen- 
tary function!. It ia not, However, difficult to eatabliah the equation for two suc- 
cessive amplitude! damped by the presence of a friction proportional to the square 
of the velocity. In accordance with F.Prasil* we have 


I ) In [ Jy: 


I ) I ) III ( . I) (3.23) 


or, in our notation, 

f 0 } I ) (ln/ t j I ) III ( I an/, I), (3.24) 

where a # ia the initial value of aaiplitude and a t the value of the waplitude after 
one period of oscillation has elapsed. 

In order to compare the results obtained by the exact formula (3.24) with those 
of the approximate formula (3.19), let us transform eq.(3.19). It may obviously be 
represented in the following form: 

' _ 1 , (3.25) 

I ut I 'fit, dr 

On substituting, in the right-hand side, the value of the period in first approxima- 
tion, we obtain the following relation which connects two successive amplitudes**: 


1 

I 


I 

hff , 


(3.26) 


The Table given below shows the good agreement of the successive amplitudes 
calculated by the exact eq.(3,24) and the appn>xis:cte formula. for 4«a # - 1, i.e., 


* F.Prasi 1 (Bibl.46) 


*• fe note that the same approximate formula was empirically fouod by A.de Cali guy, 
(Bibl. 47) f 
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ifor the case when the amplitude decreases to 0.6 of its value after one cycle, the 
results obtained fro* eq.(3.26) (ehich characterises only the first approximation) 

Table 4 



' »ra 


<itd) w 



. 

1,0000 

1 ,0000 

0,1.170 

0,1578 

o,os 5 » 

0,0X5*) 

0,5! WO 

o,(>ooo 

0.1 120 

0,1428 

o.osos 

0,0810 

0,4240 

0,4285 

0,1208 

0,1301 

0,0707 

0,07ml 

(\:m\ 

o,:m 2 

0,111)1 

0, 1 200 

0,0730 

0,07.) I 

0*2701 

0,2720 

0,1100 

0,1111 



0,2200 

0,2*107 

0 , 10.30 

0,1034 



0,1080 

o t \\m 

0,01 Mil 

0,0; M >7 



0,1753 j 

' ■ ■ ! 

0,1701 

O.OiMMi 

o.oooh : 

! ■' ! 



differ by only IS fro* the enact results of eq.<3.24). for the case of ia» o - 0.1, 
however, it differs only by 0.4S. 

Section 4. ^Sel^f^Suatained Oscillatory Sy n t — - * 

Let us consider another oscillatory systesi, which is described by an equation 
of the font 

if A ( . tlX 

ill- [ > U>>X /«'> • (4.1) 

'* >ich also is a special case of eq.(l. 1). *e note that eq.(3. 1), previously con- 
sidered, any be reduced to the fora of eq.(4. 1). 

Now, putting 


and differentiating eq.(3.1), we obtain 

5 .&+»,=.pw| 

On uaparing eq.(4. 1) with eq.(l.l), we hnve 
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f 




g|E 




site® 

III 


mm 


Therefore, in order to make use of eqs. ( 1. 21)-( 1. 28) . the expression 

f (u cos ’>)*#»»> s’ II *)• 

•nit be expanded into a Fourier aeries. 

To simplify thia operation, let ua conaider the function 


F' (x) (* fix) tlx 


and its expansion into a Fourier seriea 


I'* (a cos •'■>) ^ I'J") cos w'j. 

n “ 


C4.2) 


(4. 3) 


Qn different! at ins eq.(4. 3) with reaped to f, we obtain, on the basis of equa- 
tion (4.2), 

*T> 

/(a cos^)«<«sin ^ sin « V. 


By comparing eq.(4. 4) with eqs.(1.16) and (1.17), we find 

/»,(«) l fU<», /#,(«) o. 

^whence, in first approximation, we have 

-V =:= a COS ’!/, 

where a and f must satisfy the equations 

da * r** / v 

,w =- J r ' (a) ’ 


(4.4) 


(4.5) 


!± 

di 


- Hi, 


(4.6) 


The results of the preceding Section may be used in constructing the second ap^ 
proximo t ion. 

Starting from eqa.(3.2), (3.6), (3.7), (3.8) and (4.4), and bearing in mind 

that 

/(a cos .'}) cos sin •’/ d'\ = 0, 

o 
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mi 


mmm 


mm; 


Kl'f 


rnmm::. 


mmii m; 


1 




i r , di .(u) 

/ (ll COS - v I cos' - * (l‘f SS 


</« 


w aay writ a 


. .1 * V " i,,{ 

X a cs V f 2d rf 


1 «/„(<<) In »»y 

I ' 


(4.7) 


t*«rt i ind t are defined by the equation! 


#/> 

<// 


* /**, (">, 

> # 1 

t z-'/t./aK 


(4.8) 


•nd B.(a) has the folloain, fon: 

«.(«) 


1 

Mi; ... 1 i/,; 


I yl « / „ ("> 
I 


n' 


(4.9) 


On comparing the resultant approximate equations with the solutions of eq.(3. 1) 
gixea in the preceding Section, »e convince ourselves of their complete identity. 
Ihua, the system described by eq.(4. 1) is likewise quasi* synchronous. 

As an example, let ua consider the van der (hi equation 


f/‘\V 

tit- 


I < l X*) 


ii.\ 


tit 


0. 


(4. 10) 


Comparing eqs. (4. 10) and (4.1). we have 

j(X) I X*. 

!'* (X) zzz X 


end, therefore. 


,v :1 

3 9 


!.« 0 : I 

i 

f 


after which we find the expansion of (4.3) for our case 

/ , *(aco«'» <i(l — cos cos 3 J». 

according to which we obtain 

1 »(' r). 
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'»<«) = 0 . it */ !, tt f 3. f 

taking eq.(4. 6) into consideration, on hive in first approxiaation 

x a cos 0, (4 

ohor« • nnd » aunt In determined froa the system of equations 


=*(• - ?-)• 


Thu* in first approxiaation oe obtain a haraonic oscillation having a constant 
frequency « • 1, ohoae aaplitude varies according to the first differential equation 
of the systea (4.13). To find the law of dependence of the amplitude of oacillatic 
on the tiae in explicit fora, this equation aust be solved. On aultiplying both 
sides of the first equation of the system (4.13) by a, we have 


•(■ - tK 


(• f)- 


= l (it, 


•hich gives 


dvfl | dtl'* .. 


||3 

L ; 

«bere a, is the initial value of wplitude. 
Fro® eq. (4. 15) we finally find 
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m. 


On substituting «q.(4.16) end eq.(4. 12), we hsve in expression for the first ap- 
proximation in sxplicit for* 


t 


I 


r 


a y r 

l 


COS(u >/+*))■ ( 4.1?) 


I 


ft,; i* ' 


U 


As will he clenr from eq.(4. 17) , if the initial value of the amplitude « 0 is 
equal to *ero, then the amplitude remains equal to tero for any t, and we obtain 
x ■ 0. i.e., a trivial solution of the van der Pol equation. This trivial solution 
obviously corresponds to the static state, i.e., to the absence of oscillations in 
the system. 

However, alerting fro. this im formula, it ia eaay to draw the concluaion 
that thia atatic atale ia unatable. However email the initial value of the aaipli- 
tude may be, it will atill e>onotonouely increaae and approach a value equal to 2 . 

In thia way, aince accidental amall ahocha are unavoidable in practice, oscillations 
with increasing amplitudes are automatical ly escited in the oscillatory system under 
consideration, in a state of rest, i.e., the system ia ael f-exci ted. 

Equation (*.17) also shoe, that, if a, ■ 2, then a ■ 2 for any values of t > 0. 
This solution corresponds to the stationary (steady) dynamic state 

.V 2 Ois (/ { 0). (4.18) 

In contrast to the atatic state, the dynamic state possesses excellent stabili- 
ty, due to the fact that, no matter whether the value of a. f 0 ia large or amall, 
a(t) **• 2 will always occur while t - *. 

In other eords, any oscillation with increasing t will approach the stationary 
oscillation of eq.(4. 18). 

le note that only in first approximation ia it possible to represent the sta- 
tionery aute (4.18) as • harmonic oscillation of a frequency w - 1 and amplitude 
equal to 2. In reality, however, the atationary atate ia not harmonic. 

Ut ua paaa now to the conat ruction of the aecond approximation. From equa- 
tions (4.7), (4.8). and (4.11), »« find 


x <* .cos- '5* hIu v 


(4.19) 
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•Ur« iwdy mat be deterained fro. the equationa 


.... «« ( . ,i- \ 

df-irv TV’ 

| / 1 «' J , 7 ‘l* \ 

•" ‘l«~ s ! # 


(4.20) 


for atationary oscillation., in second approximation. ee obtain 

■v f <>) I s il ;, |ll(/ f , t) 


The above ample example of an oacillatory self-excited system, described by 
the yen der Pol equation, shows the funds.ent.1 difference beteeen this ayate. and 
the oacillatory conservative ayate.. deacribed by an equation of the type of equa- 
tion (2. 1). 

More .pacifically, in conservative oacillatory ayateaia, aa deamnstrated above, 
oaci 1 lationa at any con.tant altitude are po.aible, ehile in ael f-.uata.ned o.c.l- 
latory ayateaa oacillatioaa at con.tant amplitude are po.aible only at a certain 
»alue of thi. amplitude. Phy.ic.liy, thia i. clear fro. the following obyioua con- 
siderations. Since, in a Conner, at. ye ayate. neither diaaip.tion nor uy aource of 
enerpy ant, the oacil lationa once excited can neither increase nor be dwiped, so 
that their amplitude will main equal to ita initial value. 

In aelf-excited ayateaa diaaipation of energy and sources of energy exiat. The 
amplitude of the oacillations mil therefore increase if the quantity of energy de- 
livered by the source exceed, the quantity of energy dissipated by the dissipative 
forces. On the other hand, if the quantity of energy supplied by the source is leaa 
than the quantity of energy dissipated, then the oscillations will be daaped. 

Hoeever, the solitude sill main constant only if theae quantities of energy 
iare in exact balance. 

Ut sa nos construct approximate solutions for the van der Pol equation, util- 
i ting the nethod of the Bean. For thia put|wae, eq.<4. 10) must be reduced to the 
standard for*. Thin is easily done, if the unknown function x is replaced by two 
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. faction. . snd e. -sing th. follo.in, X.-U. for the «,b.tit«tion of v.n- 


x -■■■ a cos(/ -j-'J), 

** - u s!n (/ f '»). 

at 

Different! sting eq.U.22) end compering «th eq.<4.23) yields 


(4.22) 

(4.23) 


,/ * </*• . # k t\ (4.24) 

, COS (/ r 0 " „ sni|/ r n 

(it Uf 

Oiff.renti.ting «q.(4.23>. s«d tehin* eqn.(4.22) nnd (4.10) tnto -nsiderstion 
get 

3 1 1 ,j-\-ns : <7 : 0)j (,■ sin (/ r '»>. 

On solving the eq.(4.24). (4.25) «itb respect to the deriv.tives, .e arrive, 
the system of too equstions in stsnd.rd form 

t\\ (j - cos' (/ ■; 0 )| a sin ' (/ f '»>. 

I It } (4.26) 

' , ' 1 . -\\ .rcosUt t '*t|sin(( f'Mvusi/ r '»!. 


• Ia , f " ( 1 — " cos 2 (/ f '») r 'l C«»s 4 (( i J, )\ - 

dt \ 2 V * / - ? 

,l " - g I 1 ( 1 ‘fjsin 2 (/ f-'») ‘(,'siii I (( 4- 0)|. 

;•// l 2 V 2 / ° 1 

By using the method of the -esn. •« obt.in in first spprosi-stion 

<1 n o,. 


</«i 

</l 2 


H 1 1)- 


A1 >cos2(/ + *0i Al ’,sin2(f J O)) 

I * 

i4 i •. .si i // i fM A! ! slit 4 (/ + 
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plllr; 

W£'V : : 


U 




Obviously, the equation of first approximation (4.28), agrees with the above- 
obtained equation (4.13). 

The refined first approximation will obviously be 


« _ ta l sin 2(t f «,) ■+- ^ sin I (t - | 

■j 'j* 

0 vO, — - 4 -(l - " 2 ‘ ) cos 2 (I j- «»,) + ‘"J cos I (t + V J 


{ 4. 29) 


for the stationary state, as above, we have 

a(/) ~* 2 at t ~+ 

and consequently, for ■ steady oscillatory regiae »t a, * 2, the foraulaa (4.29) of 
the refined first spprosiaation eill yield 


( 4 . 30 ) 


( 4 . 31 ) 


° ~ 2 4 si 11 2(/ + ,J ,) 4 y sin 4 (/ J- 0, ), 

0 r l t -f- | cos 2 (/ 4~ (, t) 4 y cos 4 (f {- <),). 

On substituting these values in eq. (4. 22), we get 

X = |2 — -J sin 2 (/ 4- 0,) 4 

4--^ sin 4 (/-Hi)] cos (/Hi+y cos 2 (/ Hi>f y cos 4 V +"V) - 

or, neglecting the tenas of the second order of smallness, after elementary trans- 
formations, we obtain the refined approximation 

x =.■ 2 cos (f 4- 0,) - ~ sin 3 ( t + 0,). < *■ 32) 

which agrees with the expression for the refined approximation found earlier. 

Section 5. Stationary Amplitudes and Their Stability 

In the preceding Sections we have obtained approximate solutions determining 
the law of variation with time of the amplitudes of the fundamental oscillation har- 

For any n^ approximation, this equation will have the form 


90 
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and therefore can be integrated ia <piadraturea. 


However, even without integration, it is poaaible to investigate the behavior of 
the solution a ■ a(t) aa a function of the properties of ♦(»), which will be done 



Let ua first aseime that no positive quantity a* exists for which 
4> (a) > 0 for any a > <1*. 

It is evidently necessary to adopt this condition for purely physical consider- 
ations. 

Now, if such a quantity a* did exist and assuming that the initial value of the 
amplitude *• ia greater than a*, it follows that 

a(0)>a\ 

which would wean that, in accordance with eq.{5. 1), the amplitude would increase 
without limit 

a (0 — ► oo as t — w oo. 

i.e., the oaci llstioni would broaden without limit, which ia physically impossible. 

For this reason, it will always be assusied in the following that thia cor.di- 
tioa (which way be called the condition of limitation of amplitudes) is satisfied. 

Equation (5.1) indicates that the amplitude increases when *(•) > 0 and de- 
creases when 4(a) < 0. 

The unchanging, stationary values of a are determined by the equation 

{'■ 4> (a) ==^ 0. (5.2) 

J which is obtained by equating the right side of eq. (5. 1) to xero. 

Equation (5.1) shows that, if the initial value of the amplitude is not ata- 
; tionary (does not satisfy aq. (5.2)1, than, with increasing time, the amplitude a(t), 
mo no tonous ly increasing (if 4(e # ) * 0} or decreasing (if 4(a*) < Cl. will approach 
a stationary value. 
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tktt* wry eon.tetion.ry oscillation. with the «f ■* U ,ppro,ch * 

stationary atata. Nonatationary oscillations art usually called unsteady oscilla- 
tions. or oscillations in a transitional atata. IK* fact of the approach of any os- 
cillation to a stationary atata reveala tha apacial tola of the stationary oscilla- 
tions. in particalar for high-frequeecy oscillatory processes, for which, in tie. of 
the brevity of the period of oscillation, the transient state eery rapidly ap- 
proaches the stationary state. For this reason, oscillations of this kind oay be 
considered in practice as being stationary almost iaoediately after the beginning of 
the oscillatory process. 

| e note that there exists a case of degene ratios, when the function *(a) is 


identically eqnel to lero. In this case there are no transient states, and e.ery 

oscillation is stationary. Ibis case occurs, for eisaple, .hen f(x. -^) depend. 

only on s but not on Then eq.ll.l) takes the for* 

dt 




( 5 . 3 ) 




which haa beea discussed in detsil shove. 

This equation any be integrated e. the equation of oscillation, of . ostennl 
point under the action of a force depending only on position and. therefore, or: gre- 
eting in the potential 

dU 


F(X) =r- 


dx 


; 49 

U= J ' F\x)dx. 


Equation (5.3) is the equation of a conservative oscillatory ayateu having an 

energy invariwt throughout the oacillutiona. 

In practice, however, no ordinary oscillatory systee. ia conservative and al- 
•ayn contain, dissipetiv. forces censing the dissipation of energy; likeui.e, n 
•elf-sustained oscillatory syats. «ay slso contain energy sources. 

Let u. no* pass to the queetion of the etability of stationery oacillatione. 


92 
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i Mm 


Hi %-M 




wm; 

: ■' 

■: : ' . i 

£¥hry '■■■■;.: ' ■ " / ■ : 


Blip: 


■mj • 






AtHM tint a. »• • certain tool of eq.(S.2), i.«.. • conatant stationary aolu- 
tion of eq.(5. 1). Coaaidcr solutions of eq.(5. 1) infinitely done U> a.. Than, 


»•>** 

j l: .. a ~a 0 +-to, 

for nn infinitely snail incraneat 6a (nt«l«ctio| uraa of a higher ordar of snail- 
mu) , »t obtain 


dha 


dt 


<!>' (« 0 ) Gtf , 


which given 




1haa, the value of the auplitude under conaideration ia atable, i.e., corre- 
aponda to a atable atatiooary oacillation, if 

o, ( 5 . 4 ) 

Otherwise, if 

K) o, 

the correaponding atationary oacillation ia obvioualy unatable. 

In particular, aince the value e # • 0, corresponding to the atate of equilib- 
riuai (atatic atate), ia aleaya a root of eq.(5. 2) (by virtue of eq.( 1.33)1, the in- 
equality 

«K (0 ) >0 

will repreaent the condition of sel f-exci teiien of the oscillations. 

Writing this in the expanded fom 

* V, <(i) f f ... f •%.(«) > ». 

and disregarding the case ifcan the function A, (a) nay hare aaitiple roots, ee sec 

that, for saffieiantly snail values of e (ehich hoeever are aleaya aasuned either 

•illicitly or inplicitly), the problan of self-eacitation ia solved by the sign of 

in single tarn, nanely. *A{(0), i.e.. in the sane way aa though « eere dealing eith 
r ■ . . 

an aquation of firat spproxinatioo. 

l, r# oWr. in accordance eith eq.(5.2), the stationary anplitude* oust satisfy 
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T 


aO) 


thm equation 

I A^+iAiia)^ M*<ii)^0. 

tor this r «••©•, diortgording the obowoHMiitioiiod co»«» of Multiple root*. we 
cun expand • into a power aariaa of the parameter « 

a rn* fl< 0 > -f- Ifl* 1 ) “4“ ”4 (5. 5) 

s h are ,<•> i. the root of the equation A,(a) • 0 (stationary aopliu.de in first ap- 
proximation) 

^(a (B> ) 

X(^)‘ ••• 

Since a given stationary state will he either stable or unstable, if reaper- 
tively 

*Ai (a) 4* («) 4 - • • • 4 8 "^« («) ^ 0. 

and since, because of the relation 

iA\ (a) 4 tAj(a) 4- 4* *"X («) “ l/ 'i + * J ' • • • 

ehich resells froai eq.(S.S). the sign of its left aide is determined (if e is suf- 
ficiently —U) by the sign of eA’(a<*>). -e ae. that the probl- of the at.b.lity 

of the atationary oscillstions is solved, 
for sufficiently smsll c, by the sign of 
eA'fs***), i.e., as though we were dealing 
with an equation of the first approximations 
It oust be eophasiied that, except for 
certain special cases, equations of the 
first approximation lead to the same quali- 
tative renal ts as those of higher approximations. The transition to equations of 
hirfier approximations usually leads only to corrections of a quantitative character, 
for example corrections in the value of the stationery amplitude, etc. 

«e note that the condition of sel f-excitation of the oscillation in not neces- 
sary for the existence of n stable stationary atnt# of oscillation, lor thin pur- 
pose. it is obviously sufficient for the eipietion of the stationary state (5.2) to 

have at le»at one nonxero root, satisfying the condition (5.3). 
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In addition to an analytical study of the function 4(a), the character of the 
oscillatory process can, in many cases, be conveniently date rained by using graphs 
of the type in Figs. 25-28, which give 4(a) aa a function of a. 

The stationary amplitudes hare are determined by the points of intersection of 
the curve 4(a) with the abscissa. It is obvious that the points at which the de« 



fig. 26 


scending branch of the curve intersects the Os axis correspond to a stable awpli - 
tude of the oscillations, while the points at which the ascending branch of the 



G 


Fig. 27 


curve intersects the Oa axis yield unstable amplitudes. 

In fact, in the former case, the impairment of the stationary amplitude leads 
to a subsequent variation, causing the amplitude to return to its stationary value. 
In the latter case we have the opposite picture. In Figs. 25-28, the arrows show 
/the direction of the variation of a. Figure 25 corresponds to the dissipative esse, 

; Fig. 26 to the case of self-excitation with one possible stationary amplitude, and 
I Fig. 27 to the case of self-excitation with severnl stationary amplitudes: n t , a 2 , a 3 
(the oscillations with amplitudes s 3 , a 4 , are obviously unstable). 

In general, if the function 4(a) has a root a* satisfying the inequality 


9 > 


STAT 




»/|; • J * •• *\ l / 4 Y';V; 
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♦•(•*) < o, then e stationery lUtc of oscillations with • constant amplitude equal 
to a* is possible. *fe note thet the atetionery amplitude of self-excited oscilla- 
tions (i.e., the limit of a monotonously 
:: ^ increasing amplitude of oscillations for 

which a* would be very amall) is equal 
^ ^ Vv ^ to the assal lest of all possible ata- 

/ \ t ionary amplitudes. This fact becomes 

yr x, clear from the logical physical consider- 

ation that an amplitude, on increasing, 
cannot jump over the stable root of the 

tig. 28 

equation 4 (a) “0, i.e., over the root 
of this equation that satisfies the condition ♦’(•) < 0. 

figure 28 shows the case when the system is not self-exciting, but may still 
contain stationary oscillations. In thia case, if the initial value of the ampli- 
tudes a° is leas than ap the oscillations will decay; if the initial value is 
greater than a ]t the oscillations will build up and, at the limit, will be trans- 
formed into stationary oscillations of an amplitude a } . 

Aa an exanple, let as consider the equation 

1 S + (h + i ** + ^ + A «^ +i **‘)» + " ,JC:SS °' (56) 


which is encountered in the theory of vacuum-tube oscillators. 

To assure the q>piicability of the results obtained by ua from this equation, 
let ua assume- that the perturbation term, is sufficiently amall, and let ua put 

j — + ==*/(*• 3/)' 


Then we get 


IS ; ; 






m t ... I | 'l*** 

! . — - I /(a aw sin sin d<\ = '•!«“* + - 4 T ~8 

H J 

I ' 

j Cbneequeatly, cq.d.27) will yield the folloein* equation of fi ret approximation 






»i 


: , ^ f 




for tha amplitude 


ija* M? 

' ~f 10 * 


fct 4I X < o th. ,i*-Wd .id. Of thi. i. P.««« •" 

•* •■ 1h ”; .... .bun u ob. 

*,.t -plitud. «U broaden .ithout La.t. ..... *W 

vioualy iapoaaibl. for phyaical reaaona. . 

. that X » 0. »* further note that the condition of 

Let ua, therefore, annuo. thet Xj 0. 

aelf-excitation -ill be X, < 0. On cn.id.ring the c.ae of the ab.ence « a. * 
excitation. w put X, > 0. On -Win* the equ.tio. 

Ml M* 


¥+ 4 f+^= #> 


(5.7) 


in addition to th. "nt-tic* e.Uuon a • 0. .* •»•<> *»< 


X. 2 8X, 

.a t i * \ < 1 ea.(S 7) no P OB1 ' 

Since X, > 0. X, > 0. then, if X, > 0 or . (j- ^ 

ti „ eolutionn. The graph obt.ined by plotting . -1» Her. the fore, 

nho«, in hi,. 25. indicating thet oncilUtion. of -y -pHtude .iff be d-ped. 

Let, oft the other bond. 


»• 




Then .. hare teo po.aibl. -oUtion. for th. -p.itude of the nt.tion.ry o.cilUtion. 


«a= ^ * 


ih. graph for± e.r... a. « ebtained for thi. caae. U Panted in ftp. 29. Ob- 
leioualy a, corrida to ...table ...illation. and a, to .table type.. 
i Uwie. oaciliationa uith - iaiti.l ^litud. -Her than a, «U be d-ped. 
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H«.29 

/; . I JV coKP«ri aon with the 

.itK the .IfctiT. duration of ^ pr .ctU.Uy .t.uon.ry), th.t for 

°‘ C f wi . tion . the c.cill.tion ..y be — * 

..eh w.lue ol P duriog the coer.e of th.. 

U, be ot.tioe.ry. „i ue . of i> — Her * 

Kor the ..he of definitene.* •« 

certain . _ 

♦Uo. i*)<o. 

M d for ol » Urgor t ^ 0. 

j *.11 oo. eery U edi.betie.lly. i.«re..i.« it fro. • cerfio -»«« ■* l ~ 

, . . . u 

***** **•' ' itibriua: a * 0. Than, aince for ^ 1 e 

' 1 Let the .yet*. be >“*« * “ ^ ^ in equ ilibri- «»til the p.r—ter 

tjoyot-i. '-b-^--^- ^ For u,. tr^oitioo through thi. 

d of the critical yalue equal to U. 


„ . ith „ i.iti.1 -plitud. .re. ter th.o * *« bU 

•Kile ooeilUtiooo with an >•*»»•» 

ot.tio.ery .Ute. .. coot.io. . certain 

^ “ 77Z .group of poreoeter.) ehich ..y ^ > « <— 

p.r-ter P (or . cert re .roep . Ul depend oo P - -» 

(adiehaticlly). I» *-ht. «.e, the r,.ht 

be repre.eoted io the for. ♦(..>• ^ u „ by cep-ri-n 

«. will coo.ider a r.r..tion of the p.r— 
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critical value, aelf-excitetioa will appear, while equilibrium becomes impossible, 
and till amplitude a paaaca from taro to tha value a(u) equal to the smallest stable 
root of the aquation 

| • " ' + (11, s*) 0, 

Thu a tha dapaadance of the amplitude on the paraaietar ia represented in the 




0=0 I or |t < |A 0 , 

a = Q (ji) tor It > |A 0 - 

If the curve of the dependence of a and u so obtained ia continuous, we will 
say that we have a case of sol t excitation of oscillations (with respect to the 
given parameter). In the case of soft excitation, on transition across the critical 
y value u * U # , the system will begin to 

gaaerate oscillations whose amplitude, 

/ close to the critical value, will gradually 

increase from rero. 

However, if there is a discontinui ty 
^ \ at the point u ■ u o , then, on transition 

Q - through the critical value, the amplitude 

will immediately jump from the tero value 

fig. 30 

to the value a(u o * 0). This case is 

called the case of hard excitation. 

For example, let the right aide of eq.(5. 1) have the following form: 


‘I* (a. i*) = {«H«) -■?-}*(«. u). 


;where t («, n) > 0, and where #(a) is a certain function, not dependent on i*. . 

In this case, the question of the character of the excitation may be decided bp ; 
the aid of one of the two following graphic constructions: 

■ L«t us coftstriact the curve (cf.Fig.30) 

-- - : ' ; | ’ ,V = 'l»(fl). ■ 

j Then the stationary amplitudes will ba found from the intersections of this 


jfeik ■ i‘i ’ j# . > ' r •' - . , . „ 
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.I«k ,k. U~ .1 i- >< “• •>••• •« •>" 

i. ...... tim .!»■ .1 «k. «" kk. *' ** 

nry «»plitud. will be nt.ble. 

In Fig.30 «e h.e. . c..e of .oft e.cit.tion »ince. .. .oon .. P P««* 
the critical value, equal to 

1 _ Jl 

the amplitude begina to increaae fro* aero. 

In lie. 31 .e h.» . c... of h.rd e.cit.tion. In tr.n.it,on through the criu- 

cal value, the amplitude juapa froa tero to a r 

Ut un eon.ider in deUil the £»»« repre.ented in lip. 31. Let the p.rn-eter u 


Fig. 31 


Fig. 32 


k, «ndu.UT «■» «... . •< .I- *f ““ 

, . !. u .. tt. — . .... i« «.• kt “ lk ' 

0f "u.- obtlonnly the -pUtude .,11 r-.i» «ro until the -ooent .hen Y becone. 
lenn then l. After the tmnnition through t. the aaplitude nil j«»P to t e 
end .ill the. begin to iocr.e.e continuounly. If « »». begin to decree.* U 
incre.ee y>. beginning fro. the Y, > «. — the -plitude -II decree .nd. 

beginning wth Y * M in thi * * * l * U °* ” 

^kllM i. «W »«■ “* *>— ** 

Ut - .b«.i. «k. ...... <«*». k..‘"« " .k....‘.«.kk. ky.k...... 

„ ,.U. .1 kk. «-* ”‘ T “ 

«. k.. .1- kk. —‘“k" •* kkk* 
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Phmotini of ii«il«r type ere obiervid in certain ael f- sustained oacillatory 
aystama and are called oacillatory Kyateraaia or lag; the latter term reflect* the 
fact that, at an infinitely alow or, aa it ia sometime* called, on adiabatic varia- 
tion of the parameter, the aaiplitude tend a, aa it were, to (Iran out ita amoovh vari- 
ation for aa Iona aa poaaible until the continuoua variation leads to unstable ampli- 
tude*. 

Hyatereaia loopa nay alao have e no re conplex fore than that ahown in !"*#?• 32 . 

For example, for the cane of the diagram in fig. 33, a relationship aa achenatically 


shown in Fig. 34 ia obtained on variations in u. To study the character of the ex- 
citation of the oscillations, the following method which ia essentially analogous to 
the above- described method, may alao be used. 

Let ua construct the curve 


Hien the stationary amplitudes will be found at the intersections of this curve 
with the straight lines parallel to the a axis 


Suffer, : 

%»fefefefe 


111 ■ 

II 


jib* condition of atability 


__ 35 _<o 


fel/'Il 

lasssafe 5 
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My b« vriitM ii th« tom 


♦ <*) II 


and tKinfore allows • iiaplc y«o««thc interpretation. Amplitudes corresponding to 
intersection points of the curse of eq.(5.9) with s straight line of eq.(5. 10), at 
which the curse has an ascending direction, will be stable (Fig. 35). 

These statements refer to stationery amplitudes not equal to sero. In addition, 
there always exist stationary amplitudes which are equal to *ero. They will be un- 


stable if 


itm * 

\ * I, | l! ^ ’ 


i.e., if the point of intersection of the curse (5.9) with the axis a * 0 lies abose 
the point of intersection of the straight line of eq.(5. 10) with this curse. In the 
opposite case, the equilibrium is stable. 

It is clear that the latter graphic method is more consenient than the former 




1111 




one, since in this cate the tangents need not be drawn. Otherwise the reasoning re- 
gains the sane; therefore, a detailed discussion nay be omitted. 

Figure 36 *ch«snticnliy shown the pattern of oscillatory hysteresis correspond- 
ing to the cnee represented by Fig. 35. 


imim, 
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An an extremely simple example, let ua consider the equation of the electronic 
oscillator (with dimensionless time): 

r . ==o. (s .„, 

Hare Vis the alternating component of the control voltage; L, C, and H are induct* 
ance, capacitance and reaiatnnce of the oscillatory circuit, respectively; M is the 
coefficient of mutual inductance between the grid circuit and the oscillatory cir- 
cuit; E # ia a constant component of the grid voltage; D is the grid through of the 
tube. 

In view of the fact that, at a conventional design of the oscillator, the 
dimensionless expression 


(M- DL)/'(E 0 + V)} 


will be e quantity of the order of 0.01, we may utilise the formulas derived pre- 
viously for the construction of an approximate solution here. 

Oki the beeia of eqs.(1.23), (1.24) and (1.27), in first approximation, we have 

V ~ a cos (/ -f- ?). (5 ‘ 15) 


2 Vic 


~ c • (M- DDF (a). 


f'(E 0 4 « COStJSln^trfT 


III 


pip'll* 


- f /(A; 0 4 a cos z) sin t dz. 


According to the above, the character of the excitation of oscillations as ex- 
pressed by eq.(5. 16), according to the above, mey be studied by two graphic methods: 

- I 

1) By constructing the curve 

:J j y -= P(a). 

"jof the ao*called oscillatory characteristic of the tube. In this case, the ate* 

| ti on ary amplitude will be found from the intersection of this curve with the straigi 









Declassified in Part - Sanitized Copy Approved for Release 2012/11/14 : CIA-RDP81 -01 043R001 300240005-2 






i 

mBrn-w. 

Ki i : : ; : , 

■ 


Mm 


m : 




B.^r : ' : -v/‘ ' 

■ 


linee 
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2) By constructing the curve 


1 m 

w n 

md considering ita intersections with the atraight linea 

„ = _ JL 

y ( M~DL)R * 

parallel to the axis y ■ 0. 

It ahould be auctioned that the angular coefficient of the tangent to the tube 
characteristic, i.e., f f (E) ia usually called the grid-plate t ran aeon duct an ce in 
radio engineering. 


In view of the fact that 
t* 

Of> = l 


J f Wo + a cos t) sill* t dx -- f (fc’ 0 -f a cos U) 

( 0 <»< 2 K ). 


K.) 


the expreaaion nay be called the nean t ran a conductance of the tube. 

For this reason, the firat graphic nethod ia aonetinea called the nethod of the 
oscillatory characteristic, and the second, the nethod of the nean transconductance. 


In this exanple, the paraneter U • 


(M - DL)H 


In the present Section we have considered in detail the first equation of the 
jayaten (1.3), expressing the dependence of the amplitude on the tine and thereby 
^character! liag the properties of the oscillatory process with respect to its ampli- 
tude. 

An for the second equation of the ayqten (1.3), it characterises the frequency 
properties of the oscillations. 

According to this equation,, the inatastaAeoua neturel frequency of the oscil- 

dw 

lationa, equals w(a). For this reason, in the case of stationary oacillatioaa, 
ii(a), being a constant, till ba the ordinary natural frequency. 

it' in easy to see that the natural frequency «(n)» and thus also tha period 
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T • *“ 0 f |]|( itiMwiry oscillations. depends oa the solitude. Thua, speahing 

«Ka) 

generally, noa linear oaeillatory syeteoe ara aot isochronous. 

Aa mm hoao aaaa aboea, ia scene iaportaat apecial cones, a nonlinear oaeillatory 
ayataa aay La isochronous in firat apprexiuation. 

Section 6. Construction o I Stationary Solatioaa 

la the preceding Sactiona ao hae. praaanted a aathod of constructing approxi- 
mate solutions for equation. of th. typo of oq.(l.l). T»«« “rat m ” toxi - 

aatioaa has. bdea constructed for .ariose apecial caaaa of oq.(l.l) and calculations 
for specific examples have also bean oada. Aa prosed there, the solution of a non- 

liaear diff.raati.l equation of th. type of eq.(l.l) i. *» «•“ re P Ueed b * th « 

solution of tuo first-order equations defining the ..plitude and phase of the oscil- 

htioa. 

thus, in order to construct an approxioate solution aith a definite and pre- 
determined degree of accuracy. -« -«.t sat «P equation, of the type of «q.(1.5» and 
wlt than ... thus for detaruiniag expre.a.oo. for the -plitude and phase. as a 

taction of tiae. 

To determine th. approximate solutions, corresponding to s steady state in an 
oscillatory ay.tee (stationary oacillationa). th. right side of eq.(S.l) oust be 
«B.ud to sere aiace. ia a stationary atate. the -plitude is constant. and con.e- 
;qMotly, it. duriaatis. is aero. The re-lt-t algebraic equation gi... the sta- 
tiooor, values of the plitude. Houeser, for constructing the approxioate solu- 
tioas, corresponding directly to th. stationary oacillationa. a siopler nethod than 
[jtk* above procos cm b« fivaa: 

H Let .a firat consider the aquation of th. conservative oscillatory nystsB of 
eq. (2.1), uhich nay bo written in the form 

y-.f / ■ 4* +.«*=- «/(*). (6.1) 

>0 - . a * ;1 , 

According to th. result. of Stetien 2. the stationary solution of this aquation 
1 it MCOid VFfoxiattiM h«* tka Ioim 
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1 


if. 

ti- 

ll 

grti.: 

I* 

HI' 


§m. 
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x ~~o cos ^ /aW?y£<** ± l> t 


•#> 


( 6 . 2 ) 


•*«(«> — “*' J — * ~~ -J- »*. . ., 

f B (t) (» * 0» 1, 2».».) arc the Fourier coefficients in the expansions 

(JO 

/(« cos*) =2 /.<«)«• 


nwf 

lx 


ft (°) ~ ^ J /(« CO* «j») cos «• \ dty. 


(6.3) 


ahile a and P are the integration constants determined by the initial values. 

Starting from eq.(6.2), it is natural to make use of the following method to ob- 
t*ia the higher approximations corresponding to the stationary state: 

Let us represent the solution of eq.(6.1) in the form x * i (wt ♦ <j>), where 
i(mt ♦ f) is a periodic function of wt ♦ p, with the period 2*. 

*e note that x • t(«t ♦ p) will satisfy eq,<6. 1) only when *(«t ♦ p) satisfies 
the equation 


* i <» 

“ *$*+*■* = 1/(2). 


(6.4) 


The solution of eq. (6,4), s ■ i(p) f p • wt ♦ p, and also the expression for the 
frequency of the oscillation w will naturally be sought in the form of the ex* 

pensions 


t f . 

■ 46-. 


)= 2 »"*„(*). 

(6.5) 

a«o 

00 

= 2 

JlaO 

(6.6) 


*h««e coefficients are determined by substituting cqa,(6.S) and (6.6) in eq.(6.4) 
land equating the coofficienta for similar powers of the small parameter e; in this 
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(6.7) 


(to determining, from the first N ♦ 1 equations of the system (6.7), the functions 
*•• # I» l l» ,, *' l H' * ftc * ■i** Oie quantities s #l Sj, a, s N , we nay set up the ex- 


pressioa 


•here 


*= 2 <«*+?). 

n«o 


2 *"»„ 


( 6 . 8 ) 


ehich will satisfy eq.(6. 1) with sn accuracy to quantities of the order of aaiallness 
of **♦* and. coasequeatly, uy b« regarded as the (N ♦ l) th appro*. ..non of the 
aolatioa of eq.(6. 1), corresponding to stationary oscillations* the functions 

f f) •«* the quantities « a (n -0, 1, 2,...), from eq.(6.7), cannot be deter- 
maed uniquely. In order to determine these quantities uniquely, it is necessary 
jto impose certain additional conditions. 

Let an require that s,(v) (a • 1, 2, 3,...) oust not contain the fundamental 
harmonic of the argument y. Fro* the firqt equation of (6.7) we find 


*0 (ft) ~ a COS « 0 rrr or*. 


(6.9) 


On substituting eq.(6.9) in the second equation of the ayateu (6.7), we find 
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.10) 


■ j ' •*($$* + Z l) ~ /(» «*»* •«’> 4 - «!« COS (6 

or, takiag m-( 6. 3) into coniidorotioo: 

CO 

j W , (^4‘*|)= 2 'A(«)C®»'wH-(*i«+/i («))«»•♦• (6.11) 


H « 

n 1 1 


Be* ring is Mind the requirement that the function * t (f) i* to be periodic let 
ue equete to lero the coefficieot of the (int harmonic of the argument f in the 
right side of cq.(6. 11). Aa e reault, we obtain the following equation for deter- 
mining «j: 

9 l“ +/i («) = 

whence we find — /j (a) 


Ota substituting the resultant value of «| in the right aide of eq.(6.11). we 


have 




dty P 


co 

+ ^i=i S/.Weo.^, 


( 6 . 12 ) 


»=• 


■bonce »« fiad the followio* exprei.ion for >,(*): 

. «a -IV 

£ i _n* 


(6.13) 


m* 
n#t 


:;’<i f 


In this cnee , both eq.(6.13) end the expression for * x coincide with the ex- 
preaaiona found by the general method. 

By continuing thin procees we may nuccennively determine ell the functions Sj, 
, t , end the quantities e l# a,. to any desired subscript, no matter 

how large, and may thus construct approximate solutions satisfying eq.(o.l), with 

an accuracy to any desired power of I. ■ 

As m esmwple, let us determine the Stationery solution in the third refined 
nppiojiiisntion (with nn accuracy to quantities of the order of smallness of e s is- 
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^ «• cos 3$ — CO* 5-|» 4* f*** - ra) co *t- <6 - 


•hoc* w find 


*“ 'T5S' 

Rj^costy 


After this, the lest equation of the ays tee (6. IS) any be written in the fore 

+*a = — ■*<** cos* (— f §§4 cos 3<J> -J- cos 5 ^ — 

a* 3g4 

— 3 i^4 CO#a3, !'* OCOS ^'h 9:,flCO *^"^ia‘35‘ CO * 3 ^ — (6.23) 

— ? fll (rea a# 9 cos v <~~ rea 25 cos **) • 




feliSiii 




£5*14.* 


tram which we tied 

1 _ 57 . 

3 *09U fl » 


^^-cos3^-f^ga 7 cos5^ — 

S* a 7 cos 74. + ( a3 o + ^ a 7 ) cos *. 


V , 1059 • 177 „ O } (6.25) 

J Mv^agg^o’cos ^-35^5, « 7 cos SH-^go* cos 7* j 

Diet* taking eqs.(6.8). (6.19), (6.22), and (6.2S) into con aide ration, we ob- 
tain the approximate stationary solution of eq.(6. 14) with an accuracy to quanti- 
ties of the order of amallneaa of c s inclusive, in the fore 

j j x —° cos (»t 4*?) 4" *35 [l — jjj « 4 j cos 3 («H-?)4 


+**iaa[ 


I ~ 8 £«’] cos 5 (*/ 4 9 ) 4 » 9 COS 7 (•/+-?), 
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• ... ..bitr..y — «nd *• .« u d - 

t.min.d by th. «*j»r...iou 57 

= I - 4 - - 4 ~ ** 0< 45 §S , ^ <,< *‘ <6,27) 

ut u. p... to th. construction of .ppr.uio.to .Utic for .t.tion.ry o.- 

.. “ “” id " ‘ ta **“■ 

tioa of tho low of cq.U.D 


^4-o’jc — t/(x. m Y 


. . I refined lir.t .pproeiu.tion) of thi. equ.tion. «c- 
T>»e atotionory aolution (r«»*w iytmv vv 

cording to Soctio. 2. -Y be •»““ in lh « £o " 

*o(«) * V i n <<rt co * gj + - (6.29) 

X = flC0S , ' i > 4““S 2d »*— » 

oh.r. ,„(.) -a,U) (- • 0. *. 3.-) «o —food by 29). ^*. * * 

. -a «.> -> i- <- u ” 

.4,(0) — 0. I (6. 30) 

o>(o) — o* ~p *8| (®)» t 

_a ».(.) -a b,(.i a«.»i.*a i— ~ ,i n| - 

*. .... .. —— o- ’ 

id,., identically; for thi. r.Moo, *h« eupr«..»on for the .ppro«..te 
. ti «o eo (6 29) depend, on th. teo .rbitr.ry con.t-t. . »d 0. 

: “ ’ U t .. con.ider the ’~ 4 * ”* “ T *"* 

2 t.c.1 of e.lue. of .. Ut u. .1- *•* ** , “* t4 ~ ** U> ““ " ' ^ ‘ 

1 „ *. •' *.<•» “”“- d • 

4„.„ -a ***. *» o*. «***“" l — i 

: if Atv COflStMtt BMBOly OB , 

ll o. . f9eM ai., to . di.cun.io. of th. fo».l t.ch.iqu. of c.trucUM th. .«- 

0 1 , • ' t -111) o. .re ..inly going «* uw the .bore uothod. for coo- 

■r! tion.ry .oluti.0. of .q.(l.l). « ore t n- 

aarratire ooeill.tory .y.teu.- , 

corro^onding to . .fti.n.ry o.cUUtron -w 
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pr«a«at«d i» tk« !•*» . ■ 

j x = z(W4-?). (6 ' 31> 

■Imn a in aa arbitrary coiiataat, 5 tha frequency of oaeiilatioa; *<a) a periodic 
inaction of a. aitk tha pariod 2«. 

Aa ubowe. tha faaction a(f) »uat aatiafy tha equation 

+ ^). (6.32) 

•a aill determine the function i(?) and the frequency of oecillationa w in the 
font of the expiation* 


t (•!») = * n ** (’S’)* 

h ~o 


- 2 
n 0 


(6.33) 


ehere i„(f) are all periodic fuactiona of a, with the period 2n. 

On nubatituting the weluea of t(a) and 5 frea eq.(6.33) in eq.<6.32), and 
aquation the co.ffi.i~t. of equal power, of e. we obtain the following ayate. of 

equBtioon: 


-j- a ftffl — - O e 


-f /*•(*<>• *"« )*« ( Z °’ )*! rff — 


■ if 8 *! * ***** 

— 2« 0 « a — *“°“t rf-p w » rf-y * 


(6.34) 


Lot ua aolwa tha firat of theae equations, putting: 


f! 0 " <1 COS ’5>« * 0 “ ®* 


(6.35) 


i whara a ia a oartata : ntill undetaruinad coaataat. 

<M tubati latino the ..lues of .(a) -d S ft- ■•*«.»> in the right .id. of 
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illlliHS 

•; a; v-;~ 'S f'iiMi 


ii.„ .■-* . - - *• " - *• “ 4 " 

temined by *•»* eipreoeion «- 


3i»H-5^ + w » v ~ 45% • #a# - 


(6.27) 


, solutions lor stationary oa- 

Lot ua pa.. »o. to the con.t ruction ol apprt.xi.ete -lotto 

j K or this nurpoae, let u. consider the equa- 

cillationa in noaconaervati*e aya • 

tion of the for. of eq.(l. 1) 




Ik. (-«"* “'•* •< “ 

cordiap to Section 2. .ey be -rittee to the for. 

. -.<«) I V Km («> S2L Jt ■ (6.29) 

X^flCOS'',* +- 5 ^[ •* n% ~~ * 

n«s 

*,.) mi ..<•> (• • «• *. >■•••> h 

. *.>« . ml . mi a.) —> k- '“«■> <“ a* 

.4,(fl>-0. \ (6 .») 

»(fl) r: Ol -j-*®! (®)' I 

end A.(e) end B,(a) ere deter*ioed fro. eq.(I.27>. 

1 *11 efnrv avsteas. •» proved above, Ajia) van 

For the case of conaerrettre oactlletory eyet P 

... - tHia reason the expression for the epproxt.ate .tattoo y 

iaheo identically; for thin reason, uie eap 

a t eo (6 29) depend, on the too nrbitrnry constant, a an 0. 

“ Lt o. -- cnnider the c... -h- *»(•> doe. not identic.lly enniah in -T 

Sm„?« . - - — - - ** *•“' “ ,T - U 

.dm*.. 1. U.U - -* - •« *•«■' ->> “TI 

4— - «.(* »)= *» 1“ **-' ‘ 

!». irv constant, as»ely o# ?• . . 

’ "ol . *— •* - — — ~ •« -™ * ~ 

M 3 .i .«•«•»• - - ■“* 1 ' “-*• • lo ” 

’ ’ 

itnatifft oscillatory ayst««a» ^ ^ , 
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tpp!f K 

i v 







W ;■ ' 


m 


prsssntsd in tk« Ism 

j | X * (W -f- o). C6.31) 

4in f is an arbitrary constant, « the frequency of oaci llation; «(a) a periodic 
fraction of », aith tha period 2*. 


Aa above, the function »(») oant satisfy the aquation 

dx\ 

d\ 


s'i ??£ _1~ vpZ • 


'/(*• 


(6. 32) 


1* will determine the function i(») and the frequency of oacillationa u in the 
fora of tk« expansion* 


K*> 


t ('V) = 2 •**e( , S’)’ 

€30 

: 2 »"<**« 


M • 0 


(6.33) 


share * B (») are all periodic functions of », with the period 2". 

On aubiiti toting the values of *(») and « free eq. (6.33) in eq.(6.32). and 
equation the coefficients of equal poaera of t. ae obtain the following aystcai of 
cquitiopa: 


^^4-01%: 

41 * 


0. 




II® \ 

W-," 


:S v' ■' ^ 


i i t \ 


(6.34) 


+ £*(*>* * 0 rf |)®1 rff 

— *“ “*i tfjl’ 


Lot hi folvt tht first of th«M eq«itio®*» putting. 

salj ., : i’ ; r x 0 ^oco«-^, *o-®* 

S { ia a^frUis ondntsnainnd constant. 

5ii"j ... Qn substituting the rnlura of *(f) -d'-. If (6. 35) in tha right aid. of 


•i 


(6.35) 
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1 

I2ji$ 


immm m 


IMISpipt 

.! 


tk« mud ifiitiu o! tht ay«t« (6.34) and takiag cq.(1.16) into consideration, we 


f l ) co# ^ + *• (*) *ln *fy\ 4 - 2 mm t a coi (6.36) 


iill 


To give this aqttatioi a par iodic solution with reap act to t t (f) [i.e., to have 
no aecular tana a appear in the expreaaion for t t (f)J the coefficients of the funda- 
mental harmonic entering into the right aide of eq.(6.36) mi at be equated to taro. 
By so equating, w obtain the equation 

A A (0) = ^|(n) = Ot | 

MiM\ \ (6 37) 

,i . 

determining a and Equation (6.36) then esammea the fans 

tt) 

“* a (^ **) - S» (o) + 2 lr»(«)co* (6 - 38) 


By solving it we find 


*, (•»=<,, co,.H-6£»+-L 


. (6.39) 




Ill ■ 3*1 


i-'ll', i; -I'l- : 




■ mmmm 




*hare n K is nn arbitrary constant which must be determined Iron the condition of 

3 £; ,J • 

periodicity of t 2 (f). 

:ia 1 . 

le will demonatrate the method for determining a.. For this purpose, the ex- 


pression for 2|(f) is represented in the form 


i» (■>) = «, COS -f- II («, <J>). 


(6.40) 


m)= s£>+« 


•(f) V + 

«* T •) £ l — n« 

fl»l 


’ ji« • knooa periodic function of f. 

12] Ob •obotitutla* tho *oi«e of *,(▼) froo eq.(6.40) in the third equation of the 
! 4 eye«e»(6. 34) , **-*ot 
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only •iapli roots. 

Iron the second equation »• find o,: 

_ l rtf, (a) 


.'BWtViW., l 
a I 2*> T" *i a j J • 


Equation (6.45) way now be written in the fora 


“ 2 ( S? 4- **) = (V, (fl) 4 «,«; (tt)) -f- V Ik (fl) + 

iTV (6.49) 

(«)) CO* « 'V + (•»(«) 4- «!*•(«)) •IB*?'} • 

Ike solution of this equation will be 

**('<•) == fl a CO«^+-5f^V # («)4-B | I*(o))4- 

4-5-2 {(»»4 M») co. #<+ (6.50) 

a»t 

+(*.<«)4 «.*>))•'■ *-,} nrp* 

where a^ is an undetermined constant, which will be determined fro® the condition of 
periodicity of the function ij(f), etc. 

Continuing this process, we way construct approximate solutions for the sta- 
tionary state, to any predetermined degree of accuracy. 

For example, in the second approximation, eqs.(6.31), (6.39) and (6.37), will 


x — (o-l-ui,) co$(W4?)4-5r*b(°)4 

I « y £»(a)cot n (*4- f) -f 4- f) 

■ i* id 
»»* 


(6.51) 


whi 1 • the amplitude nit be deterwined free the equation 

*.(«)- o. 


(6. 52) 


(6.53) 
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By coopering tha •xp*** 1 * 011 * ot * ©Stained in ««!• 1^- SI) with the expression 
£wi#d earlier lor the atutionary eUU in eq.(6.29h •• note th.t the only difference 
between these tee equation# lies in the feet that the solitude of the first haroonic 
in eq.(6.29) is aqual to a, where s is the root of the first equetion of the sys- 
ten (6.30), while the aoplitude of the first haroonic in eq.(6.51) is equnl to a 1 
♦ ts | • This divergence, however, is in complete egreeoent with our reworks on this 
subject in Section 1. 

Section 7. Equivslent Linesri sstion of Nonlinear Oscilla tory Systcoa 

A, indicated above, equations of the first approximation in moat cases lead to 
the aaac qualitative results as expiations cf higher approximation. 

In vies of this, and also in vies of the complexity of the calculations in- 
volved in operations with equations of higher approximations, it is usually expedient 
to restrict the cooputation to equations of the first approximation. 

These equations allow a very siople physical interpretation and can be forwed 
without first setting up the original exact differential equation, for exaople of 
the type of eq.(l. 1). 

In the present Section we will discuss the question of the interpretation of 
equations of first approxiaiation. for this purpose, let us write the fundaoental 
differential equation of the oscillatory systeo in the fero 


= •/(*• dt)’ 


where m and k are positive. 

Aa haa bean established, the solution of eq.(7.1) in first approximation may be 


presented in the ton 


X — fl COS y* 


Hare, the aeplitude a and the totel phase » must aatiafy the equations 


CM* 

^ S= — -x—rr f /(« cos 4, - 


am sin'V) sln^fty 


1 
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fe! : 


IS1 


there 


2r. 

•5(0) = -—j f /(a cos*. - on. sin*) cos *d* 

0 

•e recall that the fi rat- approbation equation (7.2) ia the fundaaiental har- 

aonic of the approbate eolution (1.4). aatiafying the original equation (7.1) «i th 

» accuracy to quantitie. of the order of —llneae of f. ahile the ^litude a ia, 

by hypothesis, the total maplitude of the fundamental harmonic. 

Having noted this, let ua introduce in the conaideration of the function, the 

amplitudes k e ( a) and defined aa follows: 

V 


k, (u) = ~ f /(fl cos *, — am sin *) sin *<f*. 

n 

•a 

f /(•«»*. — «• sin *) cos^ <**. 


(7.4) 


Dten the equation of firal approbation (7.3) ®ay l>e written tn the for® 






(7.5) 


Let ua now differentiate eq.<7.2) for the firat approbation. Taking eq.(7.5) 
into consideration, we have: 

4£ = — «•,(«) »in*— ^«co»*. {7 , 6) 

"4 . ... 

Differentiating eq.(7.6) a aecond ti®e. we can pro»e that 

= — «•*(«) cos^+i$li»,(«)*l«'5'+^ > ««o»^+ 


STAT 
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— »><«) 


>.(«) dx 

’ m~ dt 


4m* 1 


(7.7) 


We »ny then, on the beeie of eq.(7.4), «rite eq.(7.7) in the fore 
m SF K * ^ ~dt ^ *• ( a )X=zO (i a ), 


(7.8) 


ehere 0(e s ) i« ■ quantity of the order of wellness of «*. 

This shoes that the fi ret-epproximstion equation (7.2) under consider.Uon will 
aatiafy, with an accuracy to quantities of the order of aaallness of e*, a linear 
differential equation of the form 


m ~ -f- >•« (a) ~j~ -f- *e ( fl ) x == °* 




(7.9) 


Thus, in first approximation, the oscillations of the nonlinear oscillatory 
syatesi under study are equivalent [aith an accuracy to quantities of the order of 
smallness of e 1 , i.e., with an eccurecy to quantities rejected in constructing the 
equations of first approximation (7 . 3) 3 to oscillations of a certain linear oscil- 
latory sya ten possessing a coefficient of damping **(•) and s coefficient of elit* 
ticity k e (a). 

In view of this, A^(a) sill be denoted as the equivalent coefficient of damping 
and fe t («) the equivalent coefficient of elasticity, while the linear oscillatory 
system itself [which is described by eq.(7.9)J will be called the equivalent system. 

A comparison of eq,(7.9) with eq.(7.1) shows that eq.(7.9) >• obtained from 
eq. (7. 1) by replacing the nonlinear tens 


U-.. 

!>().. 


by the linear term 


F.=-[k, («)*+*,(<■)§]. 


(7.10) 


(7.11) 


■ Inhere hj(«) ’ k e (e) “ k. 

■ in not* furth.r that the expression 

i 
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1 §; 


»•<•>= 


represents the damping decrement of the equivalent linear system, while 

* m 

j represents the natural frequency of oscillstion of this system. 

Consequently, the equstions of first approximation (7.5) may he formally set up 


in the following winner: 

Let us linesrixe the oscillatory systeai under consideration by replacing the 
nonlinear force (7.10) in the fundawental equation (7.1) by the linesr force (7.11), 
in which 

*« 

K («) = " f /(a cos — am sin -\) sin </-{., 

« 

tr. > (7.12) 

*i (a) — — J /(a cos -J.. — am sin $) cos 
$ 

For the resultant equivalent linesr systew of mass si, having the damping coef- 
ficient X e (a) and the coefficient of elasticity k e (s) • k ♦ kj(a), we find, by the 
usual method, the dswping decrement 6 e (a) and the frequency of the natural oscilla- 
tions « e (a), rejecting in this case all quantities of the second order of smallness. 


Then we obtain 




In forming the expression for the daaiping decrement and the frequency, we use 
the generally known formulas for linear oscillatory systems 


5?s=-«e. 


jwhich disclose the fact that the damping decrement is the logarithmic derivative of 
jthe amplitude taken with reversed aign, and that the frequency w is the angular ve- 
locity of rotation of the total phase of the oscillstion. 

J : " ' 

r If in eq.(7. 14) we substitute the values of 6 and u from eqa.(7.13) and (7.4), 







: T-'l , 


E-n 


obtain aquations agreeing with the equations of first approximation (7.3) pre- 
viously derived. 

Thin formal method of netting up the equations of first approximation will be 
called the aethod of linearisation. 

In using this aethod. the question ariaea aa to the reason why, froa the physi- 
cal point of view, in linearization - or store exactly - in the substitution of the 
nonlinear force (7.10) by the equivalent linear force (7.11) - the coefficients k 1 ( s ) 
and X e (») should assume precisely the vslues given by eq.(7.12) instead of any other 
values. In view of this, it is necessary to solve the question of the physical in- 
terpretation for these formulas. 

%e point out, that the values of the equivalent damping coefficient, corre- 
sponding to eq.(7.12), were obtained under the assumption that the mean power (over 
the period of oscillation) developed by the actual force of eq.(7.10) is equal to 
that developed by the equivalent force of eq.(7.11). In this esse, by equating the 
expressions for both powers, we must neglect quantities of the order of smallness of 
e*, since the equations of first approximation are accurate only to quantities of 
precisely this order of smallness. 

Since the work performed by the force k e (a)x is proportional to a displacement, 
which, during the period of oscillation, is equal to xero, equating the powers de- 
veloped by the forces (7.10) and (7.11) will yield 

•[/(*■£)!?"= -m.) ./ear* <*•» 

\ w , , 0 

where T is the period of oscillation. It follows likewise from eq.(7.15) that 
X Q (a) must be a quantity of the first order of smallness. 

At an accuracy to quantities of the order of smallness of e we may assume, over 

a time interval of the order of — , that 

w 


x = acos(<0/~f*O), 


dx 

Jf = — stn (mt 4- 0), 


(7.16) 


^•4 


whsre s and 6 are constant throughout tha court# of this interval. In the sme ap- 

•| 2 ^ 
proximstion w will be the frequency of the oscillations and T * — - , the period. 
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&ibatitut»ng eq. (7. 16) on both aide** of eq.(7.15) and taking into consideration 
2 k 

that T •— , the following expression ia obtained, with an accuracy to quanlitiea of 
the aecoad order of anallneaa [since both aides of eq.(7.1S) contain factors that 
are firs t-order quantities, naaiely t and A # (a)h 

- tu* J/lucos (mt -f 11), am ll)| a sln(W -f \\)dt — 


~ (&) J <•*<■»* sin 1 * (ml -j- - • /. t (a)a' J zm 

0 

Ik 

k r (a) zma 3 = ta J /(a cos-i, — flatting) sin 




|g:: ■■ 


Thia exactly yields the value of the coeffici ent of A e (a), which is determined 
fro® eq. (7 . 12) . 

To obtain an analogous interpretation for the other coefficient, namely for 
kj(a), let ua make use of the concept of reactive power that is current in electrical 
engineering. 

3e will briefly review the principle of reactive power: 

Let the alternating current a ( t ) flow along a certain conductor AB, and let 
E(t) be the difference in voltage between the terminals A and B of this conductor. 

Then the active power P § given off or absorbed in the conductor under consider* 
atioa (depending on the sign) ia called the quantity of work per fo rued during the 
period of oscillation T, divided by the quantity T, i.e. s 


4 

A = 4 J F.{t)Ht)dt. 


It ia clear that the concept of active power completely corresponds to the or- 
dinary concept of mean Mechanical power; being connected with the concept of work 
■or energy, it has an entirely real physical significance. 

"'f- Th electrical engineering, however, it is cuatoaary to introduce into the con- 
|si deration, besides the concept of active power, which does possess direct physical 
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significance, the somewhat artificial concept of reactive power. 
Heactive power ia the ten applied to the quantity 

T 


p r =-~J Eioaodt, 


( 7 . 19 ) 


where the function i*(t) repreaenta a current of the same fon aa the current i(t), 
but with a 90* phaae lag with reapect to the current i(t) or, differently expressed, 


r(o = /(/---)• 


( 7 . 20 ) 


In view of the obvioua and direct analogy between Mechanical and electrotech- 
nical oaci llationa, it will be expedient to uae the concept of reactive power also 
for sechanical vibrations. 

Let ua assume, for example, that a certain My, under the action of a certain 
force F(t), executes periodic vibrations. 

Let T be the period of the vibrations and x(t ) the displacement of the body. 
Since the active power in this case corresponds to the mean mechanical power 


w 

T J '’«>*' 




( 7 . 21 ) 


then, reasoning by analogy with the preceding, it is natural to call an expression 
of the form 


r 

T.f - t )* 


( 7 . 22 ) 


reactive power. 

Adopting this definition and returning to the question of interpreting the 
values of eq.(7.12) for the equivalent coefficient k^a), we will show that pre- 
cisely this value is obtained when firat postulating the equality of the reactive 
powers (again with an accuracy to quantities of the order of aaiallneaa of e 9 ) de- 
veloped by the real and equivalent forces. Indeed, by equating the expressions for 
the two reactive powers, we obtain: 


122 


Mill 




Ji 
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T 

4 7 J7 <0. x' (01 x' (/ 

* jf (7.23) 

= - y J I*, («) * <0 4- («) x' (01 *'(<-£) <//. 

Since ^ t (*) ** • quantity of the first order of smallness, it it obvious that 
k,(s) will be of the same order of smallness with respect to e. 

For this reason, by substituting the following formulas in the expression for 
the reactive power: 

x = aco$(W + »), -fl<usin(«rf + «), T = ^ s 

which are exact to quantities of the first order of smallness, we have, with the re- 
quired accuracy ^ 

‘7j/|x(0. Jf / (0lx'(/- £)<* = 

J 

~ IKT Jf (° co * — a« sin $)cos<^<fy, 

l * 

7jl*i(a)x(/) + X # (a)jc'(a),x'(/_I)rf/ 


whence, on the basis of eq.(7.23), we obtain 


^ a 9 na j f( a co * — <*• sin cos dty, 

o 

i.«. # the same expression as from eq.(7.12). 

Thus, to summarise, we see that, on using the method of linearisation, the 
parameters (equivalent coefficients) of the equivslent linesr force 


replacing the nonlinear force 


[*1 («) X - 


f >•,(«) 


*/("• ^)» (7.25) 

may be determined by equating the expressions for the active and reactive power de- 


Declassified in Part - Sanitized Copy Approved for Release 2012/11/14 : CIA-RDP81 -01 043R001 300240005-2 




Declassified in Part - Sanitized Copy Approved for Release 2012/11/14 : CIA-RDP81 -01 043R001 300240005-2 


by the fere.. (7.24) and (7.25) under h.monic o.cill.tiona: 

x - - a cos {srf -f* ft)» 

ah,,, u it the frequency in the "i«ro" approximation. 

Thin method of deteminin, the equi.al.nt coefficient. .ill be called th. prin- 
ciple of povor or the principle of enerpetic belonce. 

•e nh.ll no. pre.enl enother end ampler o.thod of deter-inin« the equivalent 

coefficient.. d» . . ,, ,,, 

For thin purpone. let u. aub.titut. th. v.lu.n of « mi of * by 

in eqa. (7. 24) and (7.25). 

for th. harmonic o.cill.tion of mq.(7.1«). the lin.er equivalent force f e -.11 
lih««.. be . hnmonic function of tine. .ith the frequency Noting the ampli- 
tude mi the phnne of f. by J. end V reapectively. .. have 

( 7 . 26 ) 

F.-y.co*(W+fJ. 

The nonlinear force .ill. •* * P er, ° diC fUnCli ° n °' 

conniatinp of v.riou. h.monic. .ith frequencie. of th. fom n«. .here „ - 1. 2.... 

As *u»e that 

J COS («f <p) ( 7 . 27 ) 

in ita fundamental hnmonic. Iben. on equation the mplitude and the ph 

— ft, («) a co* («»f + ft) + »** («) a sin (mt -}- ft), 

the equivalent force (7.26) mi of the fundamental h.monic of the nonlinear 
force (7.27). .. obtain t« equation, .hich give, for the parameter. k,(.) end 

a (n). pr.ci.ely the ..lu.a than are «i»en by eq.(7.12). 

H * Indeed, in the eapmded fom. under h.monic oacillation. th. equival-t linear 


{ lores will k* 


4=4 *.=? 


j the fundaMntal hnmonic of the nonlinear force .ill become 

i «a» r 

I » % 

(r. J / (<* COS *V’ - «» Sl "•',>) COS ’5* rf’VJ CO* («/.-+■ .ft )4 

i- • • ' ... t* ■ 


'9m00m0m 
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a* 

| /(acos*. — ««iSlii^)sln^i/^|*in(a*/4" ,> )- (7.29) 

»v 

On equating the two harmonics of eqa.(7.28) end (7.29). obtain (in practice 
it ia aispler to equate not the amplitudes and phases, but the coefficients of the 

ainea and cosines in the expressions for the first hansonica, respectively): 

ts 1 

ok ,(a) = — r I /(«cos<J., -fl«slnt5t)co»<V<fy. 

* * ' (7.30) 

1 c 

mk § (a)a = — I /(a cot ^ — am sin sin 

whence, for kj(a) and X^a) we obtain the very saaie values that are given by equa- 
tion (7.12). 

te will call this latter aethod the principle of harmonic balance. 

It ia not difficult to establish that the principles of energetic and harmonic 

balance are essentially equivalent. 

lor this it ia necessary to note that the expressions for the power 
7 T 

j j F(t) x ' (/)<//. ~ J l — £)</f. 

*• « 2n 

developed by e certain periodic force Fit) (with the period T • -) for the h.r-onic 

oscillations 

x a cos (i»t H). 

will depend only on the fundaaiental harmonic F(t). 

Thua. if the fundaaental hanaonica (the hamonics with the frequency u) of the 
girss forces ere equal, then the power developed by theei under haraonic oacillationa 
(of the frequency “) are also equal, and vice versa. 

. [ This fact ia responsible for the substantial equivalence of the two ato.e 

aethoda for determining the parameters of the equivalent linear ayatea in the meth- 
od, of lineariaation (the principle of haraonic balance and the principle of ener- 
getic balance). 

*e note now that there in no need to net up the differential equation of the 






oscillations first, and only then to linearixe the nonlinear expressions occurring in 


Is many esses, especially for sore or less complex oaci 11 story systems, it may 
be sore convenient, before setting up the differential equation, to consider the di- 
v agram of the oscillatory system directly and to replace the nonlinear 

J elements by the equivalent linear elements (for example, using the 

\ principle of harmonic balance), and only then to find the expressions 

^ for the frequency y € (a) ana the decrement 6 € (i), starting from the 

^ generally known and classical formulas of the theory of linear oscil- 

^ lstions. 

m Die basic condition for the admissibility of this type of method 

of equivalent linearisation evidently is that the oscillations be ap- 

Hg, 37 

proximately harmonic. 

As an example, let us consider a tody of mass m, suspended from s spring snd ex- 
ecuting approximately harmonic oscillations (fig. 37). Let the relation between the 
elastic force of the apriag F and its elongation x be nonlinear, and expressed by 


the following equation 


/> =/<*). 


( 7 . 31 ) 


IHen, for the haimonic oscillations 


acoi(W~f 0) 

the fundamental haimonic of the force of elasticity will be 


an 

Jj-jpii) J /(« cos <p) cos <p df. 


Mailing use of the above-diacussed principle of harmonic balance, we may replace 

[the actual nonlinear spring by an equivalent linear spring with the coefficient of 

I 

elasticity 


K («) — ^ J /(« cos f) cos ® df, 


( 7 . 32 ) 


[af ter whic h, according to well-known formulas, we find the frequency of the linear- 

J 

Used system 
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oscilUtiona fir»t, and only than to lineartxe the nonlinear expression* oeeorring in 
it* 

In many case*, especially for more or lea* complex oscillatory systems, it may 
be more convenient, before setting up the differential equation, to consider the di- 
agram of the oscillatory system directly and to replace the nonlinear 
elements by the equivalent linear element* (for example, using the 
principle of harmonic balance), and only then to find the expressions 
for the frequency w e (*) and the decrement 6 c (a), starting from the 
generally known and classical formulas of the theory of linear oscil- 
lations* 

| UJ The basic condition for the admissibility of this type of method 

of equivalent linearisation evidently is that the oscillations be ap- 
proximately harmonic. 

As an exssspie, let us consider a Lody of mass m, suspended from a spring and ex- 
ecuting approximately harmonic oscillations (fig. 37). Let the relation between the 
elastic force of the spring F and its elongation x be nonlinear, and expressed by 
the following equation 

P = /(*). (7.31) 

Then, for the harmonic oscillations 

X a cos (•>/ -j- 0) 

the fundamental harmonic of the force of elasticity will be 


Fig, 37 


2* 


cos jmf + 6) 


J /(a cos <p) cos <p df. 


Making use of the above- discussed principle of harmonic balance, we may replace 

[the actual nonlinear spring by an equivalent linear spring with the coefficient of 

I 

elasticity 


K (a) = jb J /(o cos f) cos f df, 


(7.32) 


- after whi ch, according to well-known formulas, we find the frequency of the linear*- 

~~Y 

Used system 
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If the oscillatory system under consideration. consisting of * body of *«»• « 
and a nonlinear spring, is suspended frosi s linear spring with the coefficient of 

elasticity c (Fig. 38), then, assuming the oscillations to be approxi- 
mstely hansonic (c being sufficiently great) »e obtain, according to 
S the principle of harmonic balance, the following formula for the oa- 

ci llation frequency: 

| .,(.)= /isa. 

^ or, with an accuracy to quantities of the first order of -ellness. 


+m 


11,30 Ut ua now assume that our oscillatory system undergoes, in its 

oscillation, a certain weak damping influence of a nonlinear type, depending only 
on the velocity 

*-*(£)• (7.36) 

Then, aaau.il>* that the for. of the.e oscillations reoeins close to hemonic. 
we obtain the following expre.aion for the funda«ni.l hatwwmic of the denying force 

j «fe(— ou sins) sin 

8 

On the basis of the principle of h.momc balance, thi. actual force nay be re- 
placed by the equivalent linear damping force 

j *i *. = *>)§/ 

where the coefficient of friction ia expr.ssed by the following foiwiuln: 


IK 

X,(o) a - ~ (* ( — o® sin «p) *ln <p </<?, 
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•Iter which, •cording to coercion.! forouWa. -e find the follo.ie* « P re..io» 
for the jaapieg decraaent: 

5 »=tSt* (738) 

«. not. that the presence ol friction, at the degree of .ccur.cy adopted. -ill 

her. no effect on the frequency of the oacillations. .»«« < -^ > * <"" UtV 

of the eecond order of assallne... 

Ut u» coneider. •» • eecond ex—ple, the 
electronic o»cill»tor designed according to the 
circuit di.gr- in Fig». Ut the re.i.tance B. 
connected in nerien. be .efficiently -nil »d. 
consequently, let the o.cill.tory circuit, lo- 
cated in the grid circuit of this diagram be 
• lightly 



L j t ~'r f j l(tt — M rf/ °* 


(7.39) 


^•re r. in the pl.t, current, depending on the control rolt.ge F. (in the .b.ence 
of grid current), 

/(£:'). < 740) 

The control roltege in the electronic o.cilLtor i. coepo.ed of the constant 
roltege E 0 and the alternating control rolt.ge «. induced by the o.cill.tory err- 

cuit. 

Thue. the relation bet-een the plate current and the alternating — ° 
the alternating component of the control yoltnge -ill be 

. v (7.41) 

=/(£<» + *)• 

If e raries by the in- 

fs = a cos (•< -'0. 

then the fundamental harmonic of the pl.t, current -ill be 
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Sn 

~~ — — | f(E cos 9) cos 9 d'z; 


Thtrifore, oa the Uiii of the principle of h anionic balance. ee aiy replace the 
nonlinear relation (7.41) by the equivalent linear relation 

i Q -Si 9 (7.42) 

vhere the parameter S t the "mean grid-plate t ran aeon due tan ce of the tube" has the 

foil 

h 

5 (a) = — I /(£' 0 a cos a) cos a da. 

**{ (7.43) 

Equation (7.39) »ay no* be presented in the fora 

^2 + **+? (7.44) 

On the other Hand, starting front the diagram of Fig. 39 1 we may write 

*“£/**■+ -"(**-*. Sr)- 

In the case where the grid through of the tube is very snail, i.e., where D i * 
close to sero, we asy take 


e—g-Jldt. ( 7 . 45 ) 

(n substituting eq.(7.4S) in eq.(7.44). »e obtain 

o lc£-HRC-MS)%+ t = o. 

^whence, according to conventional formulas, we find the expressions for the natural 
frequency and the damping decrement 

<6 1 _ 1 . 

,C j 

> j - . : • 

'niaae simple examples show the manner of applying the aiethod of linearisation 

>4 

j directly to the circuit diagram of the given oscillatory system. In this case, it 


129 






!i* obvious that the nonlinear elements ©f the system ere linearised independently of 
thu other perimeter* of the system, whose role in linearisation finally consists m 
ensuring an approximately haimonic nature of the oscillations. 

Let us emphasise again the fact that ;the equivalent linear elements differ sub- 
stantially from true linear elements in th|at their parameters - the equivalent co- 
J efficients - are not constant, but are certain defin- 

ite functiona of the amplitude of oscillation. 

V V The advantage of the method of equivalent linear- 

isation in the effective construction of the equa- 

A yS/S/\A / ii 

tiona of firat approximation becomes particularly 
plain in the caae of complex oscillatory systems for 
* which even setting up the fundamental differential 

equations of the oscillatory process, to say nothing of operations on them, may 
cause difficulties. 

As an application of the methods of equivalent linearisation to systems with 
many degrees of freedom* let os consider the oscillatory circuit schematically shown 
in Fig. 40. consisting of a linear part with the complex resistance Z (iw) and a non- 
linear element with the voltage- cur rent characteristic 

V =/(/). 

Then, the corresponding differential equation will be 

Z(p) / = /(/), />=£. (7 * 4T) 

Let os asauae that the par we tar. of the •»«<■ are auch that the periodic 
Iquasi-harmonic oscillations 

'< { /WO COS («»/ + •}»). (7.48) 

Hare excited in it. Then ee ear ■»« the aethoda of equivalent linear! ration and re- 
:p ‘ jplnce the nonlinear elwenta in the firat approximation by a linear el went with the 


icharacteristica 


V^Sl, 


• Such methods any be applied to the atudy of aystaes of o wore general type. Cf, 
for examp la, Ya.P.Popov, (Bibl.48). 


5iOi 
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In 

S{«) ss -jij- 1 * /(a cos ^») cos y 


«« 

0 

For stationary oscillations, we then find an equation of the for* 

-?(/«*) = 5(a), 

whence, by separating the real and iaaginary parts of the coaplex resistance 

*</•)=*(•)+<)». 

we obtain 


JC(m) = S(0). 1 

'»> = 0- I 


( 7 . 49 ) 


One of the resultant equations serves to detensine the frequency, the other to 
determine the amplitude of oscillations. 

The method of equivalent linearisation any be refined in such a way as to ob- 
tain not only the equation of the first spproxiaation but also those of higher ap- 
proximations. 

Let us construct the equations of second spproxiaation. For this purpose, let 
ua refine eq.(7.48) by including the higher haraonics and a constant tern. 

In first spproxiaation, the voltage on the nonlinear element will be 

V =/(acos 8), 8 = + 

By expanding this expression into a Fourier series, we obtain 

^=2 /„(«) co* rtf>, 

in >01 


( 7 . 50 ) 


where, as usual, 


.. 

/.<«)= if/(. 


j / cos 0) db, 

o 


X1Z 

/» (o) = 7 j /(« cos 0) cos «D dft. 


We now note that the haraonic component of the voltage 

f*( a ) cot («W 4- nfy* (n = 0, 2, 3 t 

produces, in th*L linear eleaent, the current 

Z~ l (P)f n (o) cos (nut + «<V). 
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Ut us intro dues the »|>soiut« value end the phsse of the cospies resistance 

'2(Nt)-R(Q)i Hvn . 

ban* 

' 2 " 1 (/») /„ («) cos (nmt + «•» = cos (mu*/ + «•'> ?(««))• 

In thia way, the store exact variant of eq.(7.48) will become 

/ » a cos !> -f ^ •••>(««*)).. ( 7 . 51 ) 

(« 

Whence, among other things, a criterion of the applicability of this method is 
immediately obtained. It is necessary that the term a cos 9 be the principal term, 
and the other terms only correction terms. For this reason and to make this method 
applicable, it ia necessary that 

|^£)j<C«. («=0, 2. 3. ...)• 

Let us make use of eq.(7.51) to render eq.(7.50) more precise. 

We have 

r /(a cos H 4- 6), 

where 

^ WfHm) COS (« a — ?(»«)), 

...» 

However, since £ must be smell by comparison with the first term, the voltage V mill 


V = /(a cos »)+*/' (a cos N)* 

By expanding the reaultaat exp reaaioa into a Fourier series, we find 

Vss S /n( fl )CO« 11® + 

<*>0> 

+ 1 2 |* n (a)coi«HO«( fl ^ 5 n wl H + ^( fl )L (7.52) 

|H>tl 


rithis thd vields the exDansion into s Fourier series, of the 


i function 
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If (a cos ft). 


We will be particularly interested in the values of #,(*) and G^i). We there- 
•tiding formulas 

•I*j (a) = ~ f if (o co* ft) co* ft rf»>, 


fore present the corresponding formal** 

t* 


2* 

0| (a) == ~ f If (, ci cos v) s ! n f» rfll. 


On considering the stationary oscillations again, we equate the first harmonic 
of the voltage from eq.(7.52) to the first harmonic of the voltage across the linear 

Z(/«)a cos («/+$) = R(a>)a cos(W + 4 + «?(«)). 

and then find 

/, (a) cos (»/ — f— 4») — I- *l*i (a) cos (u >t -|- ^) -f- O t (a) sin (W -f- *50 = 

= R(m)o cos (®/ -f- («>)), 

whence we obtain the refined equations of harmonic balance 

R (®) a cos © (*) = /, (a) -j- (a), 

R («) a sin © («•) — 0, (a), 

X(«) = A<£>4?^ , 

») = 


a 

Ci, (<i) 


(7.53) 


a 

Let ua now simplify the expressions for ♦,(*) and G|(a). We have 

** 

#i (a) = 2 R7n»)T f cos ^ cos cos ( rtft —?(««*)) dft = 


<•/»> 


<(*) 


it 

__ i v *« 
“7 It 


<»*» 




STAT 
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0i(°) -*• 2] mjj-i ~ f /' (« COS ft) sin ft sin («ft — ? (/»«>)) dft 
in o 




2 a<«> — v t 


<*#» 


#(SS) cos f (/»«*) - I f (a cos A) sin » sin /»ft dft. 


However, 


i A ! * 

F | / {a cos l») sn ft sin aft d« = - s!n « a 4# 


2« 


cos ft) cos aft at) — n ^" - ^ 




<»■<■>= 2 »<"•>■ 


be 


£ «/;(«) 

(ft > 2) 

Thus the refined equation* of hanaonic balance for stationary oscillations will 

4/2 <«> 


*(<•») 


_/.<«>, i 




« 1 2 I] cos ?(mu), 

{»-o, a, a, ...) 

v nf * (a) , . 

2l rfTjFm 0 ? 8 ?<«-)• 

<»>«) 7 


( 7 . 54 ) 


On cowparing thaw with the equations of the first approximation of eq.(7.49). 
we tee that the influence of first hanaonics of the oacillationa is reflected here. 
The equation (7.54) to obtained can also be used for a wore detailed elucidation of 
/the liwita of applicability of the equations of first approximation. 

le note also that these results could have been obtained by the method of 
{asymptotic expansions. For this purpose, it is expedient to represent the funda- 
mental equation of the oscillatory process in eq.(7.47), for exasq»le,in the form 

((p* +•!) Q (p)+ *s (p)} / = ,/(/). 


(7. 55) 


STAT 
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CHAPTEH II 

THE METHOD OF THE PHASE PLANE 

Section 8- Path* on the Phase Plene. Singular Point* 

He described ssyaptotic oethods are United in their application by the 

requirement that a small parameter be preaent in the equation. In nany cases, how- 
ever, we bare to do with equation* of a more general type, to which these methods 

•re inapplicable. 

If the equations describing the motion of the dynamic system under study can 
be reduced to the for* 


£ =- P(X. y), %^Q(x,y). 


( 8 . 1 ) 


then qualitative method* of study can be applied to them. All equations considered 
in thia book can be reduced to equations of the type of eq.<8. 1). In addition, as 
•e shall see later, in studying oscillatory systems that are weakly nonlinear but 
are under the influence of eaternal periodic forces, equations of the type of 
eq. (8. 1) are mi to obtained as equations of first approximation. 

For a qualitative investigation of the solutions of eq.(8. 1) it is expedient 
to consider %, y as the coordinates of a point on a plane. This plane, as generally 
known, is tewed the phase plane, and the point x, y the phase point. The notion 
x ■ x (t), y * y U) is performed aiong a certain line which is called a phase path. 

1- ..ah .1 - mtmmm swsfam MMM* tk« MMtniCtiOR Of S 

me construction ox sw v * ■ b* ,w 

curve expressing the velocity a* a function of the displacement, for the assigned 

STAT 
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notion. 

Thm phaae plane, with the phaae path# on it. immediately ehowa the totality of 
nil notions that con occur in the dynamic ayatem under eonaideration. 

To conatruct the phaae patha we must find the solution of the ayaten of eq. (8. 1) 
x ■ x (t). y * Y (t). repreaenting the equation of the phase path m a parametric 
fona. or find the characteristics, i.e,, the integral curves of the equation 


dy _ Q (v. y) 

dx~~ F{X, >)* 

which directly yield the relationahip between x and y. 
Let us discuss the amplest cases first. 

Consider the equation of a linear oscillator: 


( 8 . 2 ) 




(8.3) 


Putting 


d JL^y 
at y ' 


bring eq. (8.3) into the form 




dt y 


(8.4) 


Assuae that the friction .» aa.U. i « h 2 < k. k > 0, then the .olution of the 
ayatea (8.4) ia written in the form 


jt = Q€- hi COS (v> t t + «), 

y = — sin (a } x t ®)i 


,} 


■here * k - h 2 , 0 * tnn -1 -ih, n nnd a are arbitrary constant* determined by the 
initial value#. 

Equation (8.5) ia the equation of the phase path in parMtric fora. By its 
aid the character of the aotion of the phaae point on the phnse plane can be 


STAT 






analysed without difficulty. 

He note that the system (8.4) determines, at each point of the phaae plane, a 
single tangent to the integral curve, except at the point x * 0, y ■ 0. The slope 
of the tangent is defined by the expression 


dy __ — 2 hy ~ kx 
dx ~~ y 


( 8 . 6 ) 


At the point x " 0, y * 0, the direction of the tangent becomes indeterminate. 




X 


Such points are called critical or singu- 
lar points. For the simplest singular 
points (singular points of the first 
* order, or elementary points) either no in- 
tegral curve at all or more than one in- 
tegral curve pass through the singular 
point. 

F **- 41 Let us assume first that h 3 0. Then 

the solution of eq. (8. 5) assumes the form 

x = a cos (w/-j- a), I 
y — — aw sin (at/ -{-a), j 

On the phase plane we obtain a family of similar ellipses (Fig. 41), end is this 
case, only one ellipse, corresponding to definite initial conditions, passes through 
each point of the phase plane. 

By eliminating the time t from eq. (8.7) we obtain the equation of the family of 
ellipses in the form 


(8.7) 


£?4 ,JL 


1 . 


( 8 . 8 ) 


which we coaid also have obtained by directly integrating eq. (8. 6) at n a 0. 

Not a single integral carve passes throagh the origin of coordinates. Such a 
singular point, in whose neighborhood the integral curves are closed and surround 
fchai singular point, is called a center. 
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Since , in tbit cnee* nil the phase paths nre cloned curves or ellipse*, (ex- 
cept the path that degenerates to the point x * 0, Y * 0), the motion will be 
periodic. 

The singular point x * 0, 7 - 0 corresponds to the state of e^ihbrius is the 
oscillatory system under consideration. 

It is entirely clear that, in the general case of eq. (8. 1), the states of 
equilibrium of the system correspond, on the phase plane, to the points for which, 

simul taneously , * 0 and * 0 , i . e. , 



Fig. 42 


the singular points of cq.(8.2); to the 
periodic motions taking place in the system 
there correspond, on the phase plane, the 
closed phase paths of eq. (8.2). 

In the following, we will have occa- 
sion to make use of the concept of stabil- 
ity of the equilibrium state. 

he here present only its definition, 
without going into detail. A state of 
equilibrium is stable, if, for any 


assigned region of allowable deviations from the equilibrium state (the region n), 
we are able to indicate a region 6(n) , surrounding the state of equilibrium and 
pollening the property that no motion commencing within 6(?\) , ever leaves the 
region n (Fig. 42). 

Analytically, this definition of stability may be expressed as follows: The 
state of equilibrium x • x 0 , y • y D ia called stable, if, lor any r* assigned in 


advance, no matter hew small,* 6(n) can be found, so that, for t * 0 


1 v \ v 1 ^ a fn\ i n a a - 

I ** \ m Q/ "0| W \’V» !✓ V1K 


✓ V I ^ ^ *r» 


but also for any valiien of t such that t c < t < •, 
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iXO — >»|< t). 

It i. obvioua that a state of equilibria, of the type of a center i. . .table 
•uu of equilibriums 

Ho* let h > 0, ehich correapond. to a da^ed o.cill.tory process. In this 
e M e. .e obtain fro. eq.(8.5>. on the ph.ae plane, a fa.,1, of spiral, for .h.ch the 
origin of coordinate, i. the .aptotic point <Fig.43>;» thi. case, the 

the ratio h/wj, i.e., the smaller 

4 y 

tfae friction, the closer will the 
spire! epp roach the form of an 
ellipse during the course of a 
single revolution. The phase ve- 
locity in this case will not 
vanish anywhere, except at the 
origin of coordinates, but will 
continuously decrease as the 
representative point approaches 
the origin of coordinates. 

The phase paths correspond in 
this case to oscillatory but 
damped motions, while the singular 
point x ■ 0, y ■ - 0 corresponds to 
the equilibrium position. 

Tke singular point under con.id.r.tio. i„ thi. caae. being the .aptotic point 
of all integrel curee. baaing the for. of apirela. i. celled the focua; for h > 0, 
tbia focus will be stable. 

*-i.t b < 0. In thi. caae, «e again obtain a fa.il, of apirala (Fig. 44) but 
the phaaa jtn ti~, .,11 ie„, the origin of coordinate.. The aeiocity « S ' TAT 
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■fei- 
|> " 


* "i 


■ -i 


m 




potion of the representative point .lone the integral curve, ehich beco-e. tero et 
* * 0. y * 0. sill monotonously increase as the point ooves sway iron the origin of 
coordinate.. In this c.ae the position of equilibria, is unstable, sad the singular 
point x * 0, y " 0 is an unstable focus. 

Let us non consider the esse .hen 1.2 > k. nhich corresponds, for h > 0. to . 



daped periodic process. In this case, the solution of the ay.te. (8.4) -ay be 
represented in the fora 


(8.9) 

( 8 . 10 ) 


•here we denote 


< 1 1 


■k + V-i i 3 -"*. I 
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iff 


111 


m 


II 


mrfc 


WL- 




mil ^ 


t: i - 




~ y lit k.\ ( 8 . 11 ) 

To obtain the image on the phase plane, multiply eq. (8.9) first by qj, then by 


q 2 , and add to eq. (8. 10). On raising the results so obtained to the powers qj and 
qa ; respectively, we find 

(8.12) 


O' = Ciy+q^cf' 


y H~ 9x x — C(y-\- 0 **)*' • 


<8. 13) 



Fig. 45 


On the phase plane we obtain a family of deformed parabolas (Fig. 45). which 
the straight line y * - qj* at the origin of coordinates. It is 
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if 


Mt difficult to establish the direction of the representative point .ion* the in- 
tc*rnl curve*. The representative point will move along the integral curves in tne 
direction indicted on Fig.dS by the arro.a, i.*. it -ill *l«*V •»"»•«>* the ori * io 
of coordinate#. 

The point x V0, y - 0 will be a singular point, and all integral curves will 
pun through it. A singular point of thi. type ia called a node. In the case under 


/ \ / 


!///. 


V 


Kig.W 

co.nider.tion the equilibrium po.ition .ill be ntnble. and a atnble node .ill cor- 
respond to iKii position. 

Consider no. the character of the integral curves or. tbs phase plane for the 
ce.e of . High negative friction h <0, h* > k. In thi. caae. .eking u.e of 
eq.(8. 13 ). • family of p.rebolic-type curve. (Fig.46) .ith a aingular point of the 
node type ia obtained on the phase plane. An analysis of the motion of the repre- 


U2 
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aentatiee point. houe.er, readily .ho., th.t this point. in it. notion .long nny o* 
the integral curse., tend* to lease the .t.te of equilibria. (ef. Fig.46)in rtiich 
the direction of notion i. indicted by .rro..). Thu., the .ingui.r point under 
con.ider.lioo constitutes en eatable node, «nd. a. abore, the instability here ». 
again due to the fact that h « 0. »e note th.t the in.tabil.ty i. erident fro. a 
consideration of eq. (8.9) (8.10). 

For congiletenese of eiposition. a* no. present another type of phase p.th, 
vhich .ill be encountered l.ter »n the test. For the purpose, let us consider 
the differential equation 

~ — kx ~~ (), (8.14) 

at- 

*ere h is po.iti.e. «a obtain .n equ.tion of the type of eq.(8.14) by considering, 
for es-ple. snail deflection, of . pendulu* alongside its upper position of un- 

stable equilibrium. 

The solution of eq. (8. 14) will be 


y — C, \ r ke' * f — C.,Y ke~ r * t . f 


By using these reintion. ae -ill b.»e no difficulty in constructing tbe ph.se 
paths. In fnct, eq. (8. 15) readily yield, the relation 

£?_>! = 1, (8.16) 

C C* * 

shicb i. the equation of a f-ily of hyperbola. (Fig. 47). For C • 0 -e obtain tuo 
aayagitotea of this fnnily of hyperbola., pacing through the origin of coordinate.: 

y^VkX' | (8.17) 

y ~ — \ r kx, ) 

The origin of coordinate, in the only singular point, and, escept for the 
naynptotaa, not . .ingle integral curie paa.ee through the origin of the coordinate.. 
Such a singular point in called a .addle- type aingular point. 
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Qa cess spring the direction of notion of the representative point on the phase 
plane, *t coace to the conclusion that no natter where that point say be at the ini- 
tial instant (except for the origin of coordinates and the asyap totes y * ~ j/kx) it 

•ill ultimately always stove away from the 
origin of coordinates, and thia notion will 
he of an aperiodic rather than an oscilla- 
tory character, The equilibrium position 
corresponding to a saddle- type singular 
point wiii always be unstable, in view of 
the fact that the motion along the 
asymptote y * - )Tkx can never be exactly 
reaiiied, since the probability of an ini- 
tial state corresponding to motion toward 
the singular point is xero. 

Let us pass now to a consideration of 
the general case. First of all let us 
study the equilibrium points - the singular 
points of eq.(8. 2) in which 
P(X, y)~ 0. Q(X, y) =r: o. (8.18) 

Let P (x, y) and Q (x, y) be real 
analytic functions. Assume that the equilibrium points, i.e., the solutions of 

*q. <8. 18). are isolated and. thus, that the nu^>er of singular point, in nny bounded 
region i* finite, 

Thea, for the analysis of the behavior of the dynaaiic system in the neighbor- 



Fig. 47 


hood of a given singular point x 


y * y 0 , let us use 


x -jzx 0 -\-Zx, y~y 0 -\-iy. ( 8 . 19 ) 

without disturbing the form of eq.(8. 1). we may take the singular point x - x Q , 
y ^o ** origin of coordinates. Then, by substituting eq.(8.19) in eq. (8.1), 
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■vi, 


«i obtain 


dx 


dt 


cx-\-dy + P. t (x, y). 


g = «.« f- by +%(*. y>’ 


( 8 . 20 ) 


where, for »ilf>licity, the aywbola for the variation* 6x, 6y have been repUced by 
x end y and the following notation ha* been introduced: 

f=r.p' (0, 0). d = (0i 0), a - <£ (0, 0), * = <?^(0. 0). 

while t>2 (x, y) end Q 2 <*, y) are function* having continuous partial derivatives of 
up to the second order inclusive snd vsnishing, together with their partial deriva- 
tives of the first order, at the origin of coordinates. 

Neglecting, in eq. (8. 20) . the ternis of higher order with respect to snail de- 
viations Iron the equilibrium point, we obtain the following systen with constant 
coefficient*: 

dx 


dt 


cx-j-dy, 


*l~ax + by. 


( 8 . 21 ) 


which, as is coaaonly known, are temed "equations of variation" about the equilib- 


riuai point. 

The characteristic equation of the *yatew (8.21) will be 

X2_(ft-4-c)>.— (fid — be) — 0. (8 22 ) 

«e will consider only the esses where the characteristic roots Xj, X, are not 
equal to sero, so that ad - be i 0. The corresponding critical points are tenaed 
first* order critical poiats, or ele«entary points. 

The aolution of the systeai of eq. (8.21) will be 


X r- 

y == C y y x e>d + 


(8.23) 
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■ = ; f 


where X^ Mid X2 ire defined by the foiiowiag expressions: 


•/.> : 


j i ft + c + V(t> — Cf + W). 
4 1* 4 e — 


(8,24) 


while icy end X 2 ere the roots of the equation 

d'fi f (ft — tf) it — — (i = 0. ( 8. 25 ) 

On analysing the right-hand sides of eq.(8.24), we esn easily find the ratios 
between the coefficients of eq. (8.21) a, b, c, d, at which the right-hand sides of 
eq. (8.23) will approach aero or wili remain bounded as t - « , and at which, con- 
sequently, the corresponding critical point will be stable. 

For the critical point to be stable, it is necessary that b ♦ c < 0 for 
(b ~ c) 2 ♦ 4 ad 5 0; in the case where (b - c) 2 ♦ 4 ad > 0, it is also necessary, for 
ensuring stability, that ad ~ be < 0, otherwise the critical point will be unstable. 

If b ♦ c * 0, it is necessary, for stability, that (b - c) 2 * 4ad < 0. 

In the case where b ♦ c > 0, the critical point wall always be unstable. 

If ad - be f 0, the character of the critical point of eq. (8. 1) will be de- 
tersined essentially by the character of its first approximation (except for the 
case when b ♦ c * 0), i.e., by the character of the solution of the systea (8.21) 
obi mined when P (x, y) and Q (x, y) are replaced by their tens of the first order. 

It is obvious that the presence of the higher- order terms rejected by us will 
not modify the character of the motion in the neighborhood of the equilibrium point 
18 -be case where Re £Xj, XjJ f 0, since it is clear that the rejected tersui can 
only cause small additions to the “effective” values of the dating decrement. In 
the cue there Re [xj - 0, or Re [Xj] • 0. the uell rejected tens ..y effect the 
character of the motion, since its stability will be determined precisely by these 
small additions. 

Consider, for example, the equation 
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d* X 


df* 




= 0. 


(8.26) 


which Riy be written in the for* 




if.— y 

In order to study the character of the equilibrium point x * 0, y 
obtain the equations of variation 


*y 

dt ~~ 




4fjr 

<// 




(8.27) 


0, let us 


(8.28) 



according to which the equil ibritsai point x * 0, y * 0 is stable, since b ♦ c 3 0, 

4ad - - 4 < 0. 

Aa in clear, the character of the motion changes for eq. (8.27), since the 
presence of the tern X ^5 j in eq. (8. 26) leads to the damping of the oscillations, 
or to their unlimited growth, depending on whether X is positive or negative. 

fte now present a theorem which is a very special case of the Lyapunov theorem. 

Let, in eqa.(8.20), P 2 (*, y) and Q 2 (x, y) be functions having continuous 
partial derivatives up to the second order inclusive, in a certain neighborhood of 
the point x * 0, y * 0. Let, at this point, Pj (x, y) and O2 (*. y) vanish, to- 
gether with their partial derivatives of first order. 

Then, if for the corresponding system of “first approximation” {eq.(8.21)l, the 
real parts of the roots of the characteristic equation (8.22) are negative, the 
trivial aolutioa x ■ 0, y * 0 of the system (8.20) will be stable, according to 
Lyq>unov. 

Further th«i that, ail the solutions of the system (8.20), starting from the 
initial points, sufficiently close to (0, 0), will asymptotically approach a trivial 
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solution ss ir“* ♦ •. 

the proof of this Assertion nay he obtained very singly as follows: 
Let 

jc ‘~=£/ u (/). jf=(/ a ,(0. 

x — U VJ (t), y --//>>(/) 


(8. 29) 


he the solutions of the equations of first approximation for the initial conditions 

t/n<P)=i. a,,(0) = o. 
t/ I3 (0) = 0, ^(0)= I. 

it is then easy to note that equations of the type 

rfr =«H-d|y + /*»(/). 


iff 

#/V 

Sir 


«.v - f fry ~f* /MO 


(8.30) 


are integrated by means of the quadrature: 

x — U u (t)x (0) -f- \u u (t -x)F t (x)+U t . t (t-t)F a W < h, 

y — (/ (t) 4 - —-) /'.(t)! <t-. 

Making use of these formulas for eq. (8. 20). we get 

X(t)~ U n (t)x(Q)-\-j {U n (i — x)P i ix(-) < ,V(l)) + 

« - *) Qi (* (-). y (-))! <h. 

y (t) = l/ w (/) v (O)-fT {i/ SI (/ - 1) P a (* (“), v (t)) 

4- U n (/ - t) (jc (?), .y (*))} d-.. 

he have thereby replaced the system of differential equations (8.20)by a systei 
of integral equations. 

he emphasise that, in view of the fact that the real parts of the roots of the 
characteristic equation(8. 22) are negative, by hypothesis, the functions (t) 
will decline exponentially, since we may write 

I u„ k (0 !<*«■•'. (8.31) 

where k and « are positive constants. 
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titl values x (0), y (0), 

1) lx, (t)| < Ce" at , ly B (t)l £ Ce" at . mhere C is » constant not depending on n. 

2) X|| (t), y n (t) converge uniformly to the eolutione x (t). y (t) for ell 


value* of t over the intervel (0, *)• 

It folloee from thia that x, (t), y (t) mill approach tero aa t - ♦ 

Let us pass no. to an analysis of the character of the critical points on the 

phese plane. 

For this purpose, ee nuist consider the behavior of the characteristics in the 
neighborhood of m singular point. 

The equation of the characteristics in parametric form is given by eq.(8. 23). 
There ia no difficulty in constructing from this the integral curves and in analys- 
ing their character, depending on the relation. bet«een the coefficients s, b, c, d 
Let us consider various cases: 

Let (b - c)^ ♦ 4ad < 0; in this case, the right-hand sides of eq.(8.23) have 
an oscillatory character. If b ♦ -c ■ 0, then in the neighborhood of e critical 
point the characteristics .ill be a family of similar ellip.e. surrounding the 
singular point ahich, in this case, .ill be a center-type singular point. If 
b .♦ c f 0, then the characteristics mill constitute a family of spirals, for ahich 
the aayaqitotic point mill be a foeua-type critical point, while in the ce .here 
b ♦ c < 0, the characteristics approach the origin of coordinates as t - « so that 
the focua will be a stable singular point; if b ♦ c > 0, then the characteristics 
.ill approach the origin of coordinate, as t - - -. In this came the foes* mill b. 
ta unstable singular point. 


Let (b - c) 2 ♦ 4ad > 0. Then, eliminating the tieie from eq.(8.23), me obtain 
the equation of the characteristics on the phase plane in the neighborhood of the 
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Let its pass sow from the locsl investigation of the character of motion nesr 
the singular points to s study of the behavior of the integral curves over the whole 

phase plane. 

t 0 ohtetn "a rough ides as to the possible character of the behavior of the 
integral curves on the phase plane, let us firat consider the approximate solution 
of eq.O. 1 ), describing the oscillations of a system with a alight nonlinearity: 

X —a cos«>-+-*. . ... y — ^^ — am sln«5<-f- £ - • •• <8 - 37) 

•here the oecilletion enplitude • end the ph.ie * ere defined by the following 


equations: 




■ («)• 


Equations <8.37) are the equations of the phase paths in parametric form. The 
behavior of these phase paths will depend on the roots of the equation 

*(<i)~<i3(«i) = 0, (839) 

corresponding to the stationary state in the oscillatory system, and will also 
depend on the sign of the function ^ (a). 


Fig. 49 


The trivial root a • 0 corresponds, evidently, to the equilibrium state. 

Ut *q-- < 8 . 39) have a number of roots for which (a) f 0. Then we obtain the 
position shown oa graphs of the type of Fig. 49 and Fig. $ 0 . 

In the former case, however, s^ and S 3 are roots of eq. (8.39) corresponding to 


/ 


Declassified in Part - Sanitized Copy Approved for Release 2012/11/14 : CIA-RDP81 -01 043R001 300240005-2 






y 

UI>P 
i V, ■ ' 

8Pp 


yp - 

P;i. 

Iff-. 

■P 

yl 


U, .tabl. atationary at.t. i» the o.cill.tory ayat«. -hil. a 2 corre.pond. to th. 
unatable atata, and a * 0 ia the un.tabl. atata of equilibriu.. In the latter caaa, 
a ■ 0 -ill b. a -table po.ition of .q-ilibriu.. -1 «d .3 -ill corr.apond to th. «n- 
atabla atationary atata and a 2 to the .uUi at.tion.ry atata. On pM.rng to the 
ph». plane, —a obtain the point of equilibria, and a nu^..r of clo.ed curve. 

ainilar to an ellipse 

Jr + Xr = 1 = fl »- ** a " ■ • • ■ >■ (8 ‘ 40) 

Figures SI and S2 give an i.age on the pbaae plane for the t«o type, of root, 
of eq. (8.39) considered above. 



On the ph... plane , « hare thu. obtained a .regular point corre.pond,ng to the 
0 th root, and cloaed patha corresponding to the root, of eq. (8. 39). *2> *3 

All the regaining pheae path, -ill .. W tol.c.ily W ro.ch theae clo.ed path. a. 

t — • or ao t “ - 

In thi. caaa the phaae plane .. divided into a n«»ber of atrip., -holly filled 
nth integral curie., aam.totic.lly approaching a certain clo.ed Integra curie 
ohiclr i. called the li.it cycle, or ..wtotically W roacbing a point of equi- 
libria.. The li.it cycle -ill be .table if all the integral curve, of the atrip 
reach it as t - ", sad unstable, if they reach it as t - - ®. 

ie note that, in the case of a conservative oscillatory syatea, 
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only to the special cm of systems close to a linear harmonic vibrator, for which 
only a single singular point is possible. 

The general case of the system (6. 1) was investigated by Poincare, using 
rigorous qualitative methods, resulting in an image of the behavior of paths on the 
phase plane, which is a natural general i ration of that presented above. 



Pig. 53 

Assume that the system (8. 1) describes s certain oscillatory process. This 
means that we exclude from consideration the case when paths converging at infinity 
may exist on the phase plane. 

Then, the phase plane will contain singular points, closed trajectories, and 
separatrices - which are integral curves passing through a saddle- type singular 
point. The separatrix plays s special role, since it divides the phase plane into 
s number of regions filled with paths of various types (Fig. 54). 

Any unclosed integral curve either winds toward a limit cycle, or approaches 
one or s number of singular points. 

Closed cycles may form either s continuous or s discrete family. 

The image for which the cycles form a continuous family enclosing a center- type 
singularity is, from the physical point ol view, typical for conservative systems. 

In the case where the cycles form a discrete family they are within the strips, 
sad all the integral curves included in such a strip will asymptotically approach a 
cycle which, in this case, is the limit cycle. If the approach to this cycle is 
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•ad* li t * spank of * stable limit cycle. If this approach take* place as 

t, — ' m r n naturally apeak of an unstable cycle. 

Such a phase image ia characteristic for seif- sustained oscillatory systems. 

It is obrioua that the stable liuit cycles for* stationary states of seif- sustained 
oscillations, and that the stationary state in a sel f- sustained oscillatory syateu 
is independent of the initial conditions lying within certain Haiits. Of course in 


Fig. *4 

the case of the presence of several limit cycles, a jus* from one limit cycle to 
another is possible st any change in the initial conditions. 

This picture of the beharior of paths on the phase plane is rery clear, but is 
amenable to store detailed treatment only with great difficulty, in the solution of 
concrete examples. 

Up to «,« there here been no sufficiently general theoretical nethoda for 
solving the mention of the existence of liait cycles end of deteraining their 
location, except for the case of systeas close to linear <* * D 

In the investigation of probleas of this kind the concept of the index, ss in- 
troduced by Poincard, is often of greet importance. 

Let ua take, on. the phase plane under conaideration, a certain closed curve T 
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Fig. 55 


nI iihm that thi. curve i. ui.pl. (».. v U b “ ^ 

act p». through a gtate of .<*!»*.. Ut u. take on thi. curve. a certuin 

point S end lay through it a vector coinciding in direction with the tangent to the 

phnne path passing through this point. 

Ut the continuou. function 9 <t) determine the engle forned by thi* vector 

•ith the positive direction of the axis 0*. 

If the point s nukes . full revolution along the closed 

curve P end returns to its original locus, the vector will 
aake a certain nunber of revolutions during this period; 
consequently, 9 (t) will vary by the quantity 2*j. where j 
,, . poaitive or negative integer (Fig. 55). The nunber j is 
called the index of the closed contour F. 
u i. obvious that the nu^er j -ay be expressed by the curvilinear integral 

(841> 

This curvilinear integral is taken fro- the total differential; consequently, 
if the integrand function and ,t. derivative, are continuou. ..thin the region en- 

conpassed by the curve !\ the integral will vanish. 

It is entirely clear that such properties of continuity can be violated only 

ct points for which 

P* + O* = 0, 

i.e. , it the singulsr points of our equition. 

For thi. renson. if no singul.r point, exist within the curve P. it. index -ill 

be eqsal to xero. 

I. the general case. .hen there are a nunber of singular point, inside T. « 

perfora the construction shown in Fig. 56. 

I- thi. case the ... of the integral, of «,.<«. 41). taken along the curve P «d 

the curve. T,. P 2 , Pj. .... surrounding the singular point., vanish... since no 
.singular point, exi.t i. the corresponding -ultiply-connected region bounded by the 
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mm 


./ 


i?'/. 


curves I\ Tj, r 2 . F3. ••• * 

SUc« . circuit U . direction oppo.it. to thht adopted in the definition of 
the index i. ettributed to the cure. r,. P* r 3 .... it i. obriou. th.t the index 
of the cure T i. the .u. of m*ber. depending only on the propertie. of the cor- 

responding singular point. 

these nuabers ere known .. indexe. of .ingul.r point.. For . gien detem- 
in.tion, the index of eny .ingul.r point i. equ.l to the integr.l 


- ■'» r. . .1 /\ jn 

I X r axi V ar 




2rJ l*+Q* 


K I 

f • J 


(3 




( 


O 




taken along the curve V, encircling only one given 
point M, and not depending on the fors of F. 

For the actual determination of the index, it 
ia consequently possible to take, as F\ the 
ellipse 

(ax -f- by)' 1 -f icx -f dy) % = 1 , (s. 42) 

which i« .. close •> »«y be de.ired to the point 
of equilibrium. Ob.iou.ly, here the origin of co- 
ordinate. w.» placed .t the .ingul.r point under 

consideration. 

Then, neglecting the ter., of . higher order of —line., in the expr«...o»» 
for P (x, y) end Q (x, y). we h»»e 


Fig. 56 


(8.43) 


where 


q — ad — be, 

or. by wirtue of the well-known expre..ion for the .re. in ter., of the curriline.r 
integral , 

it 


y=|s. 


• Transistor’s note; See errata sheet. 
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S * is the are* of the ellipse, so that 


/ = 


If IV 


It directly follows from this that the Poincare index for a node, a focus, or a 
center is equal to * 1 , and for a saddle, to - l . These sane results could he ob- 
tained by starting from a direct consideration of the inage on the phase plane 
see .(fig* $7). 

It suit he emphasized that, even if the character and location of the singular 
points are known, this is still entirely inadequate for forming a general idea on 
the behavior of the integral curves of the differential equations (8.2). For a 
number of special cases, however, we are able to reach important conclusions. 

Consider, for instance, a certain closed integral curve defined by eq.(8.2), 
without double or singular points. 

Since the vector tangent to this curve, on making a complete circuit of the 
curse in a positive direction will rotate through the angle 2n r the sum of the 
indices of ail the singular points inside the closed integral curve will consequent- 
ly be equal to 1. 

It is thus evident that, inside a closed integral curve, there must be at least 
one singular point and that, if only one such point is present, it must be a center, 
a focus, or a node. 

If the cloaed integral curve encloaes several singular points, then the number 
of saddle- type singular points per unit is leas than the nusiber of singular points 
of the other types. 

Hie concept of index makes it possible to determine the nuadier and position of 
limit cycles for a given equation, i.e. , to isolate, on the phase plane, a certain 
nudber of rings of finite width, each containing only one limit cycle. 

For this purpose it is necessary to pick out several singular points whose 
index sum is equal to ♦ 1 , and to surround them by two closed curves in such s way 
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that no singular points remain in the ring-shaped region so obtained. 

After this, we must investigate the direction of the velocity vector of the 
representative point on these curves. Depending on the direction of this vector, 
conclusions as to the existence of a limit cycle, and also as to its character, can 


\\ijU 


' >:/ 

Nsdt 

j m *f 




Mod* 

J*+> 



HtquUr Point’ 

J-o 



Confer 



Focus 

J~+t 


w 

Uddi* 


be dr sen. For example, if the velocity vector of the representative point every- 
where tends ineard toward the ring-shaped region, at least one stable limit cycle 
will exist in this region. If the velocity vector everywhere tends outward, at 
least one unstable limiting cycle is present, etc. 

le present in conclusion, an elegant example (Bibl.49) for which it is easy to 
determine the limit cycle analytically. 


Consider the equation 


<y. _ ( t + y) Y x * yj — y 

dx (x — y) \ r X* — x 
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(to substituting the variables x * p coi y * p sin q, where p and <p are polar co- 
ordinate*, we obtain the actuation 

$ = p-i. (8 - 4S) 

when total integral will be 

p- I f Q.% (8.46) 

where C ia an arbitrary conatant. For p to be always positive, it is necessary that 

V - ICl for C < 0. The family of integral 

curves, in this case, will consist of a 
circle with a radius of p 1 1 (for C » 0) and 
of spirals starting at the origin of coordin- 
ates and asymptotically approaching the 
circle from within (developing along the 
circle from within) while <p - - ® (for C < 0) 
and asymptotical 1 y approaching the circle 
from without (winding along the circle fro® 
without) whiie p - - * ( for C > 0) . The 
circle with the radius p * 1 will, in this 
esse, represent the limit cycle of eq. (8.44); 
see (Fig, 58). 


\ 


Fig. 58 


Section 9. The Liensrd Method 

In many important special cases, it i« convenient to investigate the nonlinear 
differential equation (8.2) by means of a graphical construction of integral curves 
on the phase plane. A very elegant method of graphic construction of the integral 
curses is the method proposed by the French engineer Liensrd (Bibl.24). By this 
method, all types of motion permitted by the given equation can be studied and the 
limit cycles found. 

Liensrd investigated an equation of the form 
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<9. 1) 


Equations of thia typo, aa ia commonly know, include the tan der Pol equation, 
the Rayleigh equations, and others that could be cited. 

After LieWd, the problem oi establishing the existence criteria and the 
uniqueness of the limit cycle for equations of the type of eq.(9.1) were investigat- 
ed by several authors, We nay mention, tor example, the work of V. S. Ivanov, of 
Levinson and Smith, and of A. V. Dragilev. 

A formulation of A. V. Dragilev • s theorem is presented here. We introduce the 

notation 


F( x) = J f{x) dx, G (x) = f g(x) dx. 


(9.2) 


1) if g (x) satisfies the Lipschitz condition 

xg(x) > 0, x r 0; 0 (co) = oo; 

2) if F (x) is uniquely determined in the interval * < x < ® and, for each 
finite interval, satisfies the Lipschitz condition, while, for sufficiently small 

x| F (x) < 0 at x > 0, and F (x) > 0 at x < 0; 

3) if. a number M and numbers k and k', k' < k are in existence, so that 

F(x)>k, At x>M , 

F(x) < k\ at x < — M- w 

then eq. (9. 1) has at least one limit cycle. 

It is clear that, under very general conditions, the existence of at least one 
limit cycle is thus established. 

the question of the uniqueness of the limit cycle is the subject of the 
Levinson and Smith theorem. 

Let: 

1. g (x) be an odd function so that g (x) > 0, for x > 0, 
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3. F (*) * G (*) * •; 

4. f (x) and g (x) satisfy the Lipschiti conditions over any finite interval. 
In this esse, eq.(9. 1) has a limit, cycle and, at that, a unique limit cycle. 

No proof for these theorems will be given here*. 

Consider the simpler case when the following limiting conditions are satisfied: 

1. f (x) is an even function, g (x) is an odd function and, in addition, 

xg (x)> 0 for any values of x, while f (0) < 0; 

2. f (x) and g (x) are analytic functions; 

3. F (x) - 00 while x - ®; 



4. The equation F (x) ■ 0 has a single positive root x = a and, in addition, 
for x > a, the function F (x) increases monotonously. 

Aa readily demonstrated, these conditions are satisfied by the van der Pol 
equation and also by the Rayleigh equation. 

He will prove that, when the above conditions are satisfied, eq. (9.1) has a 
unique closed cycle which will be stable. The proof will be furnished by means of 
the very clear and elementary method given in the book by Lefachetx (Bibl.23). He 
put 

- TT + f <*>■ * <*• y> = T t 0 <*>' 

Hith thia notation, may be interpreted as the kinetic energy, and the above- 
mentioned function G (x) may be interpreted as the potential energy. 

Let ua now determine the energy dissipated by the system under the oscillations 
defined by eq. (9.1). have 

//, (v +OW) = ^.^(^ + F(,))’ + 0 W } = 

; - * (S+/'»f+fW)+' , Wj(T + ''4. 

• The proof for these theorems is given by V. V.Nemytskiy and V.V. Stepanov (Bibl.31). 







or, inking eq.<9. 1) and the notation of eqs.<9.2) »d (9.3) into conaideration, we 
find, after canceling out dt, 

rfA ~ F(x)iiy (9.4) 

In this way the energy diaaipated by the system will be expressed by the mag- 
nitude of the integral 3 F (*) dy taken along the integral curve. 

Panning to the variables a. y, eq.(9. 1) will yield the equivalent system 


(9.5) 


Thus we have to prove that the ayatc® (9.5) has a unique and stable cycle. 

The system of eq.(9.5) haa the following obvious properties: 

1) if * (t) and y (t) are solutions of the system of equations (9.5), then, by 

virtue of the iwpoaed limitations, (t). -y (t) will likewise be solutions 

(since F (x) is an odd function); consequently, the curve symmetric to an integral 
curve with respect to the origin of coordinate# will also be an integral curve 

of eq. (9.6); 

2) the single critical point of the system (9.5) on the phase plane is the 
origin of coordinates, and therefore the limit cycle must be circumscribed about 
origin of coordinates; 

3) the Slope of the integral curve P is determined by the following equation: 


_ *<*> 
y — ** (•*) * 


(9.6) 


Since g (0) * 0, all the tangents to the path V at points lying on the axia Oy 
(except the origin of coordinates), are horiiontal. 

On the other hand, if we consider the curve A ; whose equation will be 
y - F (x) - 0 (Fig. 59. broken line), then it is not hard to see that ail tangents 
to F at the points of its intersection with A are vertical except at the origin of 


coordinates (since on A, y ~ F (x) " 0 and, consequently, - *). Moreover, 
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g (x) is odd, it follows that x| <*) > 0; then, according to eq.(9,5), y decreases 
along the curve P to the fight of the axis Oy snd increases to the left of the 
axis Oy. In addition, x incresses when P lies shove A [since, in this esse, 
y - F (x) > 0] , end decreeses, when P lies below A. Consequently, the curve P hes 
the fora shown in Fig, 59. 


I 

iv 

i - ■ 


7i ** 

^ — 


a 


0 

s.y 


_ 


S' {zOMtaO) 

if y 7 


Let a denote the sbscissa of point B, end let F a replace F. 

le will now esteblish the conditions under which F a will be s closed cycle. 

It is obviously necessary thet OA' * OA, since, if this is not the case a 
repetition of our argument will show that a prolongation of F beyond the point A 1 , 
because of the fact that the cycle cannot intersect itself, will give the point A" 
lying below A* (Fig. 60), and so on. In this way, if OA' f OA. the curve P* can- 
not return either to the point A nor to the point A' and, consequently, cannot be 
closed. Hence, P a mist intersect each axis at two snd two points only. It follows 
from this that OA 9 - OC. 

Now asstsse that 0 A/ - OC, snd let the points A' snd C 1 be sywnetric to the 
points A snd C with respect to the origin of coordinates. According to the first 
property of the systen of eq.(9.5), s curve syneetric to the curve r a with respect 
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to the origin of coordinates will be the closed integral curve Tj, passing through 
the points AV, C* . Since the axis Oy ia perpendicular to we arrive at the 
position shown in Fig. 61 where the curves Pg and P| intersect, which is inpoaaible. 
Therefore 0 A- - DC . 

On the other hand, assume that 
0 A b ~ 0C e Then a curve symmetric to the 
arc AC with respect to the origin of the 



iy 



Fig. 60 


Fig. 61 


coordinates will be an arc of the cycle joining the point A to the point C at the 
left of the axis Oy. Together with the arc AC, this will form a closed cycle. 
Thus, for P a to be a closed cycle, it is necessary and sufficient that 

OA--.OC. 


Since, according to the symbols in eq.(9.2), X (0, y) * JC, the latter condi> 
tion may be formulated ia the following way: 

For P a to be a closed cycle, it ia neceaaary and sufficient that 

k{A)~ k(C). ( 9 . 7 ) 

me can show that, if the conditions satisfied by the functions f (x) and g (x) 
•re met, eq.(9.7) will be valid so that eq.(9. 1) will have a limit cycle. 
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As a proof let us consider the following curvilinear integrals taken along 

tht curve IV 


(9.8) 


.... ; Ut ''. j ><»)***(£> — '•<») = f dk — f F(x)dy. 

ABO ABO 

If a < a (cf. Fig. 59), then dy < 0 and, according to the fourth condition 
(cf. shove), also F (x) < 0; in this way, <p (a) > 0, i.e., X (C) > X (A). 

Consequently, T a cannot be a closed cycle. (In this case, S F ( x) dy > 0, 

ABC 

i s * a . the energy dissipated by the system is positive and. obviously, no undanped 
oscillations can exist in the systen. ) 

For this reason, assune that a > a, i.e. , that the curve P^ has the for* shown 
in Fig. 59. Let us denote 

?!(*)= /<**-+- j dk, »<,(*) = 

AD OB 

Then, 

?(*) = ?,(»)+?*(«). 

On the basis of eqs. (9.4) and (9.6) we nay write 


DBE 


dr = F(x) g - dx = - F(X) *^ dx. 

' ’ ax y — t(x) 


(9.9) 


Since F (x) < 0 for x < a, then d\ is positive when P a is described in the di- 
rection frosi A to D or fron E to C so thst («) > 0. On the other hand, along 
DBE we have dX< 0 and, consequently, ?2 (®) < 0. 

It is obvious thst when a incresses the src AD will rise, while the arc CE 
will sink so thst, for s fixed x, | y 1 will increase. Since, lor vy (a), the linits 
of integration, bearing in nind eq.(9.9), are fixed (fron x * 0 to x 8 s) , then an 


increase in <x will causa a decrease in Vy (a) since dX 1 


JLliL 


u. f r i 1 
! r <*>| 


dx decreases 


with increasing y. 

Lot us pass now to an evaluation of the character of the variation of aj (*) 
with increasing a. Let ay and 32 he two successive values of a, and let a£ > «i. 
le can show that 
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\ 3 ¥ 


Drop the perpendicular. and EjEJ to the .tr eight line D 2 E 2 (Fig. 62). Then. 


10) 


J /•' (a) dy -- JV(.v)</v | | F{x)dy~\- J l'(x)dy. . 19 . 

VV* V'i 

Since, in thi. ceee. F (x) > 0 «d dy < 0. it folio., th.t 

J /■' (a) dy ' J F ( x ) dy . (9. n) 


P H 

» “ ,v 


///; 


Fro. the very con.truction of Dj »d E’ « «e th.t y v.rie. .long the 

curves DjBjEj the sist limits 

( fro* s higher to a lower value). 

On the other hand, for a given y, the 
abscissa x of the point of the curve will be 

greater than for the corresponding point of the 
curve DjBjEj. 

For this reason, for a given y. F (x) on 
D iBi Ei will be asmlier than F (x) on D^. Con- 



sequently. since dy .< 0, 

f F(x)dy : J F(x)dy, (9 


12 ) 




and. fro* eq. (9. 11) we 1*®^ 

f F(x)dy< f F(x)dy, 


<9. 13) 


r,h a F, Tf.B.K, 

i.«. , actually 9 2 (* 2 ) * 92 ^ a l^ ^ or *2 ’ ®1 - 

TImi., 9(«) * 9 (»)* 9 2 (a) for a > 0 i. a .onotonou.ly decreeing function of a. 

We note that, in the c.»e a < e, «e have 

?(*) = ?! (*)><>• 

!e will show that 

— ?a( a ) oo oo. 
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For this purpose, we establish sons value of x j such that 

a < Jfj < a, 

end lay the axis PP’ parallel to the axis Oy through the point xj on the axis Ox 
(see Fig. 59). 

We then have 

J>< /*“ /''<*>«-. 

DBR PBP% PBPi 

However, for the arc PBPj we have * > Xj and, consequently, 

F(x)>F(x t ). 

le, therefore, find that 

J dK < F(xJ fdy=- F(x t ) | PP t |. 

DBF. PBI\ 

whence t — — — — 

- o a («) ~ — J dK > KL . KP. 

DBF (9.15) 

It ia clear that the segments KP and El may be taken as large as desired for 
sufficiently large values of a. 

Thus, in reality, 


In this way we have shown that $ (a) is a function monotonously decreasing 
fro* the values of ? (a) > 0 to v (a) * - « while a - ®. Consequently, v (a) 
vanishes once and once only for a * a Q , and P a will be the required unique closed 
characteristic since, for it, the condition (9.7) will be satisfied. 

We will show that P a is s stable 1 ini t cycle. 

• • , <% o 

If a < <* 0 , then p (a) > 0 and, consequently, \ (C) > X (A). 

If « > a 0 , then p (*) < 0, and, consequently, \ (C) < X (A). 

Let the points A^ and correspond to the intersection of P a ^ with the y axis; 
then, as is obvious, the point € is closer to P a ^ than the point A if a < a Q , so 
that the point A* is closer to P^ than A. 

By analogous .reasoning for the case a > a Q , we arrive at the conclusion that 
the limit cycle T a is stable. 
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1c will wow discuss the wet hod of actual construction of the integral curves 

on the phase plana* 

Lilnard” a graphic method ia generally uaed where the elastic force g (x) ia 
linear with respect to x. In this case, hy an Appropriate aelection of the new 
variables, we way, without interfering with the generality, reduce eq.(9.6) to the 
for* 

x ( 9 . 16) 


dy_ 

dx 


j-t'ix ) 9 

The method of graphic integration of equations of the type of eq.(9. 16), 



Fig. 63 


proposed by Lie'nard, is as follows: On the phase plane, let us construct the 

curve A, whose equation is (Fig. 63) 

y ~F(x)~ 0 (9.17) 

After constructing this curve, the direction of the tangent to the integral 
curve of eq.(9. 16) , passing through any point of the phase plane, can be graphical- 
ly determined: From the point If (x, y), for which we seek the direction of the 
tangent, let os drop the perpendicular to the abscissa MO and extend it to its in- 
tersection with the curve A st the point D. From the point D let us drop a perpen- 
dicular to the ordinate DN . Then, the line NA will be perpendicular to the 
integral curve of eq. (9.16) passing through the point M. If the phase point of 
eq. (9. 16) , at the time t ■ 0, coincides with the point M (x, y), it will be dis- 
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j. v *k c ordinate by the leptnt 

placed (after the ti«e »e*ee«i dv) i tfte oral ^ 

<fy = — xdt = NDdt — MC, 

wd along the nbacisna. by the segnent 

dx _ _ F (x )) dt = Ml) dt CAT . 

Since the trianglo. NDM and MC’M* ere ei-iUr. it folio.. th.t 




MN 


and, consequently. M’M lMN. 

TKue. in order to produce, to . gr.ee pent « (.. T> *• ^ “ > ’ l ~' “** 
tangent to the int.gr.l cur.e t\ pnaning through this pornt M (». y), >t ». .»f- 
ficient to produce the v.rtic.l etreight l.ee MCD and the horitont.l etr.rght 

. ,_ r . m aj.,4 y The required tangent to the curve F will 

line DN , and to join the point. N and W. qu 

be perpendicular to the straight line NM , 
whence it follows that, having the arbitrary 
curve A and the arbitrary initial conditions 
*o’ To B< PP e< ^ the point Mq (*q j 7o^ * ^ 
easy to find the direction of the tangents, 
and, consequently, to construct the approxmate 
integral curve. 

thus, to construct the integral curve T, 
passing through an assigned point of the phase 
plant M <*, y). proceed as follows: Fro* 
the above- described construction we find the 
tangent to the given point and replace the 
integral carve in the neighborhood of thi. point by . -ell .egnent of the -gent. 

TW. et the end of the r.aaltant aeg~»t, " •**“* det «"“" e the dir * Cti °“ ° f th * 
t„g.»t, and in th. neighborhood of the nee point - repl.ee the integr.1 c»r.e by . 

segment of . atr right- fine, gi.ing the W roxi..te integral curve in the for- of 


z. 'FM 0/ 




Fig. 64 
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a broken line. The degree of accuracy will depend on the magnitude of the 
individual links. 

For the Irene forest ion of eq.(9. 1) it is in nany cases convenient, not to sub- 
stitute the variables by eq.<9.3) but to perform the substitution by the formula 

•V, J .V ,it 

and to consider the equation in the form 

..L. /- / dV 'Vi- X -,r 0 (V. 18) 

* \ ill ) ' 1 

or, using the notation - y and eliminating the tine t, 

*/£+/’(. W + r,=«. «’•»' 

in this case, the equation of the auxiliary curve will be 

.V t + /* (y) ~ 0, (9.20) 

so thst, on the phase plane, we obtain the construction shown in Fig. 64. Dropping 
perpendiculars fro* the point M to the abscissa fife and to the ordinate MC . and 
also dropping a perpendicular from the point D to the abscissa, eq. (9.19) will yield 


Consequently, eq. (9. 19) «sy be written in the form 

Xm --'CM — (9.22) 

since CM* aj. CD* - F (y)*- 

Thus in our cine, as sell, «e nay perform the construction of approximate 
integral curvee according to the above ncbere. 

If the curve A is syasetric with respect to the origin of coordinates, then 
the integral curves F so constructed will roll along closed curves - limit cycles - 
corresponding to the periodic state ehoee existence and stability have been proved 


♦ Translator's note: See errata sheet. 



Declassified in Part - Sanitized Copy Approved for Release 2012/11/14 : CIA-RDP81 -01 043R001 300240005-2 





* .... .... u» ,.»u. w” 1 "» *■“ “* 
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, M . „ U. «... A i- -«• ~ 

£ „ w „, U. ««.« “ W ' “ 

..... A ...d ... A* "A"-'" 1 * “ 

^ U....A. b. «-*—>»• *“ 

the practical point of 

B.U., .. present . fee ex-ple. to illu.tr.te the .Noee-described grsphic con- 

•traction of integral curve*. 

* .... «„.,. ....... *....1 «* 

,i.ld. o. .......I ...... “• 

broken line. 

For ex-pie. in the c.se of free Une.r o.cill.t.on. desertbed by the eqn.tbon 


<fjx 

ill 


, T 4 - * = o, 


the equation of the phaae path* will he 


(9.23) 


(9.24) 


In this «... the e quit ion of the cure, ft -HI be x - 0, end the point N -ill 

coincide sitb the origin of coordin.te. for .11 »««»««* of th « P °‘ 0t D ' C °'" 

sequently , the int.grel cure.. -ill be circle, hexing th.tr center nt the origtn of 

coordinates. 

,f the oecilletions of the ny.te. tsk. piece under the influence of . line.r 
elnstic force in the presence of Coulo* friction, the equ.tton of -otion -ey be 
presented in the for* 

d* x 


dt * 


-J-/I sign x + = 0. 


(9.25) 


In this case , ee obtain the fol losing equ.tton for the curee A: 

.V = .1 *» .V > 0 , 
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f ;l 


„V /I A5 X ‘s, ^ * (9.26) 

Obviously, tor the integr.l curve P. the point N «U coincide in the upper h.l£- 
pl ». . itb the point Sj. and in the lo„r half-plan. -ith the point Sj ( Fig. 65) , 

regardless of the assigned values of the point D. 
In thi* way, the integral curve V will consist of 
area of. circle* with their centers at the 
points and Sj. Tlieae area will nerge at the 
intersection of the integral curve with the 
axl « 0*. In this case, it is obvious that the 
Mpiitude of the danced oscillations will de- 
crease by the quantity 2 A with each passage be- 
tween two successive rest positions of y * 0, 
until the oscillatory system finally reaches a 

state of rest. 

Let u. no. integr.te the »ao der Pol equation by the Lizard «*thod, takrng ,t 

in the for* 




X 


-r 


£• x ^ \ dx * 

W s V ' \~iit ) )W T 

The equation of the curie i on the 
phase plane will be 

JC _|_ a ( 1 — V^y ~ 0, (9.28) 

where t is a certain parameter. 

The properties of the function 

-e (1 - y^) y ere •* follo»* : 

1) at y * 0 and y * t l, x * 0; 

2) at y * i , x will assume the 
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‘According to Ui. nn incr.MO tn « the loop to olong.te .long the 

«i. and to approach the p.ir of .tr.»ght line, y * t 1 (F.g.67). 

In the caae .here e - 0. the integral cure., of the e<p..tion 

dy — «(1 — y->y- * (9.29) 

dx ~~ y 

tor. . I-ily of concentric circle, e.th the center .t the origin of coord.n.te.; 
then. thi. equation .ill correapond to a»plc h.»on,c o.cill.tton.. 


For . M. ~ -ill «« *•*«*•* of tS “ °* ^ ^ " 

KB( of Lienard’ a graphic -tM. According to thi. Mthod. let -a con.tmct the 

field of direction, for the car.. of •,.».»> -«» “ fi " d th ' li “‘ CyCl *‘' 

Figure 67 giro, the cur... of «q.(9.2B) conducted for three different ..lue. 

, . . In these a«ee graph., the li.it cycle, of 
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ay ate* baa. been constructed by the Li&ard method. Sine. .. generally knoan. 
e > 0 in the caae under conaideraiion, the origin of coordinates is an unatabie 
equilibrium position ao that all the integral curses leaaing tbe origin of coordin- 
atea -ill de.cribe expanding apir.la .bout it. Ho-eaer. the apirala un.inding about 
the origin of coordinate. ee»ot extend into an indefinite diatnnee, aince, for 






great aalue. of y, the dating in the oacillatory system described by eq.(9.27) be- 
coses positive. 

Aa each apiral expanda, ita aucceaaiae loopa approach nore and nore, and all 
apirala aay^itotically wind fro- within toward a cloaed curae, the Unit cycle. 

Along thia Unit cycle, apirala cloae to the origin of eoordinatea and apirala 
far from the origin will wind. The cloaed integral curae. the limit cycle toward 
which all integral curaea of eq.(9.») tend, correaponda to the periodic aolution 

of eq.(9.27). 

Ve note that the cloaed cycle containa one aingularity with the index T 1, 
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for e * 0. 1 and e * 1.6 thi* point will be ut unstable focus, end that for e * 10, 
m have an unstable node. 

Ok tbe beeie of Fag. 6 7 the variation in the character of the motion within the 
system with any variation in the parameter r can be estimated. For any values of 
e in the ayatem, ael f- sustained oaciilationa take place, but the width and form of 
these ael f- sustained oaciilationa and the character of their build- up differ. For 
coafiariaon. Fig. 68 shows the results of the numerical integration of eq. (9.29) at 


: A 


jrk 

c.sn 




t 


the tame values of the parameter e, aa well aa the curves characterising the varia- 
tion of x with time (Fig. 69). 

In conclusion we note that ftensuki Uaui (Bibl. 30 ), combining the Lienard method 
(developed in detail fey the author for the case of a symmetric characteristic) and 
the Kirsteia method (which ia exceedingly difficult for practical application), has 
developed a standard graphic method for solving the nonlinear differential equations 
that describe the processes in self- excited systems. The method developed by him 
■ay he need for the consideration of the oscillatory processes in co^lex circuits 
aad also in connected circuits. 

This method will not be further discussed here, and the interested reader ia 







:• '• IV 


referred to epeci.l lit.r.ture on this -bject. 

Section 10. w«l»»otion <h.ill.t«BLggigi 

* „ — — - - *- - 

*° l “ liat * 3 * ,nCr ut „o. connider the ran der Pol equ.tion 

,t lerge e.l-e. of <. n»d. in p.rticul.r, let us 
lry to find the e.y^totic for. of the solution .. 

e - ®. 

For this investigation, it is convenient to 
tJ.e the van der Pol equ.tion in the for. 

<r-x _ . I _ If** V 5 I +- X = 0 < 10 X) 

~dti I ^ V dt ) J ’ 

„d to hne . wall p.r^ter in front of the 
second derivative. 

Putting, in eq. (10.1) 

X 



ue obtain 


Jt^rr 4 , \ 

1 rfST, _ [A L / *2iV] -1- n = 0 

[*1 ;.*WJ 


n-'s-Ti*— t ( 


( 10 . 2 ) 


( 10. 3) 


(10.4) 


i . »k» A i- i-B- in ea.(10.4). 

For e * 1. *e «.y in f*r.t spproxi.ation neglect e 2 .^ 

M-e *•"“ * “* * 

. I •« (10.5) 

H-jT”!-. 

* „, It «. ........ .< a.— - “• - k ~ 
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A£fc*r having obtained the relation between the velocity and the displacement 
on the phase plane and having found the period of oscillation, there will be no 
difficulty in constructing curve* representing n and n as functions of t< figa. 71-72) . 

The oacillation* we have juat con- 

1,17 aidered are called relaxation oscillations 

and are widely found in nature. 

f 0 ^ The idealized discontinuous treatment 

of the van der Pol equations presented here 
7 * for large values of e may also be applied, 

in the general case, to the investigation of nonlinear oscillatory systems with 
e *> 1. In such a treatment, we neglect the inertia term in the equation, so that 
the relaxation oscillation will be characterized by the first-order differential 


equation 


p (£)+*="• 


ax 

It is convenient to invert this equation with respect to and to write it m the 


= 4 I» (*). 


( 10 . 12 ) 


«here $ (x) represents a certain many- 
value function of the type schematically 
{ j shown in Fig. 74. 

no * present another exasple of a 

concrete relaxation oscillatory system 

-J t 

. ’ " described by an equation of the type of 

eq. ( 10. 12). 

Consider a circuit (Fig. 73) conaist- 
ing of the inductance L, the resistance R, 
and a nonlinear element with an S-type volt-ampere characteristic, connected in 
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■cries 8 to the source of direct- current eoltsge E,. Here, for the S element, the 
volt-Mq>ere characteristic hss the form roughly shown in Fig. 74. As a concrete 
model of such s nonlinear element, an electron tube in the dynatron state can be used. 

On setting up ■ voltage balance for this type of circuit, we arrive at a dif- 
ferential equation of the type 

V . (10.13) 


l.- L WRi 


Since the only source capable of supplying oscillation energy in our system is the 
inductance, the energy stored in it will be equal to ~ Li**. Since the energy must 





UK 


vary continuously during the course of the oscillatory process, it is evident that 
the magnitude of the current i must likewise vary continuously, smoothly increasing 
and decreasing. 

On the other hand, Fig. 74 shows clearly that, with a smooth increase in 
current i and, accordingly, with a smooth decrease, the voltage v will vary as shown 
in Fig. 75. Let ua denote the relation between the voltage and current, plotted in 
this diagram (taking into account only the segments of the solid line), by the 
functional relation 
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ife 


9 — (10. U) 

» .hich f (i) hu t«o value. for . current . v.rying .n the interval (i 0 , ij). Let 
the parameters of the oscillator be so selected th.t in the interval <i 0 , i X ) the 
viiuei of the function 


•HO 


g ft -gf-/«) 


< 10. 15) 


: t 


\\ 


0 to 


corresponding to the loaer branch of f (.) are positive, ah.le those for the upper 
branch are negative. Then, in our diagraa., a relaxation oscillatory process is 
excited, under .hose effect the current i sill fluctuate over the range fro* 

i Q to ij. The differential equation describing the 
oscillatory process will be of the type of 
eq. ( 10. 12) . 

Obviously, in this example we did not carry the 
process ss far as the construction of a second- order 
differential equation but iwnediately adopted a lay- 
out which led to a discontinuous equation of the 
type of eq. ( 10 . 12) , in which the inertia tern is 
disregarded. 

lip to now we have considered the case of the 
presence of a single closed cycle. If the curve 
characterising the relation (10.12) haa the fora, sho.n in Fig. 76, then w obtain 
two closed cycles. 

le note that the relaxation oscillatory processes under consideration take 
place nithout external periodic forcea; for thia reason, it is natural to call 
eq.( 10. 12) the equation of free relaxation oscillations. 

He above. described discontinuous treatment of relaxation oacillatory processes 
is convincing per ae. 

If, however, a rigorous justification is desired or if the appropriate cor- 

STAT 
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rev: lions for the for* of oscillation and for their period T ere to be calculated, 
the rigorous method of asymptotic approximation developed by A. A. Oorodnitsyn must 
be used. 

.Section 11. A. A.Dorodnitayn* s Method for the van der Pol Equation 

In this Section we present the method developed by A. A. Dorodnitsyn (Bibl.14), 

with which the integral curves may be constructed on the phase plane if e » 1. 

The essence of tnis method consists in the 
introduction of certain '* connecting" regions and 
in the construction, for these overlapping regions, 

of special asymptotic expansions in powers of - . 

e 

To make the application of this method abso- 
lutely clear, we will use A. A. lb room tsyn' a method 
for developing a solution of the van der pol 
equation 


« r 


i 


1 


\Q 


d-X /t .. tfx , 

^~ s(l -**>* + * ~ u 

for large values of the parameter e*. 


( 11. 1) 


On the phase plane (x, y) , where y x dJiL 

dt 

this equation is transformed into the following 
form: 


Fig. 76 


,<y 


( 11 . 2 ) 


y lx ~ *< ! — x *)y+* — o. 

As is commonly known, the limit cycle for eq.(11.2) has the form shown in the 
diagram of Fig. 77. 

At large values of the parameter e, the solution oi cq.(ll,2) in the regions I 
and III tends respectively toward the solutions of the " abbreviated" equations 


• ie note that V. V. Kazakevich (Bibi.50) has developed as interesting method of 
investigating eq.( 11. 1). 


STAT 
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—x^y — Q, 

o. 


dx 

•*(! — x*)y-\~x 


<11. 3) 


(11.4) 

the regions I and III, however, in which eq,(11.2) can be replaced by eqs. (11.3) snd 
(11.4), do not osculate so that the solutions of these equations cannot be conjugated 
since we do not know how to select the integration constant in eq. (11.3). Con- 
sequently, at an analytic continuation of the solution into region 111, this solu- 
tion changes into a solution tending toward the solution of cq. (11.4). 





Fig, 77 

For such a conjugation of the solutions to be practicable, the two “osculating" 
regions II and IV are introduced, for which the asymptotic solutions are constructed 
directly for eq. (11.2), since in these regiona we cannot make use of the “abbrevi- 
ated" equations. The regions I, II, III, and IV overlap, so that a solution of each 
cycle can be obtained with an accuracy to terms of aay desired order of smallness 
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L.t u. no* construct th. ssynptotic solution, of eq.(U.2> for the region, so 
introduced <cf. Fig. 77), In this esse, in tie. of the existing sy^try. we ..y 
liBi t our consideration to only one p.rt of e.ch of the introduced regions. 

U t u. first construct the solution for region I. For this purpose, let u. 
denote the .slue, of * for which 4* * 0 (for the ii-.t cycle •! * *2 ’ •> b * *1 “ ld 
S 2 . Then, region 1 is determined by the following inequ.lit.es: 

— 1-f y <*<«, — v, >>0, v>0;| (n 5) 

— a.j + v< x< I — v, y<0. 

A. pointed out .bore, it is sufficient to find the solution only for the first 
p.rt of the region of eq.(ll.S). Let us seek this solution in the form of the 


series 




(11.6) 


Or. substituting the r.lue y fro. eq. (11. 6) in eq.<11.3) end equ.ting the 
coefficient, of the s.e power, of e, we obt.in . system of equ.tions fro. which -e 

find successirely .11 f n (x) <n ”0, 1, 2, ...). 

Thus, for the first two functions, we have 


/«W — c ^ 3 


(11.7) 


( 11 . 8 ) 


pO -*)- 2 ,n — 7 ^ — J+ 

xi - 2 / 1 I , 2*-!-*, . *i 1 

+ ,;_t v rv^~ arc,g 

•here Xl denote. . r.sl po.itiee root of th. equ.tion f„ («) - 0. sss-ing thst 
c > 2. which is in f.ct the ewe for the li.it cycle. Hie functions f„ (x) hsre 
singulsrities in the neighborhood of the point. , * but the series of eq.(11.6) 

preserre. it. s. W totic ch.rsct.r up to r.lue. of , s.ti.fying th. condition 

0(*| ~ 

In psrtieulsr, the series (11.6) is sn ss W tot,c series -hen x - - 0 \ ; 
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in thin cite, y will be of the order ol unity. 

Let us now find the aay*>totic solution for the region II, which is the neigh- 
borhood of the points y « 0, * * •]; y * 0, s * - *2* To definite, we will 

consider the portion of the region II for which y m 0, x *}• 

Let us introduce the new variable a Iron the formula i * “ «“.d find x as a 

function of *„ Equation (11.2) is written as follows: 

(11.9) 


dx 

Mm 


(jt* — 1) —x m 


Let us seek the solution of this equation in the form ol the senes 

CM 

X .= 21 '/*(*) *~* n ' ( 11 . 10 ) 

o~o 

On substituting the value of x from eq . ( 11. 10) in eq.(11.9) and equating the 
coefficients of equal powers of e, we obtain a system of equations for determining 
the functions y n U) (n * 0, 1, 2, ...). *e then have the following expressions for 
the first two functions: 


h(!> “ 5Fi? , m (* + ;'^Fu) + l«f- i + 


(11. 11! 


hl r, 

+ 2 a y z - 2 (a; - \)z* J -L- 


- I) 


I — l - 


a; 1 


+ 


+ JS ±> ^ 

*<«!->> \ «, Jl 


( 11 . 12 ) 


Theae function* have aingulari tie* a* t - 


*1 _ 1 


and as i 


®. The series of 


eq. (11. 10), however, maintains its nsyn^totic character for ail values of s satis- 
fying the condition 
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;a;t. 


0 (..“irr' z ) >0 (^) 


, .ati&fving the condition 

i. U. c.~ ■ < ». •" °* 

G(*)<0(s a ). 

the series <11. 10) -Ul *>« «****«•»* convergent tor • 

In this c»se. the scries 

‘-r::..,,.. - - «..»• — ~- aj - - 7 

...... . .. ... - - -- - ~ 7 7 ;;:;; 

a........ - — - - - — - *■ L- 

„ »«. -a •• — - - 

x* and a^: <*5 o 

1 =.y *• -=>,/.»(- »>• • di.13) 

* H - <> 

, . f mm the second equation, expressed 
*« find x* fro. the first eqn.t.on and fro. 

in tens of c or in tenn of xj. , , 

• f 111 «il be defined. Th.s region is deten.ned 

Next, the solution for region III «»* 

by the following inter™!*: 


y >o ' ,>r 


(11.14) 


. . • . r» I sxst ion oscillations. *hen x enter, the 

end i. of substantial u 

-j:.s.u changes, with a high degree 
region of .,.<11. H> . the oscillatory sy.te. «*»»•*' 

of accuracy, into at.-ly s«lf-—t,ined oscillntions- 

,e .ill no. connider th.t pnrt of the region III for .h.ch y < 

* perfor-ing seser.l calculation., it csn he aho» that the .lotion of 

.,.<11. 2) i. thin region i. obtainable in U* for- of the series 

f»^‘> 


m 


* w % if V 

V 11. 13/ 


• I 
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where P ft (x) is determined is above from a ■erica of recurrent equations and has 
the form 

\ P (X) - * P I AT) - V( ' J 1 U 

^0 W ~ x J _ I • i ' x > < V J I H ' " * ( 11. 16) 


THe series ( 11. 15) maintains its aayeptotic character under the condition 
0 (x 1) > 0 (e‘ 2/5 ) while, on approach to the boundary of convergence, the value y 
in eq.( 11.15) will be of the order of e’ l/3 . 

Next, the solution in region IV will be derived. This region is defined as 

follows: 

! — •. < x < 1 -f-v, p i 0. v 0; | 

i — v < x < — i ~f- v, ;>>(), •- o. I (ii. m 



Aa shorn sbo»e, on approach to the boundary of region III, y approaches 
0 (e‘ ,/ ' s ). It is. therefore, natural to introduce the following substitution of 
variables: 

y -- u ~ 8*-»(jc - I). (ii. i 8 ) 

Then eq. (11,2) will assume the following form: 

Q d 9. _ 2uQ 4- 1 == a -’ *(«%> «). ( 11. 19) 

The solution of this equation will be derived again in the form of the 
asymptotic series 

CM 

Q(") t (11.20) 

?i - u 

which we then substitute in eq.(ll. 19); by then equating the coefficients of equal 
powers of e, we obtain a aeriea of equations for the successive determination of 
the functions ty, (u) (a » 0, 1, 2, ...). In this case, the initial condition for 
(u) must be determined in such a way that the obtained solution is conjugate with 
the solution in the region III. 

After several calculations, we find 
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( 11 . 21 ) 


^(H> ==«•■ — j - I - ±.| 

H 

Aw»ifel c +/^w(« , Tw)H' 

where * is the smallest root of the equation 


For conjugation with the solution y of eq.(ll.lS), determined for the 
region III, it ia necessary that the quantity g‘ 2//J Qj (u) is bounded for u s Q (e v ). 

An analysis of the expression for (u) shows that the series (11.20) main- 
tains its asysq>totic character up to values of u limited by the condition Q (u) < 

< Q (e 2/fJ ), i.e., at values of x satisfying the condition 0 (x - 1) <0(1), and, 
thus, of the region in which the suitable solutions of eq. (11.20) and (11.15) 
overlap. 

It now resiains for us to conjugate the solutions for the regions I and IV. For 
this purpose we must, conjugate the solution of eq. (11.6) with the solution of 
eq. ( 11. 20) , taking into account, in the latter, the substitution of variable*^ 11. 18) . 

He note that since y > 0 for x c - 1, the constant c must be more than |. 

Let us put c * | ♦ y, and let us determine the order of y* Since y (- 1 ) » 

* 0 (e = *' s ), it follows that i y wiii likewise be of the order of e'L /s ana, con- 
sequently, y * 0 (e* 4/3 ). 

It is essy to show that the aeries (11.6) maintains its asysptotic character 
up to values of is satisfying the condition 0 (x ♦ 1) > 0 (e* l/fs ); in this way, the 
regions in which the solutions (11.20) and (11.6) are valid overlap, with an asymp- 
totic convergence of these expansions being ensured for x " - 1 * c *' s . 

Thus, the integration constant c can be determined by equating, for x * - 1 ♦ 



Declassified in Part - Sanitized Copy Approved for Release 2012/11/14 : CIA-RDP81 -01 043R001 300240005-2 





♦ the value* of y obtained froai eq*.(11.20) and (11.6): 

VO <*' 

*-'!> 2 • 2J •"*"/» ( ~ 1 (11. 


22 ) 


fi ti n -o 

s r - I a t ion #ith an accuracy to terms of the order of 


On determining f from thi 
t'*/ 3 , ve obtain 

7 ^ 9 —• + (*« 1 1,1 2 i*" 9 •+ ° <*"** 


( 11 . 23 ) 


where b Q “ b Q (a) ia » known quantity. 

On determining the conit.nl c > | ♦ T. »«■' ** '“V to f,nd X 1 (lbe root ol th * 
equation f„ <*j) * 0) after «h»ch. mahing u»e of eq.<11.12), *e find the Mplitude 
of the *elf- sustained oscillation* 

i ^ r 3 ' 27 t- 1 

-}-~(3/> 0 — 1 -f- 2 111 2 — 8 In 3) t~‘ J - f- O (» ~’ / *). <1124) 

The period of the »el f- sustained oscilletions m»y be calculated according to 
the formal a <j 

r== 2 .fjfej' (n - 25) 

-a 

For thii purpose, «e diride the entire interrel of integration into fire parts 

corresponding to the different region*: 

1) from - a to - xj . in the region II, .here xj is the ralue of x obtained 

from eq. (11, 10), when 

_ _ (i — «"*'*) a . 

■*“ fli-l • 

2) from - >2 t0 ~U* >“ the region III; 

3 ) t tos -(1> *•>/>) to -fl~ e" */*) in the region IV; 

4) from - (1 ~ e ' ‘ ' s ) to x* in the region I, where x* is determined by the 
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5) from s* to « in the region II. 

Then the total period T will be equal to 

r=2i7V4- Jj-f- 7V+- 7* *4- Tz\, (ii.27) 


where Tj is a part of the integral of eq.(ll.25) taken with the i til interval of 
integration. 

By perforating the integration for the total period, we obtain 

7 \ 3 t (3 2 In 2) s -f- 3«-V — " “ 4 - 

4- (3 In 2 — In 3 - 1 4 - b „ -- 2,7^-' 4 - O (*-*■'.) (it. 28) 

or, on substituting tbe numerical values of the coefficients, 

T ^ 1 .01 3706s 4- 7,0 1 432s-'.' — ?- ~~ 4- 

4-0.0087 s- 1 4- O (•-•'>)• ( it- 29) 

For a sufficiently large value of e, all terms except the first in this equa- 
tion may be neglected, resulting in an asymptotic expression for a period coincid- 
ing with eq. (10.10) given in the preceding Section. 

For tbe asymptotic solutions (11.6), (11.10), (li. 15), and (11.20), it may be 
proved without difficulty, by the method of successive approximation, that they are 
convergent (asymptotically) in their respective regions. 


A consideration of the above asymptotic equations clearly indicates that the 
cnte of • large e ia considerably more complex than the case of a small e. For 
• 4c 1 wm had net Dover asymptotic formulas while, for e 1, fractional powers or 
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fel: 






logarithmic terms enter the equation. In the esse of e » 1, me have a higher sen- 
sitivity to the specific form of the equation than in the ease of ? « L It is 
therefore natural that, at high nonlinearity, the actual construction of approximate 
solutions should require a higher degree of concreteness in the differential equa- 
tions under study. 

lie note that for investigating this important and difficult problem of finding 
the aswtotic approximation for a large parameter (or for a small parameter before 
a higher derivative) the effective asymptotic methods developed by A. N. Tikhonov 
(Dibl.40) and his students may be used successfully. 



19 3 
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CHAPTER III 

THE INFLUENCE OF EXTERNAL PERIODIC FORCES 
Section 12. Asymptotic Expansions in the •‘Nonresonnnf C*ae _ 

le eill no* discus* oscilUtnry systems under the influence of external pen 

odic forces, depending explicitly on the tine. 

. . 1 , „„ ■*_ „» of fresdos for *hich the differentinl 
*e will consider s system with one oegree o. *•- 

equation of motion mny be represented in the form 

£ + «.£)• 

. i. . —II — ill.. >•—>*> -!«“• T,' '■ ■ 

rid, <• - -■> *- “• » ‘ hil — “* *” 

/(<«.£)= s.« -“/.(*• S)- 

II" —A . . 

1. ...urn. thet the coefficient. £.(«. i« ««“ ~ of "* C "' 

. tnin polynominls with respect to x end . 

Equstion < 12. 11 «der coo.ider.tion mny obuiou.ly be interpreted •* the equa- 
tion of oscillntion of . Certnin mech.nic.1 system of unit .... -ith the n.tu^ 

[ M frequency * under thS influence of the ..11 nonlin.sr di.turb.nce effut. «. , 

- 1 «xpl ici tl y depending on the time. t. h.y* nlrendy bee. f-ili.r. fro. the Intro- 
duction, with numerous ox.ple. of oscillatory system. described by - eq.ot.on of 

2 ! tfcit for*. 

fl Before passing to a discussion of the method of finding ..yptotic ^ 

; f , • log .system described J>Y .,.( 12 . 1 ). let .. discus, sgsin the nn.ly.i. of the in- 


mmam. 
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in.— .1 nM. ««<-• - <"• (h "-‘ 

*. . .1 * *--«••••“ " l “ u -‘•‘ T "*'■ 

tjocic oicilUtioM 

x = a cos (W -j ?). 

**zr: — fl« Sin (W + ?)• 
itt 

•here e snd V sre srbitrsry constsnts. 

Obviously, if the -ethod set forth io the preceding Chepter is used for de- 

temining the function. «, then. since the ext.rn.l influence depend, on 

the tine, teres confining sin(nv * -)t snd co.(nv ♦ -«>t. .here n nnd . nre ,n- 
tegers. -u.t nppe.r in the expsn.ion of the function «««. x. » to . lour.er 

series (.fur substitution in it of x • . co.(«t ♦ »>. -£ ' ~ - “»<“* * *> >' • 
o««g to the periodicity of this s.r.e. in vt. Thus, h.reonic co«.onent. -ith ex- 
pound frequencies of the fore (nv - -.) sppesr on the right .ides of the d.ffer- 

enti«l equation* determining U|, iij.*** 

It is entirely clesr th.t, .hen one of .uch co-pound frequencie. is close to 

the nstursl frequency of the systre. the corresponding h.reonic of the disturbing 
force .ill be sbl. to exercise . con.id.r.ble influence on the chsr.cter of the os- 
cillstion, even if the corresponding coefficien t in the expression of the spplied 
perturlstion is -.11 (the solitude of the corresponding h.reonic being —11). Of 
course, the —Her this coefficient, the —ller —t be the detuning bet.een the 
nstursl snd externsl frequency before this influence -she. itself felt. Thus, ss 
estsblished sbove. resonsnt phenoswnn occur in nonlinesr oscillstory syst— not 
' only it v % i, ss in the ordinsry linesr syst— . but slso in the esse .here one of 
4 the co-pound fre^encie. of the externsl influence in clone to the nnturnl frequency 
« of the nynt— , i.e.. if nv ♦ — i * »• 

U :'j Thus, in nonlinesr syst— s, reson— ce My occur «hen the condition 

„ri ■ . p 




<1 




( 12 . 3 ) 


lin nntinfied, .here p end q nre relntively pri-e integers (ususlly —11). 
f U. introd.ee the following eUssificnticn for the various esses of reeo- 
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II 


iniiice: 

1) P q * 1, i.e., v £ we shall term this case the "main" or ordinary reso- 
nance; 

v 

2) q • 1, i.e., V ^ pw or « ^ we will call this case resonance or* the over- 

P 

tone of natural frequency or submultiple resonance (fractional, since the oscilla- 
tion here proceeds at s frequency equal to a fraction of the external frequency) or 
parametric resonance. Resonance of thin type is possible also in linear systems with 
periodic coefficients; 

3) p ■ 1, i.e., w £ qv; we will call this esse resonance on the overtone of the 
external frequency. 

Here the following circumstance must be noted: Since p and q can assume the val- 
ues of all possible integers, the set { ~ ) is dense, and, consequently, the ratio 

-» by means of an appropriate choice of the numbers p and q, may be brought close to 
q 

any predetermined number. For this reason, *e might get the impression that reso- 
nance in a nonlinear system is possible at arbitrary values of p and q. In reality, 
this is not the case, since not all the possibilities indicated by eq.(12.3) can ac- 
tually be realised or, in other words, it is not «t all values of p and q that the 
corresponding resonance does occur. In practice, the expansion (12.2) has a finite 
number of terms, and the numbers p and q are entirely determined by the character of 
the oscillatory system under study. 

Next, let us ascertain what resonances appear in the first approximation. 

As usual, we viii assume that the oscillations in first approximation remain 
purely harmonic in form and that, at each individual cycle, they may with sufficient 
accuracy be approximated by an ordinary harmonic; however, a small disturbing force, 
no matter how complex its structure, may affect the course of the oscillations by 
producing only slow but nevertheless systematic variations in the amplitude and 
phase of the oscillation (slow ia comparison with the nature! unit of time, the peri- 
od o f a single cycle). 

From the definition of resonance, we may consider that resonance is character- 
ised precisely by the fact that a small disturbing force may lead to a considerable. 
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i«»td oftfti. ¥< I'ry *!•••*, iIiwm#* In 1 1.0 oftollUlion m>pU inti* , hit a only w)t*n tit# 

»**»i |i«lfuiih «4 ly ili« «■ to mo I I *♦»*;« t l.»uu#liooi « ..y*;U of o»iii)UUoN» u no * «|«. 

i 

mime* )•!** nHorOftl fn**.« wooH rftiift# only «*«!! v % t. i «*i ton*. 

? 

Ilf* of in* 4ifti«iit*lii£i tor a* «t(¥i. *, ^ ) In * *t«t« of he a * on i # **« 

lilcaiioo ii,*, , lor fc * « 0ii«i * #i* "!i * ■ •* *io(wt * $).} «. o.i •»»!•, *»* » 1*1*4 

«l*f ■ 

jftfiti*#, y*»lni4ft liftiwoiti *ft ftii.il f**»ju*ni » r,ft ul I m¥ i MU, 

• | (u#i o«. ««i *.ii|*****4iim lor ill* yi»Mi*l *o*k iii*i won 1*1 •!** f»#r ior****! l«y 

• i.ti i « iliftinritiw* In ro# in * ftt*i« of lift ift.no i *. n*ni tint loon* uiei lit# . 1 ** 


|*l fttftftosniii 


hi COi (*/ f f ) — If 4t ill) (mi j f), 


( rj 41 


to ill* «i 1 1 it* I til*;* ««*ftnl ol «im|. I * tw.l* nimI |«Ui» o I on. * 1 l«t ion 
In* in i * oftl.ou | oil no, I* *• i «*il : to * c|»*«ftftni lit r- «$*|<» csnaion i o» il»«; 

«l i in*) wntk in • *i «io « I iiftiiftnnio oftt i I lotion* 




( rj.h) 


l.y i It* fti .1 of * h*y»Ut **14** in il.o Iom* of ft «u«h ol I** toum * n 1*-.*** ol i In; lol 
lofting f ft«t|4*ftMftiftft. 

*«w U* | Mm 

ltow<5««i ( on lo*«Kk n* I lift wftftii ol i l*i • *om o*«§ ft *u i f 8 « i fto 1 1 y long * i*-e ini «i *«1 , 
only I koftft iftiift* in ftliioli ill* f ivtiueiii i *• *** ftui liliftiii ly **,*1 I ni I I r*#.ftto 

HI* lift , in it* fti *|i |*io i*i ■** I ion , only ilto»* **»MMftnoftft will a|*|on«i for whit.)* i hr. 
fr«i4Mft*i*4«ft I* (lift * i*|i to • * i «oi of Viiioftl *otk (12 fi) or* .o Hu t «„* i y *!«*•« to .**0. 
jOI Uift Ul#g*$i;y fti rite »U! U ^Ui', vli» iftilUi iU tors* 

I •)**»« ill W|| «*ft|*i i tint* tii *mj. ( I 'i, %) , 

Afltti lliftftft 1 * *• I latino* y r«M»ttrkft, i«t 0 * (*••• io lli« to taio I «i i on of ilte *i«itto4* 
iof ftifUftlly ftOHftl IUiifi)i| ifift • |*|* f oft I tii ft t ft 4t.lt.liu«. 

i Uf Ml 1*0 gin l*V OOOftl iffti ii*|| I lift oftfti | I ftioiy nyftiftfti it ft ft ft* i l*«sif )<y ct|(|2.1) foi 

lliftitoniftftOHftftl Oft**, lift ill# ft«ift|iUftt otift , Hull i», #« will z*»m» ihfti ihftift ftt« 
«i» 0«ftft)iOM«if fi«i)o onol ft* (f*¥ * ttfti), ftiliftf i*f|| Milo tin ft ft|i|iiOMi**t ion lit*) th e #i)ttftl 
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(or close to) the frequency *»: 

W(# / w. (12.6) 

Here ee must point out . feet .ell kno.n in the theory of numbers. If * *• «* 
retionei. it is el.eya passible to select integers n end . saeh thst the express. on 

/iv4~( w l)o» 

will be as close to tero as desired. 

for thr. reason , if the expression for the approximate solution under consider- 
ation contain, harmonic, with all linear combinations nv ♦ «. then -« must ..pose 
the condiuon that the r.t.o 1 doe. not approximate too rapidly s r.ti.n-1 «» ™ 

„d -ill not make the considered express.on drvergent. (cf. above on thr. subject). 

In our approoch to the con.truction of an approximate solution of the differ- 
enti.l equation (12.1) •« -ill >•** the very .«« intu.tive con.ider.tions ss rn the 
case of • disturbance which does not contain the tine explicitly. 

In the complete absence of disturbing force* (* * 0). the oscillations 
viously be purely h.rnonic x • a cos t. with constant « P litude and umfonnly ro- 

tating phaae angle 3; * "31 ’ 

The influence of the perturb.tion i. expre.aed a. folio..: first, rt m.y W«r 
in the oscillation. .. « overtone or .. . h.rmonic of compound frequencies of vari- 
ous order, of -..line..; therefore the wlut.on must be sought in the for., 

X -- a cos *i + !«t (a, •'<, > t ) ~f >0+ .... 0 2.7) ( 12 7) 

. / _ »,* \ „ ( m » vti are periodic with respect to 

where the functions u,v«, ▼, --/» -i'*- 

both angular xariables, with the period 2a. 

Secondly, the .solitude and the rotery ph.se velocity cen no- no longer be con- 
stant. but aust be determined, a. in the la.t Chapter, by the differential equation. 


~ = tA l («) -f- («) 

■_j} = • + tB 1 (a) + * 1 B,(fl)4- • • 


( 12 . 8 ) 


The right aide, of these equ.tion. —t depend only on the smplitude. since, in 
the sb.««e of re.on.nce. the phaae of the n.turel o.cill.tioo. i. not rel.ted to 
the phase of the external forces, end therefore the letter ph.se ha. no effect on 
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the anplitude of the oscillations or on the full phene of the oscillation. Of course, 
in the reaooence ceee we will have to introduce the dependence on the phase shift in 
the expreeeiona for both the inetenteneoue frequency end the instantaneous amplitude. 

Thun, the problem of constructing approximate solutions for eq.(i2. 1) in the 
nonresoneot cane reduces down to s probleei analogous to thst considered in the first 
‘Section: It ii required to find function* 

j »,(«, $, v), *) /»(“)• • 

BjWi • ■ • 

such thst eq. ( 12.7) in uhich the functions of time defined by eq.(12.8) here been 
substituted for s end y, will be e solution of our original eq.(12.1). 

As in Section 1, sfter solving this probleei, i.e. sfter finding explicit ex- 
pressions for the coefficients of the expsnsion in the right-hand sides ofeqs.(12.7) 
end (12.8), the question of the integration of eq. (12. 1 ) reduces to the simpler 
question of integrating eq.(12.8). It oust be noted thst, in the nonresonsnt esse, 
we obtuin equstions with separable xsrisbles for the deteneinstion s end y; in the 
resonant cnees, ss demonstrsted below, the xsrisbles in these equstions will no 
longer be aeparated in the general caae. 

Before proceeding to conatruct the functions UjC*. S, vt), u 2 («, f, vt),..., 
Aj(s), Aj(a),..., Bj(a), Bj(a),..., certain additional condition* must, as above, 
be iaipoaed, so that the coefficient* of the expansion* (12.8) will be uniquely de- 
te named. 

As these condition* it is natural to take the condition* of the abaence cf 

resonant terms in the functions u,(e, w. it), u,<*. V, vt) i e-, of terms -hose 

denominator* may van i ah. 

This condition is equivalent to the requirement thst the first harmonic of the 

argument y must be nbient from the functions «,(•. ¥. vt), u,(n, V. vt) and, 

-fro, the physical point of »iew, must correspond to the choice of the full eapli- 
. tude of the fundamental harmonic of the oscillation an the quantity n. 

’! After these preliminary remarks, let un proceed to determining the functions 
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V vt), «,c. *. vt), .... M-). V*>.— th * 

itittd ijnuMii eoaditiss wtt esssiditttiM. 

Differentiating eq.(12.7), »e hare 


! = {c M .>+.S+* , S+ 'IS+1—*'"' V+ 
+4+^+...}S+*%+-$+ 


(12.9) 


m«y 


\ d 3 a . 


■g=| t o S ' (+ .^+.’5+-|»+ 


. f . . t dif, , . 1 . L fa ~ U{ i 

4 . j— asln^4-s-j^ + ^ Sj;+ • •L/a+r da* + 

,*» 2 . i f __ -f ** ^“ 21 


+«’tS+ ■ • 




x («)’ + * | • & + ■ >’ £k + ■ ■ ■ ) w +• • 2 1 ■ ■ ft ’ + < »■ - > 


,i »«» 


V 4- 

A dt dt ~ 


00 


«=»,, 4 a >4- 

If*"’ - * <S J * ‘ 


da d*a <lf l!* in eq. ( 12. 10) by their rallies in eqs.(12.8) 
After aubatitu ting Tt . -£J< Jt’ dt J dx d*x , . 

and (1.10) of Section 1. »e aubalitute the resultant raluea for -gp ^ *" 

. «q.( 12.7) in the left aide of eq.(12.1). then, after -ranging the rea-lt by poeer. 

r oi the mm 11 per»eter «. •« get 


44 


4£V 


w d 


<Px , |d»Mi <i i _ 1 _ 0 a, -U u> 2 u. — 

-f « X ^ , ^ d< * • - - * 

— 2av>B l cos 4 — 2^ sin '’,»)+* + <)*» ' 

_j_ 2 gjl w + »3a 9 — 2amB % cos •> — 2«A a sin 'V + 

— ofl») cos 'V — [**l + 24 f fl i) 8ln * + 


(12.11) 
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+ 2mA * Sh 2 * fl * S? + 2 £rk A *' + 2 sfy B i 1+**- 


The rifiht aide of eq.(12.1), according to eqa.(12.7) end < 12.9). can be repre- 
sented in the fore 


*/(^> x > j| = */W acos^. — am stn 
+ * 3 1 f a « a cos >|», — am sin ty) n, -f- 
« a cos>J», — a<i»sln*})X 
X (A l cos * -aB. sin •} -f- ^ + -?)] + • 


U2. 12) 


In order for the required expression (12.7) to satisfy the initial eq.(12. 1) 
•ith an accuracy to quantities of the order of smallness of (as above, «e con- 

fine ourselves to finding the approximation), the coefficients of the stmc 
powers of e in the right-hand sides of eqa.(12.11) and (12.12), to terns of the » th 
order inclusive, must be equated. 

As a result »e obtain a system of in equations for the determination of Uj(a, f, 

vt), Uj(a, ?, vt) u s (a, *, vt), and also of Aj(a), A 2 (a),..., A B (a), Bj(a), 

B f (a) B.(a): 






r+2« 


&u x , &'u t 


/o( fl * ’*0+2 qwB x cos^+ 2wA t sin *>, 


(12.13) 


**!£+ 2 **1S+‘s?+* , ‘*= 

= /| (a, v/) -f- 2amB. i cos £ -f- 2 sin 


<c_ 


(Ptif 


• Ml., 


1 , 2-1 


t cy ffiUm i &*t m i V 

• "*nr + + TC* + mU m = 


=/i,.i (c. 4v + 2 awfi* cos iuM* sin •*, 


(12.14) 
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lhtrt, lor abbreviation, «e introduce the eyehole 

/ 0 (o, *) = /« flcos*. — am tin -j.). 

/, («. 't'. w ) ~ /* (*. « «* *. -- a* sin •$.) «, ~f 
+/#* (^* * co * *W — «• sin 'i)^, cos sin ^ -f 

+5] +H H&*) co# * + (2 *•" + 2A ' B ') ^ 


(12.15) 


9 m a fs > _ •» £21 4 •> _£fi. « . o < 5 “l -4 

Jmti * ~ da dt A ' 1 d^dt H * ~ da d } 




#13o. 


9 y ~i 


It ie obvious that the functions l\(a, *, vt) are periodic functions (with the 
period 2*) of both arguments t and vt and that, in addition, they depend on a. The 
explicit expression for these functions will be known as soon as we find the values 

of Aj(a), Bj(a), Uj (a, *, vt) <j • 1, 2,..., k). 

Before passing to a determination of the functions in which we are interested, 
we will briefly present certain aspects of the theory of siultiple Courier series. 

If f(x) is s certain periodic function of x, having the period 2* (in the caae 
of the arbitrary period 21 we will always be able, by weans of s linear transforma- 
tion on x, to reduce it to the period 2M, then, as is cosmonly known, it stay be 
represented, with certain restrictions, in the form of a Fourier series 

CO 

f(x) - 4* 2 !**'« cos nx + s * n nx 1 * U2.16) 


where 


B- -• 

«„ =- j /(:) cos h H — ~ [ /(;) sin «;</;. 


fora. 


(12.17) 

In many cases, it is store convenient to use a Fourier series in the complex 
In this case, f(x) may be represented in the form 

CO 

fix)— 21 f 

-00 
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A** 


(12.19) 


(Here the subscript aaauaes not only values of positive integers but also negative 
values). In this case we obtain the following relation between the Fourier coef- 
ficients of eqs.(12.19) and (12.17): 

a n i lh n 


C it 


<I M ~ ib n 


2 


c 


( 12 . 20 ) 


Let us asauae that the function f(x,y) is periodic, having a period 2 n with re- 
1 ‘ spect to both variables x and y. 

On foraal consideration of f(x,y) as a function of x, we have: 


./ (•'> .v) V < „ (.V) 


( 12 . 21 ) 


<»0’) 


v~ ( /(«. J 

^ ^ I 


v) 


(12.22) 


The function c n (y) uay, in turn, be expanded into a series of the for» 

CO 

c m ( y )= 2 c »”' etmv ’ <12.23) 


Sr. 


— 2n 


( 12. 24) 


( c n (f\)e~ lm, ‘di\ — 

> 

Sn 

j |/(';, ,J) «-((»(+ -Vrftdt i. 

o o 

On substituting the resultant expression for c n (y) in eq. (12.21) , we have 

co oo 

fi x .y)~ J) ^ ( 12. 25) 


fl» — CO 

or, in abbreviated notation, the following female 


fix. y) = 2 ’w' 4 r + * , '^ 


(12.26) 


«, Mi =2 — 00 
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. *.ner.liee. the Fourier eerie, to the eeee of two reriekloe. 

U the ... w.y. the periodic function IU,. x, »*>. in N independent «ri- 

U>1.S, with • period of 2* with re.pect to e.ch of the.e variable., will reed 

S - i tw.apj t »rP* f • + n S x S) 

lM N - v * 


* 02.27) 


«*.*.» fiy «--<*> 


where 


2s 2s 

"•"►••"s — 75^ J J 


ts 


‘J /( ’i *. ( 12 . 28 ) 


(12.28) 


Ui. cowplex-eeponenliel for. of the .ult.pl « Fourier eerie, i- very convenient 
for celculntione. It -net. however he «.ph....«d th.t it eo.plet.ly equivalent 
to the ordinery for. of expen.ion in eine. end coeinee. .0 th.t the condition, of 
convergence »ili be the aaase. 

•e will then proceed to the deter.in.tion of A,(e). B,(.) end «,(•. w. vl > * ro * 
eq* ( 12. 13). lor thi. purpoee. let u. expand f>. *. «> into the double Fourier 

aeries 

O - v 

n, * vl (12.29) 


/«(«. *. v/)=-2d5d/i*(fl)^ tn 


where 


/ 

/„ 

AiSj 

:;rO- 

s£j 


fn'mio) ~~ £“} f ( /(■>/. fl COS ■’>, — am Sin tj*) C~ l 4 *’ f f M *'dt d';. 
*0 *o 

Let u. repreeent u,(«. W, rt) in the for. of • Fourier .ene. 


«,(«. *. *> = s ' (12 30) 


Substituting in eq. ( 12. 13) the v.lu. of f.U. ». *t> to- «..<»•.»> “ d lhe 
vein, of », ,H) to. eq.(12.30). »e h.v. 

X - («•< + «“»^}7mw»(«) -= 


n m 
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= cos + 2«.4, sin V V/^ (a ) . 

nm (12.31 » 

'• id... \ Froai cq. ( 12. 31) •• must determine £„(•), Aj(a) and B,(e) in auch • »»y that 
< Uj(a, f, vt) will net contain reaonant teraa. The latter condition will be aatis- 
. ] |£ed if A. (a) and Bj(a) are determined fro* the relation 

i : 2 uo>B t cos 2o *A t sin = 

n m 

m*>* «»o| 


(12.32) 


On equating the coefficienta of the same harmonic* in eq.(12.31), we grA 

/(°> (a) 

. v Jut* 

JnmW u2 — (n* -f m<u)* 

for all values of n and m satisfying the inequality 

Ui- — (/!*-+-«»)* =fc 0» 

or, in view of the fact that we are considering the nonreaonant case, the inequality 

*— D* + 0 (t. c. n i-- 0, m ? :±r 1). 

On substituting the value of f M (*) *° low'd in eq.(12.30), and, substituting 
Ivt * 0 for simplification, we find the following expression for u^a, f, vt): 

1 V V fi wH ‘ 


u x (a, 0) : 


4r.a w- — (nv m<«>)3 

n mi 

In- 

2k 2k 


3~ X 


(12.33) 


| X | J/ 0 («. ’r. •})e- HnUm *Wid<'< 

J 0 o 

.J 

or, passing to trigonometric functions, 

/ f i,v 1 Vi cos(/lO + m^> v 

«i (a. V» 0 — 2 tt | — («■» i ««)* ^ 


a,M 


2k 2k 


X f J/o («» '*) cos (nO + m-i) d» <<•!< 

$ 0 
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li 




+=r= 8 s£ 2 p J .(/.to*. +•»*<«}. 02 . 34 ) 

» O 

Ob equating the coefficient* of harmonica of the sane degree in eq.(12.32), we 
find the following expression for A|(s) and Bj(s)*: 

Xr, *e 

A(«) = “4S»-j 'W 'Osin wid*. 

0 0 
2 n in 

B t (a) - — j J /o(«. % *i)cos 


(12.35) 


After dete raining ujU. p, 0), Aj(s) and Bf(a) we have, in accordance with equa- 
tion (12. 28 ) » an explicit expression for fj(a, ?, 8). On expanding into a Fourier 
series and asking use of eq.(12. 14), and also taking account of the condition that 
resonant tenas oust he absent fro* the expression for u 2 (a, p, 6), we now find by 
analogy u 2 (a, p, 6), A 2 (a), and BjC*), which are necessary for constructing the 
second approximation. After s series of calculations we get 


ii., (a. <>) =_ -■ 


v y» 

2d2d** — (n 


glint + n»^) 


1 

'4«* Ad Ad <*—Xn» + m<»yz 

n m» 

X* 2 r. 


0 © 


* f 

m oA t 

2« [ 

da 1 


** tr 

1 

f Nr, 

4 tAo 

11 ^ 


a cot <i>. 





l, a cos «V, — am sin <V) u x -\- 

—am sin y)(A l cos ^ — 

— nfli sin <5* 4" ^ * 4* "j|* 'j| iln f J dXi 


• Hi* right aide of eq*(12. 32). aa easily demonstrated, contains only the first 
harmonic of tha aagls p. 
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■ V 


8 n Sr 

f o aw sin •!)«, f 


V J 


(12.37) 


+ /*' ('). « cos — tie* sin <|») ^/i 1 cos «j< — 

— - aB t sin *+^.. + ^Lv)} cos •'< d'l d'\. 

Continuing this process of successive determination of the expressions in which 
we are interested, we may construct the solution of eq.(12.1) to sny desired ap- 
proximation. 

ie note that, starting fro* arguments analogous to those given in Chapter 1, it 
is again of no use, in constructing the n^ approximation, to retain in the right- 
hand aide of the series (12.7) a term of the order of smallness of e n . 

In concluding our discussion of the nonresonant case, we remark that, accord- 
ing to eq. (12.35), the equation of first approximation contains only the free term 
f 0 (a,-j i > of the expansion (12.2) of the perturbation f (6, x, -j^) . 

On the basis of eq. ( 12. 2) we have, identically, 




(12.38) 


For this reason, the equation of first approximation can be obtained by averaging 
the diatuirbing force over the time explicitly contained in it, after which we may 
use the formulas of Section 1, eq.(1.27). 

In the nonresonant case under consideration, the equations of first approxima- 
tion (and also those of higher approximations) have the same form as the equations 
jof first approximation for the case of eq.(l.l) (i.e., for the esse when the ex- 
ternal disturbing forces do not depend explicitly on the time), which have already 
been discussed by us in detail, and therefore will be disregarded here. 

Ve will discuss only the expression for x in second approximation 
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i 


mm 



x ~~ a cos «j> -f- •*<* » ’W r 0» 


(12.39) 


vhare Uj(a» f* 9) is defined by eq*(12.33) or (12.34). 

In the nooreaonant case, according to eq«.(12.39) end (12.36), the influence of 
the external periodic action Manifests itaelf only in second approxis-ticn. For cx- 
aspio, it felloes directly from eq.( 12.39) thet only in the second approximation can 
various compound hamonics, components with various Multiple frequencies of the con- 
straining force, etc. appear in the solution. The amplitude of sli these additional 
ha monies wiil be of the sane order of aaiallneas as e. 

Let us consider eq.(12.39) in the case of stationary oscillations 

<j.= const, 'J r:w(tf)/-fj), St const". (12.40) 

In this case, the oscillating tern x consists of a natural oscillation of the 
frequency «(a) (represented by the tern s cos(w(a)t ♦ 0]), forced oscillations with 
the frequencies nv(n - 1, 2, 3,...) and of compound oscillations with the fre- 
quencies nv i »v( n.m • 1, 2, 3, ...). In this case, the intensity of the compound 
oscillation with the frequency nv i »u is increased as the corresponding resonance 
ia approached, i.e., as the corresponding divisor 

to* — ± mw)’. 

is deoreased. 

In the special case where there sre no nstursl oscillations, i.e., when a - 0. 
eq.(12. 39) degenerates into 

ou 

n A n COS ltd f B h >lll /l f ) 


X ~ 


— nv* 


(12.41) 


n I 


where the following notation is used: 


A n — ^ f / c («, 0. 0) cos n't d 1 ), 
8 
Sr. 

fl M = ~ f /«('». 0. 0) rin «'Jd<>. 
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IKm*. whan a * 0 in an oaeilUtory ayaten. there are only certain forced »»bre- 
tiona eith frevenciee of the external excitation nv (n ■ 1. 2, 3.-..). 

For thia reneon, we hare here to do eith purely forced oacilletiona. The etatee 
of oacil lotion corresponding to eq. <12.41)1 are aonetinea termed heteroperiodic, since 
the periods of all harmonics of the oscillation are inpoaed on the ayate. from out- 
laide. 

If the oscillatory system under study it tuch that the equivalent doping decre- 


ment for the component ei 0 (x, 


i.) (which doe* not depend explicitly on the time) of 
. 1 ds 

the disturbing function eff(6, x, ^ ** P°* ltlire 


>«(«)> 0, 

4k 2- 

>.*(<!) = ~ f f '/CO. a cos — «o»sln-V)sin'>rfO^ = 

" ‘ s, 

— J— [ /„ (a cos =!*. — a® sin -V) sin •!> d>), 
b 


(12.42) 


then (cf. Section 7) 


a (0 -* 0 , 

f-400 


Therefore, if the inequelity (12.42) is setiafied. erery oscillation will approach 
a heteroperiodic oacil lotion, ao that the heteroperiodic state will be the only pos- 
tible stationary state. 

The condition (12.42) obtained for damping the natural oscillation, generally 
speaking, will depend on the amplitude of the external periodic force. In the ab- 
sence of external excitation, i.e., in the case where the right aide of eq.(12. 1) 
does not depend explicitly on the time, we obtain the ordinary condition for seif- 
excitation 

A « ( a ) < 0 ( 12 . 43 ) 

sad, correspondingly, the condition of damping 
J i (12.44) 

M<0 >0, 

where 
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M«)~ i f /(0. ««»*. *)• 

n- *• on the • true turn of the nonlinear function f( 8 . ». £>• ^ h *" > “ 

Defending on the atrucuir. lK -, 

.. /,? *31 nod ( 12 . 42 ) ere n.ti.fied nt the —e t«e. 

that the condition* ( 12 . 43 ) t .b.ence of «n 

. . , .e. .hich in sel f-excited in the ab.ence ol 

«... it .ill he wood t„.e •> — - enternnl 

i.n— . ><■“• *• 

;:i, ,«— , - •••• - - “ - - ~ — 

... — - - — — — — u 77 

* ill* U ....... *1 »« S " ,i “ “ “• “ ' ‘ 

.. 4 , t ) ... • periodic function in t 

aiffer.nti .1 equation ( 12 . 1 ) under «udy f(vt. . K ^ linile 

eh the oeriod .nd thnt it night . 1.0 be repre.ent.d in dj 

V1 v . n * &Ji\ c€ rt»n polynomial* in x **<* <jt* 

sum ( 12 . 2 ). in ahich the coefficient! i n v*. ^ - 

„ .. . -> ‘ k “ ‘ h * ““““ *• 

J, be I* U. >•- •< ' 

/(*«.£)= jS 7 f.(* 4 f)- a 

expreanion for u t («, f. 

by double infinite nerien of the type^ 


is 

n**-co m*=-oo ” " . f __ U J - m«) 2 , theae aenea, 

Becauae of the ptenenee of • dietaor of the fora 

generally .peaking, .ill be divergent. nerie. of 

U i. -ell hno.n that, in the general caae. the branch point. 

» u— U.. - .. ’ - — ■ u. — - 

- - .u .» o— ** ■»” ,<s - - *>• 7“ 

:% - - - • *“• - •' - 
conponent. i. equal to iero. 


(12.46) 








a network th«t in dense everywhere. 


whatever the value of v. a value v ft for which the aeries (12.46) is di- 
vergent nay be found, as close as desired to that value. 


Q» the other hand, we note that for almost all value* of the ratio - (with the 


possible exception of the set of sero ueaaure), we may find* quantities C and 6 such 
that 


dpi + 1 ?i 


for as y integers P • "• 

However, in this case. 


C<*» 


and, in absolute value, each ten* of the series (12.46) will be, respectively, 


• Indeed, let us fix a certain positive 6 and positive n, as small as desired. 
Let us take a positive value of C such that 


2 C 


1 


ini f |s»I>! 


( 1 n | 4" I m 1 )“ 




and let us construct the set of intervals i RJ| (where a and n are any desire^ posi- 


tive and negative integers) with centers at the points 5 and lengths ^ | n j 4 | fc j ) j+6 


Go the one hand, it is clear that for any number x not belonging to even a 
single one of the intervals l n the inequality 


n 

m 


> 


(*) 


( I n 1 4- 1 m I ) 


*J 4- *■ 


is satisfied for any integers n,m. 

On the other hand, the set x. which does belong to one of the intervals i n m 
has a measure smaller than 


S mc *f#». 




Thus, for all values of x, with the possible exception of the x belonging to a 
set of measure sms liar than n, the inequality (*) will be satisfied. 
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SR 

f f f 9 (e. % 0)e~< <*+**> I . 


This iifiei will thus be absolutely convergent provided only that f 0 (a, f, 0) 
possesses s sufficient munter of continuous partial derivatives with respect to the 
angular variables f, 9. 

However, in order to avoid going into such refinements of the theory of numbers, 
it is preferable in practical applications not to go as far as the appearance of in- 
finite sums of harmonic suasnands and to refer the residue of the series to higher 
powers of t . 

In other words, it is more convenient to start fro* equations of the type 


;J',' + “»' J * = s/o (''• *■ '£) + * '/, (*. **) + ( 12. 47 


dx dx 

in which f 0 (vt, x, -j ), fjfvt, x, j-),... are already finite sums of the type of 


dt" 1 ' ’ dt 

eq.( 12.2). 

The extension of the above technique of constructing approximate solutions, to 
^>ply to eq.(12.47), involves no difficulties. 

Let us now discuss a concrete example. 

Consider the generalised van der Fol equation 

•n d L 


L v — i ( I — y 2 ) Jr == £ sin **/ , 


(12.48) 


where t ii a certain small positive parameter. 

As pointed out above, a substitution of the type of 

J y = x -f- U sin \t , 


(12.49) 


(we are considering the nonreaonant case, so that via not equal to 


1 - v 2 

unity nor clone to it), this equation ia brought into the form 


^ 3 ( I (X i U sill •-/)■*) (45. -j- U: COS :t) . (J2.50) 


Asking use ©f ec.(12. 35), we obtain the solution of eq. (12.50) in first ap- 
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As was. to bs expected, in our second approximation, the forced oscillations 
with frequencies of¥ cad 3v. equal to the frequencies of the external force, ere ac- 
companied by components with multiple frequencies 3« end with compound frequencies 
v ± 2tt, 2v i w, which ere chsrecteristic only of nonlinesr eyatema. 

Moreover, on the basis of the above statements in satisfying the condition 
(12. S3), the heteroperiodic oscillation state is unstable and thus physically im- 
possible. In the case where it satisfies the condition (12. 54), s heteroperiodic 
state will be the only stable stationery state. hith the passage of time, hetero- 
Der iodic oscillations of the form 


1(1- ;.*) ■ 4(1 -9;j> 


cos 3 f J. 


(12.57) 


will become established in the ayete 


Section 13. The “Resonant” Cases 


Let us now discuss the resonant esses. 

Assume that 

P 

to — v 

7 

where p and q are certain relatively prime numbers. 

Then, depending on the character of the problem involved, two different ap- 
rg j »• solution may arise: 1) in investigating the resonance it is su * £i - 
cient to confine the consideration to the resonant region itself; 2) besides study- 
ing the resonant region, it is also necessary to study the approaches to this region 
from the non re sonant sone. 

Let us start the discussion with the former case, since it is siaipler. In view 
of the feci that, in this case, we assume that we are considering values of - v suf- 
ficiently close to w, it is natural to put 

j : _ (Jl -.y + ii, (13.1) 

; where eA represents the detuning between the squares of the natural aad external 

i frequencies. 
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' 4-.- , 


Then the initial eq.(l2. 1) will be written in the £om 

% ■ c- -j* •{/(■'■ - £H4 


(13.2) 


Ihwa the 44 detuning” tA. in view of ita smallness, will be related to the per- 
turbation, after which the aolution of eq.(13.2), an in the non re .on ant cane, can be 

nought in the for* 

X u cos *f f 3// , (it , ’V. v/) f i~U.) (tt , *>, **/) 4 C 13- 3) 

where a and f are certain functions of time. Here we have a • ~ vt ♦ 9; 8 phaae 
detuning (at exact resonance, 8 * const). 

In the caaea previously considered, the instantaneous frequency and amplitude 
of the oscillations did not depend on the phaae difference; however in the resonant 
case, as shown above, the phase difference will have a substantial influence on both 
«q>litude and frequency of the oscillations, so that we are forced to introduce the 
dependence on the phnae detuning 


II 


v/. 


in the right sides of the equation determining a and f. 

Thus, in eq.(13.3) »« wuat substitute a and w as functions of time, determined 
from the following system of equation: 


da 


= *••!, <«, '' 1 ) 4 !>)+ • • .. 


(13.4) 


•It 

J ~ J •<+ /f, («. ■') f ») + • • 

Since not the full phaae ? but the phaae angle 0 enters the right sides of the 
expressions for ^ and of eq»(13.4), it will be expedient to eliminate 9 from 
eqs. ( 13. 3) and (13.4). 

Than, putting tg ■ ? vt ♦ 8, we obtain the following expression instead of equa- 
<1 


| x a cos d j •» J m x N, - f J +■ s ; //. 2 1), — t j + 

in which the functions of time a and 8 must satisfy the equation 


(13.5) 
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«) +«% («. »)•+• -•••• 

itt v . 

m (13.6) 

= stf t (<i. ii) 4 ft *•) f • • 

(it O 

y 

As in the preceding case, for the determination of the functions «j(e, 6, - t 
u,(a, 6. It)...., A.(a. 0), A,(a, 0) B,(n. 0). B s (a, -6) f ... we find at first 

q 

"=l“(^+ , )+*Sf + ‘ , S + -}» + 

+ {~ as\n(-|v/4- »)4-«5r + « a 3f+ ■ • }S + 

+{— a f >8in (f •}• (l3-7 > 

5 ?B {«(iw+i)+.s«+>s+...}S+ 

j+{-s+-a+-KSir + 

-}- 2 {— sln(J>/+») + **~5§ ■■ •)Ji + 

+ 2 {- Jvsln(|>/+«)+«sS + »*Sf+ *••}£ + 

+ { — asln(^>r4-»)4-«^ i + * a ^+ •• *}fe + 

|+{^.co.(ftw+«)+.5F+^5f+. }(£) ,+ 

+2{— ' co# (f w+tt ) + *5« + * a 55^' •'*.•) arh 

Then, on the basin of eq.(13.6), *e have 

4 : v : '(^= *!+•>'.... 
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Equating the coefficient* of the sane power* of e in the right sides of equa- 
tion* ( 13 . 10 ) and ( 13 . 11 ), we obtain the following system of equetion* for deter- 
mining the wanted function* 

. *« =/•(«• *• •£*+•)+ 

+ 2 :. J.v \ * 1 " (f V/ + •») + 2 « f cos (f 

— ^ <2 cos v/ -j- oj, (13.12) 

+ [s f "I. + « ^ Q B,+21,B,j.l«(f-<+») + 

+[ 2 « f <». - w » *, + ofl ij <os a * + ") ■ < 1 3 - 13 > 


where the following notation nai oeen in truuuced: 


/o(«. v/ * f v/+tt) = 

— a cos(~ v/ + 8), — a — > sin (y v/ -j- ft^ , (13.14) 

/,(«. v, ^ v/ »») = 

==■/*(*. « cos (■£ V/ 4- ft), — a £ v sill >/ + ft))*, + 

4- /'. (»* . « cos (— '•t 4- ft j , — a v sin vf 4 - ft)) X 

x(/ 4 , C"s(^ v/ 4 - ftj — afljSln^ v/ 4 - ’*) ~f~ ) 


■ a — iA x 2a l 


/ 1 <1 • £ v 

(l O. Ill) 


A* in the previously discussed case*, f k (a, Yt, | Yt ♦ 0 ) are periodic function* 
with the period 2* in both angular variable* vt, «j Yt ♦ 6, lAi(a, $) *nd B^f*, 0), 
will be clear from the subsequent calculations, being periodic functions with re- 
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■pact to 6, eith the period 2a). 

Let UC find fro* «q. (13.12) u,(a. vt. £ vt ♦ 6). A,(a, 6) and B,(o. 6). obaerc- 
i B g the condition thet teima whose denominators sight vanish must be absent from the 

p 

expressions for U|(a, vt, • vt + 6). 

On representing u,(a, vt, ? ♦ 6 ), end also the right side of eq.(13. 12) in the 
fom of finite Fourier suss, we have 


16) 


~"a* n m 

/.(«. f *'+»)=>: <»•«) 

n m 

Let ua now substitute the right aides of eqs.( 13.16) and (13.1?) in eq. (13.12) • 
TWa yielda _ ' vn <{».< + ». (4 '<+*)} — 

SSKf*) -("’+«•?■) )*' * 

a m 

= S S/ft -I (f - + •) + 

n m 

-1- 2a £ vfl, cos v/ + ») — An cos + (13.18) 

whence, by equating the coefficients for the saae harmonics , we find 

7iu ( C ) ~ f nl M 

” (f ■)-(«’+ -H 

for all values of n and ■ satisfying the condition 

(5 *)’ — (»* + *£*)’* 0 . 

or the equivalent condition 

nq 4 (m ~t l)/» # 0; 

Pc alao obtain the relation for determining A, (a, 9) and Bj(n. 9): 

2 £ vA t sin (| W 4- ») + (2« J — Ao) cos vf 4- ft) 4- 


(13.19) 
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■U 

iflf 


v v ,f *)| 


/««!.(«) ~ 0. (13.20) 


H ifi 

a* I n#> oj 


On awbati tn ting the value of f^Ma) Iron eq. (13.19) in the right tide of equa 


tion (13.16). we find 


22 


I Jji'f + m (-? *t * #)J 


-\ y ' / I** and and ip Vi / f p Vi ^ 

n m ~ V — l /i v-fm — v ] 

|«q nm t np f$\ \ q / A q / 

-Jw+.j >,). 

tV S (13.21) 

Let ua not turn to eq. (13.20). The auanation in thia case, aa already indi- 
cated, proceed* for all integer* n, a (poaitive, negative, and zero), for which 


nq -f- (m r±r 1 ) /* = 0. < l3 - 22 > 

For thia reaaon, the auai will contain complex exponent* of the fora 

„.f.} _ 

= { cos (f v/ + °) ~+‘ sin (£»/+&)} 

We alao note that, hy virtue of eq.(13. 22). ■ i 1 ii diviaible hy a. *o that 
•e nay .write thia factor in the fora qo{- • < o < *). 

On equating the coefficient* of coi(« vt ♦ 9) and ain(- vt ♦ 6) in eq. (13.20) 

q <1 

we have 

St* u \ 

Ma. ^ = J j / 0 (fl. v/, <\) e-*** t\n'\ <btt fy. 


A («.•)« 


— f f/o( a * < tye- 1 ** coi<} d*ld’'< 


(13.23) 
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IH*». in first approxination for the resonant case, the solution of •*( 13 . 1 ) 

■ill he / n v 

x ==« cos^-v/-f- »>J, 

where ■ and 6 mint be dele mined iron the *y.tm of equation. 


2n s' 

* a — _ J J f 0 (a, v/, 'V) «' iq,t s »« *i* dvtdty, 

dt -* P t u o 


(13. 2*) 


:* 2*"'’* j J /•<*• v/ * *> e ~ "' ,8 cos iht 

, « o n » 

Since, in the r.nonnnt c..« .e ...um the detuning * to be . qunntity of the 

firnt order of —line.., -e n.y nith the .me degree of .ccurncy repre.ent the .y.- 

te> of eq.(13.24) in the fom 


d_ a _ _ _!l_ I I L(u, v/, -V) «-*'/»» sill ')ditd'\, 

JJ» „ x », 

*2« t* 

^_ w __£ v __J!^y f b»*» I I / 0 (a. v/. dy) e -<■»*» cos •J-rfvM-V. 

If# q \rPa*pM J J 

11 0 

, f. vt P vt ♦ 0) A,(a, 9 ) and B,(s, 9 ), we can 

Knowing the expressions for ui(s. - vt * L i • 1 

in nccordnnce wth eq.(13.1S), find m explicit e.pre«.ioo for f,(n. »t ♦ 6), nfter 

which eq.U3.13) »ill yield the expren.ion. for *j(*. e ) B*U, ®). "hich nre 

necessary for constructing the second approximation: 

a - ip [ fl 0 w' s ‘ + 2AlBl \ * 

*« Sr. 

f I /.(a, sin <'/dv/d'}>, 

! ■ totogM J J Jl \ 9 / (13.26) 


• on 


(13.26) 


».(«.») = ^f^. + ^B, - «Bll- 
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Mr tn 


J J /» ( a * ^ cos-Jx/v/rff 


Lit ill now const Her the most general esse. 

Let it be required to investigate the behavior of s quasi -resonant system for 
the approaches to the resonant sone from a nonresonant xone. For this purpose, it 
in necessary to construct approximate solutions that permit studying the behavior of 
the system for a sufficiently large frequency interval and which, in special cases, 
will yield the above-presented formulas for the resonant as well as for the non- 
resonant case. 

Here the detuning can no longer be considered small so that the approximate so- 
lution must be determined directly for eq.(12. 1). Moreover, the dependence on the 
angle of phase shift oust be introduced in the expressions for the instantaneous 
amplitude and frequency. 

Ihus, the solution, as done above, can be obtained in the form of the series 

x - « cos .t 4- .... 03.27) 

where a and 9 must be determined from the following system of differential equa- 
tions: 

du 

^ i i 11 ’ M) +* («* ;i ) f~ • . 

W -- + («. ») + s-/i a (a, ft) 

P 


(13.28) 


and where, in this case, the difference a - ^ v is not necessarily small. 


Let us then determine the functions uj(a, vt, ?), A^a, 9), Bj(a, 0), for i 


M2 

for chis p 

d*a j 

dn ;l ' 

f p 

r-rW 


f p \dB t 

rf/s -1 

« •— x -vl~ 

l q 

m 



W7F “ * ( W V ) /, 1 + /»,+(«- f v)4,}+,».... 


( 13 . 29 ) 
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I 


1 i 


« COJ (£ M+»), -«« »ln (f v '+"))(' 4 ' cos (f ' >, +")' 


sln(^+il)4 ^(— f '))] + •*- <»•»■> 


By equating the coefficient, of the sene power. of e in the right .idee oi equa- 
tion. (13.30) end (13.31), ee obtein the following ey.te- of di f ferenti.l equ.tion.: 


$+ 2 = 

- ^ l, )l f(“‘ — f ') 

cos(”^ + i »). (13.32) 

/, («. ■•>. * '»+»)+ {(»- ')« ■',? + ”"i '■ ! 

2»,B a + (?£ .1, + $ B, -,,fl,')J co, ( t- J + ») , 


(13.33) 


where the following nyoboln h.»e leen introduced: 

f J*. v/. F ~ * + #)=/(*. « CO* ( ■ J + “) • -« ui Si " (f V< + 1 ')) 


i -««> sin ( “ •./+*»))«! 4 

4 /.'/^,flCos(| v(4-i^, -fl«>sin( j v/4-l*^X 
X.( l, co* (J V.4- ») — «», si« (f y + ») + (•- f v )j — 

£(•-?*)# - £(-* ’)$- 2 &<(--f’)- 

2 Wdi At ~~ 2 wsi Bi — 2 a«3»( w "”v v ) <41 ' 


( 13. 34 
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For deteroining u,(*. vt. I vt ♦ 6). A t (.. 0) and B,(.. 9) fro. «q.(13.32>.^e 
proceed ee in the re.on.ot c.e; the condition th.t the e.pre..ion. for u,(«,vt.!Ut ♦ 
♦ 9) mat contain no tenia whose denominators uight vanish (at a * - v). penults a 
unique selection of the corresponding expre.aions for A,(a. 9) and B,(a, 9). 

After a aerie, of calculation, analogous to tho.e given for the resonant case, 

>e find, for u,(a, vt, ? vt *9), the expression 

4 L>f I ■«*(» 


fl M 


(13.35) 


X f X. -e«+»)r‘ , ~ ,l <"' , » 


(13.36) 


rod for deteroining A,(a. 0) rod B,(a. 9) « obtain the follo.ing ey.tem of equa- 

tiOII * : , a ! . 

•*r. 

- 2s2‘’ ,a,/8 f J f **) e c,,s '' d t d *' 

9 U O 

( w _£ v ) / /|l+2«/» 1 = 

2R 2*. 

a O (> 

Since the expreaaioo. for A,(a. 9) and B,(a. 9) -mat be cho.en ao a. to a.ti.fy 
the condition that Uj(e. vt, V - vt ♦ 9) oust be finite, -e can select, as the .anted 
egressions, a certain partial solution, periodic in 9. for the ay.trn (13.36), 
which given ni no difficulty. 

Hie explicit expr.a.ion. for A,(e. 9) rod B,(a. «) «H •>»»« the following 


for*: 


'*i <«.*>)" Si E*'** 


2r. 2** 

(</... /><) of ^ j foe~ " p# «>s Y iH </y 


\ 


— (qi» — pv)- o- 
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■U fi />~ sin ^ d x *t d' { f 


®.(«*»K-ss iYf 1 ** 


1W5 — (?» - />';)' a ' 

is 2r. 

(< 7 <o/;v)c/J" J /y? ~ sin *> d'*t </ {' 


4«** — (fl«i> — / 7 v)- a- 
Sr Sr 


+ 


2» 


!l» 


-'S’® cos ^d'4d'\ 


0 0 


(13.37) 


» 4 ^ — — jr*)* & 

Murhiiti found tijCe, vt, £■«, ♦ 9), A,( •, 0), B,(s. 0). eq. (13.33). can be 

q 

u.ed for determining .11 quentitie. necessary for the construction of the solution 
in second approximation. 

Thus. for determining A, (a. 6) end B,(s. 0) ne obtain the system 

(— ■f’)$- 2 “ 8 *= - ItsM.+w 8 ' - “ fl :} + 


an as 


(13.38) 


5* 5 I f A ("* ^ f cos .'j, </•,/ </•;,, 

• U 0 

(— 7 ')«W+ 2 * / '*"' {«"'■ '*. + «£' b,+ 2 ^.»,}- 

2r. is 

I. V <.(-/»" I I /.(«,< -- vf-f- ilV '-''*’ 9 sill ’!<(/••/ </v- 

2*? rnd J . ? - • \ if / 

« o a . 

It is obvious thst the foimulss derived by us for studying the resonant region 
ss cell ss the approaches to it, will yield sll formulas found earlier. Thus, by 
putting « - - v • eA in eq.(13.36), we find with an accuracy to tenss of the first 
order of ssiallness, expressions for Aj(a, 0) and Bj(a, 0) of eq. (13.23), which were 
obtained in the case of resonance. 

p 

Assuming thst the oscillstory system is out of resonsnce, we have ut - « vt ■ 

■ const, so thst eq. ( 13. 36) will yield expressions for A^a, 0) end B^s, 0) coin- 
ciding with those of eq.(12.35) obtained for the nonresonant esse. 
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To summer i xe, we present a scheme for the construction of a solution of eq.(12. 1) 
in first and Second «ppru*iw«tioR»* for the aost general case. Aa the first approxi- 
mation we take 

x ~ a cos v/ + J » 


(13.40) 


(13.39) 

where a and 9 must be determined from the equations 

in which Aj(a, 0) and Bj(a, 8) are partial, periodic solutions of the system (13.36). 
In second approximation we put 

x a cos ««,(«. !> - -t I !l ), <13.41) 

where a and 0 are determined by the equations: 


^~=zz,\ { Ui. ft) -f -AI 3 (o. 

tit 


(ID 

dt 


t. v + ■«, («. 51)4- a'/). («. 1'), 


(13.42) 


in uhich A,(n. 6), B^n. 9). A,(n. 0 ). B,(n. 6) »u»t be found from the »v*t«s 
(13.36) and (13.38) and u,(a, vt. ? »t « 0) Iron. eq. (13.35). 

•e note again that the equation of second approximation (13.42) taking account 
of the expressions for A, (a, 0) and B 2 (a, 6) of eq.(13.38) appear to be rather com- 
plicated only because they are written in the moat general form, lor concrete ex- 
amples, even in second approximation, we obtain relatively simple equations de- 
termining the amplitude and phase of the oscillation [cf., for example, eqa.(12.S6) 
and (14.38)1. 

Let ua consider the first approximation. 

In contrast to the nonreaonant case, here the variables are not separated in 
the equations of first approximation (13,40), and we have a system of two mutually 
connected equations for determining the two unknowns a and 6, 

fe note fi rat that, for sufficiently large values of p and q, in view of the 
assumption made earlier that the functions f n (x, are of polynomial character, 
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tH« first approx ins tion in the resonant case will not differ from the nonresonant 
case. I© fact, for sufficiently large values of p and q only terms corresponding to 
0 • 0 will remain in the sums on the right sides of eq.(13.40), which teima will co- 
incide with the expressions (12.35) obtained in the nonresonant case. 

Thus the effect of resonance will be manifested, generally speaking, at small 
values of the numbers p and q. 

Let us return to a consideration of the equations of first approximation (13.40). 

Since the right sides of these equations depend on a and 0, we are unable, in 
the general caae, to integrate the* in » closed form. The qualitative character of 
the solutions can be investigated in the general case, by means of the Poincare the- 
ory, since here we have to do with two first order equations. 

According to the fundamental results of this theory (cf. Chapter II) we may as- 
sert that any solution* of eq.(13. 40), with increasing time, approaches either the 
constant solution 

« »:=!), (/:->, 2 , . . . ), 

determined from the equation 


A t (a, St) — 0, to — P~ v -f- ( H> _ y 


(13.43) 


or a periodic solution. 

Thus, we obtain two basic types of stationary oscillations: oscillations cor- 
responding to . constant solution or, as they say, to the *‘equi 1 ibrium point* of 
eq. (13.40), and those corresponding to a periodic solution. 

In the former case, the oscillations (in first approximation) take place at a 
fret^cy ex.ctly equal to E v ^ich i., con.equently, .t . .i.ple ratio to the ex- 
citation frequency. For this reason such a state of oscillation, i. called *yn- 
chronous. 

In the higher approximations (cf. e.*. f eq. (13. 21)] the expression for 

• It mat be borne in aind that, for exery solution. the quantity a reuaina finite. 
Fro* the physical point of tie. this limitation it always satisfied, since the 
oscillation amplitude cannot increase without limit. 
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Mj(«, Vt, ~ vt ♦ 8), generally ap caking, contains in addition to the fundamental fre- 
pv 4 v 

quancy — - other overtones of the aoh frequency — . 

** q 

In the case where a constant solution of the type a • 0 exists in the system, 

corresponding to the absence of natural oscillations, the expression for ties, vt, 

P 

q vt * ^ «q* (13. 21) will be the same as in the non re sonant case of eq.(12. 34), 

and will represent a heteroperiodic state of oscillation. 

Let us study the question of the stability of the stationary synchronous state. 
To deteimine the stability of the constant solutions a 0 and 0 Q determined by equa- 
tion (13.43), the corresponding equations of variation must be set up. 

On the basis of eq.(13. 40). the equations of variation can be written in the 

form 

' 2*^*1 ;*<«„. »*>*» i v 3 "- 

= *rtl« Kv J »o> «« + s/4(««. ».)«»• 

The characteristic equation for the system (13.44) will then be 




( 13. 44) 


■ 0 


(*/i I« -f ««,'») /. s- M > _ 0 . («. <s> 

fro* eq. ( 13. 45) we obtain the fo] loam* conditions for stability of the synchronous 
stationary oscillations under consideration: 

* A i«(a 0 , %) +'5|#(« 0 , \' Q ) < 0, (13.46) 

A i« (o 0 . iy o)B[u (a 0 , it 0 ) - A (« 0> i' 0 »«i, ( (fl 0 , (13.47) 

In the latter case, corresponding to the periodic solution of eq.(13. 40), the 
oscillation will occur in first approximation with two fundamental frequencies, i.e., 
the frequency w or *j v ♦ Am and the beet frequency Aw, where Aw - ~(T ■ period of 
the given periodic solution). These oscillations are called asynchronous. 

Ae an example of— illustrating the character of the synchronous and asynchronous 
let ue consid er the vacuum-tube oscillator under the influence of an ex- 
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ttrnil ptfiodic forci of ft«q»«cy v. 

In the case where the oscillator i a eet up in accordance with the diagram given 
c;- 56^ tU jifUfmitii! ru^itiori describing the oscillatory process will be 

g + = |. <»•«> 

where L is the inductance; M the coefficient of mutual inductance; H the resistance; 

C the capacitance; D the tranaconductance 
of the tube; w * the natural frequency 

fix 

of the line circuit; i # * f(E 0 + h cos vt + 



* e) the tube characteristic (i a * plate 
current); E * E 0 + F cos vt ♦ e the total 
control voltage; E Q the constant component 
of the total control voltage; f cos vt the 
component of the nonlinear control voltage due to external excitation; e the com- 
ponent of the control voltage due to oaci llations in the circuit. 

Let ua consider the cane when f(E a * u), where u " e + F cos vt, is a cubic 
polynomial 

/(!■ o 4 a) “ /<!■„) f S„u f- .S’,k- - S,ir\ (13.*9) 

in which Sj > 0. 

Assume that the tenia on the right side of eq.( 13.46) are small; then the os- 
cillations will be close to harmonic, and we will be able to construct the approxi- 
mate solution of eq.(13.48) by making use of the formulas presented above. 


Thus, in the case where p "1, q * 2, i.e., « £ we have, in first approxi- 


mation. 


e ~ a cos 


(t- /-M), 


where a and 6 must be determined from the equations 


da 

dt 


='•»[ 


3 S % 


4 S, 






>er 
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,h " e *• ‘ IRC 1 S " ‘ RTI - E)' 

Ilk view of the foot that there is only one unknown function, namely 0 in the 
second equation of the syatem (13.51), it nay be integrated by quadrature. 

Let ua discuss still another question. 

Let us find the relations between the frequencies w and v, and likewise between 
the coefficients of the polynomial (13.49) in the oscillator, at which stationary os- 
cillations will exist. 

Aaauwe first Mint 

v I 


w 

2S er 


( 13. 52) 


Then, by integrating the second equation of the system (13.51), we get 

( 13. 53) 


<>(/)-* f) 0> 

f-»oc 


where 


V~ 4 arL ' sil1 2 j^~-S cr . 


( 13. 54) 


Kro« the first equation of the syaten (13.51), when eq. (13.53) i* satisfied, 
we find 


« (!) -*• <i 0 , 

1 ~> 


(13.55) 


where a. is determined from the equation: 

( S 0 ^cr 2 “f ’ 2 ^ COS 2l) o) a 0 — 0. (13.56) 

If 


‘S# ~ s e , - 1 ,s',r-* -|- 1 v cos 2 <*„ o, 


(13.57) 


then, obviously 


«„ — 0. 


Uus, when the conditions (13.52) and (13. S7) are satisfied, a heteroperiodie 
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ifiM 


,Ute .ill U i« *• o.cilUt 0 r. and only th. .tstionary .UU >• P— 

sible in this caae. 


Let now 


s 0 - s cr - 1 S^r* 4- Y .s',/’ cos 2i» 0 > 0; < n. so) 


59) 


Then, the aolution a. ■ 0 i. unatable. «d the ay.t« -ill be ael f-esciting. 

Froei eq. (13. 56 ) -e find the *alue of a. aa follo*a: 

,^41% \.4-v''4vc» s ^|. U3. 

, j /ii c<n and M3 58) are satisfied, a synchronous 

Thus, when the conditions (13.52) and vlo.ooi 

... „ . , *e® under ronsideratian. and in first ap- 

state is established in tne oscillatory ay-vC® unce 

proxiwation 

e - - « 0 cos y?j t + S'o) ■ 


(13.60) 


■here a # end 0. are detereioed according to eq.(13.54) and (13.59). 

Stationary o.cill.tioa. with con.tant -aplitode and phaae and „th a frequency 
equal to half the eacit.tron frequency, are e.talW.hed ,n the oscillator. 

According to condition (13.52). the detun.ng of the resonance |* - -\ .«st not 
esceed a certain «lue in thi. caae. In other eords. a synchronous state is pos- 
sible at sufficiently aeall saluea for the detuning. 

Ut u. no- conaider the caae -hen the sy.te. far fro. resonance. so that 

the condition 

i -U |Wi (13.61) 

“ tri integrating the a.cond equation of ay.t- (13.51). 6 .ay be repre- 
sented in the for. 

» = 4 m / + f '»). ( 

-here 0 i. an arbitr.ry conatant. 6(0) i. • periodic function of 6 with the peri- 
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T: 




sin 20* 


(13.63) 


On substituting the value o f 6 fro. uq.d3.62) in the first equation of the 
aystos (13.51). we obtain • first-order equation with a periodic coefficient for the 

determination of the stationary amplitude values. 

This equation will allow the solution a • 0, corresponding to the heteropenodic 
atate. The question of the stability- of the solution . * 0 depends on the sign of 
the expression: 


■here coa 29 denote, the averaged value of cos 29 over the period T: 

T 

1 


COS ill “ y | COS *211 lit. 


(13.64) 


(13.65) 


By virtue of eq.(13.63) we have coa 29 • 0. so that eq.( 13.64) takes the form 


-4 


(13.66) 


-\t * cr 

If the expression (13.66) is negative, there is no self- excitation and the 
heteroperiodic atate a • 0 is stable, but .1 the expression (13.66) is positive, 
self-excitation occur, in the system and. consequently, the heteroperiodic regime 

is unstable. 

thus, when the condition (13.61) and the condition 


are satisfied, it way be shown that 

O (/) . 1 (A W | 0), (13.68) 

t->ro 2n 

^(Aisiw + n) i £ the corresponding periodic solution with period T t * ie 

first' equation of the system (13.51) after substitution of the v.lue of 9 fro. equa- 
tion (13.62) in it. v. 

In particular, lor sufficiently great v.lue. of the detuning l« - ji. »e °»>- 

I tain approximately 


(13.67) 


all 
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where 


A (0) sa « 0 , 


a ' " ^( So ~ Ser 2 


(13.69) 


i.,.. the value of the et.tion.ry -plitude in the nonre.on.nt cee. 

Thu., .hen the condition. (13.69) »d (13.67) .re ..ti.lied, . st.uon.ry t.o- 
frequency .t.te - ..ynchronou. o.cill.tion. - i. «.t.bli.hed in the o.dUtor. In 
fir.t W roxi..tio«. for the .t.tion.ry o.cill.tion., « obt.in the exprc.on 

e =;- .<\ (A W -f- '0 COS ^ + + (13 - 70) 

in .hi eh \ * 6. i. the fund-ent.! frequency. -hit. the »plitude A(fWt ♦ 6) end the 
ph..e 6 ♦ *(6ut ♦ 6 ) o.cill.te vrith the be.t frequency *“• 

on analysing expre..ion (13.70). it i. not difficult to note th.t. on ooring 
„.y fro- re.on.nce, the o.cill.tion. (13.70) .ppro.ch the nonre.on.nt o.cill.Uon. 

of the loim e — u cos (v>t -+■ *))• 

Ui. obviously occur, in the -o.t general c.e .. -ell. On studying the gen.r.l 
equation, of fir.t .ppro.i-.tion, eq.(13.«0). .« m, .ho. th.t .hen the detuntng 


increases. 


the ** resonant first approximation* is continuously transfoiwed 


into the ** non resonant" type. 

Section 1*. Influence of . Sinu«>id.i force on . Nonllne. r _Q K»lUtor 

A. ■ apeci .1 case of the o.ciii.tory *y*tan described by eq.(12. 1), consider 
the nonline.r o.cill.tor under the action of . h.»onic force. The o.cill.tion. of 
M ch . .y.te., .. .t.ted .bore, .re de.cribed by the follo.ing differenti.l equ.- 

tion 


r ** */(*• s,n *' *>• < 14 - » 


• (For footnoto, *«• next page). 
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iitnuWtion se CMC to the conclusion that, 
Q* analysing this equation in oar Introduction, 

in lift approsination. only th. fundsnentai raaonance con be detects. 

than, uninft the fornula. nlr.ndy darirad. let «• ccn.troct 

tion. ol eq.(U.l) for the case of funda=ant.l re~n-.ce (p * 1. q ‘ »• 

Equations (».») U3.*>.. in nppr«i«tion. yield 

jr a cos ( *t +~ *0. 

.here a and 6 .u.t be defined iron the ay.te. of equation. 


(14.2) 


— i~ f /,.<«. -t -f !t ) sill (•< \ !))</( •/ t '•') 
2t»whi J 


in (» | ■>) 


cos 1*. 


(14.3) 


j, - °* v ■ >rwam J 


— — f /„ (ii, yf + >0 cos (■' + u > d <'■' +■ r 

ruximj u ■ 


+ 


iE 

ma (<*> + '*) 


sin V. 


Here 


(14.4) 


f 0 (u f 4 4 - »)) =: / (a cos (•♦/ 4- — <iUi si!l r 

In second approximation •« obtain 
X* ~ ~ a COS ( *t f V) 4 

, t y__J - [cos m N + !l )X 

i ^ w* ■*' w*) L 
« - 

X JV * + ») cos « (>H- «)<* <-' 4- ») + 

' * . , tK. M litude of the asternal h-»onic force ia 

ft is .sawed in this case th because f physical considerations. « 

,.,11. If this conclusion is inpossible becauw o. p t 

have the equation 

! t:M '■ 

. E j. reduced to an equation of the 

i • t 1 Mtikel t fiiil All H * V * 

wriicn, »y M.5 -as^-w. — ^ - V‘* 

type of eq.(12.1)» 
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-f- sin m (yt «») j (</ , v/ *i) sin /w (v/ "j~ '■) ^ ( v * f ^) j » 


«h«re a wd 6 are function* of time, and are determined by equation* of the second 
approximation f which we will not write out. 

Let u» discuss in wore detail the investigation of the first approximation. 

As in the case of a nonlinear systesi subjected to a disturbance not explicitly 
depending on time, we put, for abbreviation (cf. .eq, (7.4)3, 


f 0 Ut t 't f U) sin (V/ -f I !)</(>* ~H>) f 


kjit) k ^ j /q (</ , w |-S»)cos(W f | i»). 

il I 

and note that the parameters X e (a), k e (a), so introduced are the equivalent coeffi- 
cient of daaping and the total equivalent coefficient of elasticity for the oscil- 
latory system under considerstion in the M free'* state, in the absence of external 
excitation, i.e., for a system described by an equation of the form 




After this, eq.(14. 3) may be written as follows: 

da * . . «/: u \ 

— • — «■ lain rnc I 

dt m V) • i 


:-j r V sm 

rna (<♦> S v ) 


X.(a) .j k^,(a) 

where A e (s) • -j— , w € (a) ■ y — — are the equivalent decrement of damping and 
the equivalent frequency of the nonlinear natural oscillation* described by equa- 
tion (14.6). 

Consider the stationary states of the oscillations. To obtain the stationary 
values of the amplitude a and the phase 9, in first approximation, the right sides 
of eq.(14.7) must be equated to sero, after which we obtain the relations 


l < ( “* m(T.r^) C0S 


** — o, J 




Declassified in Part - Sanitized Copy Approved for Release 2012/11/14 : CIA-RDP81 -01 043R001 300240005-2 






i 


B 






— sirs l! 


.of 


1 ma (<*> ! v) " ” j 

or, with on accuracy to term. of the aecond order of smallness. the following re- 
lationa: 

«£«««». I 

««!«;(«) y‘ J | — sin K, / 


(14.9) 


-hence, on elioin.ting the phaae 0, -e find the relation bet-een the amplitude of 
the stationary oscillations and the frequency of the external force: 

• wV|(u»;(«) - V‘)4'+-4v*5J(o)| = (U10) 

The resultant equation. (14.9) and (14.10) coincide with the equ.tions used in 
the classical linear theory for determining the amplitude and phase of forced os- 
ci llations 

X a COS ('*t H) ( 14. 11) 

in a system -ith the mass a, the coefficient of elasticity k e (s), and the_coeff»- 

cient of damping X,(a) (and. respectively, -ith the frequency «,(•) 

the decrement 6 „(.) • S - ( -2 ) . under the influence of the extern.l sinusoidal force 
* 2 d 

et tin vt. 

•e may therefore formulate the follosing rule: Given a certain nonlinear sys- 
tem under the influence of an extern.l ainusoid.l force -ith . frequency close to 
the natural frequency of the system. Required, to find the values of the amplitude 
and phaae of the stationery synchronous oscillations of eq.(14.2). 

For this purpose, by line.rixing the given oscillatory system in the free state 
(i.e., not taking into account the external force *E sin vt). -e determine the func- 
tion, of the amplitude: the equivalent decrement rad the equivalent frequency of the 
mtural oicillitioni. 

Oh substituting the resultant value in the classical relations of the linear 
theory of oscillations (14.9) and (14.10), -e obtain an equation for determining the 
required fjnaaiiiic*, asplitsds sad ph**€ 

this role has been formulated for the special case of the oscillatory system 

237 


Declassified in Part - Sanitized Copy Approved for Release 2012/11/14 : CIA-RDP81 -01 043R001 300240005-2 







described by the differential equation (14.1). but it any be extended to «ore *«n«r.l 

caeti at oscillatory syetsoa. 

Ut u. introduce the condition, of stability for the aynchronou* .t.tion.ry o.- 
ci 1 lstions under consideration. 

For the resonsnt csss, the equationi of first approbation (14.7) mmy be repre- 
sen ted, sith an sccurscy to terns of the second order of soallnesa, in the ton* 

d * : 2m%(a) ^cos^. 

(14.12) 


lit r "> 

*** |ur (<j) >" | u i m sin 


tit 1 

uid the equation* of the atationary nynchronou. *t*te», in the for* 

R(U, !l) " 0, j (14.13) 

'•<) 0, j 

.here B(a,e) end *(..6) denote, respectively. the right aides of eq.(l*.12>. 

Let * end 6 be any solution, of the «q.(14.13). To iove.tig.te the question 
of their stability, let us *ate use of the condition, presiou.lv derived icf.equs- 
tion (13.46). (13.47)]. As applied to our esse, they .ill have the folloving foi* 

aR' t (u, (a, *•>)< 0. (14.14) 

R[j«. •»)•!•' in, *.») — R' H (a t >0. (14.15) 

Let us discover the seanin* of these inequalities. 

Froc cq. ( 14. 14) •€ have 

, .> til* Ui ) « t/:_ 




I cos •*. 

da 1 m 


•hence, bearing in »ind the first equation of the system (14.12), we find 

uR'(a\ **H- +!(<#. «) 


(14.16) 




In vie. of the natation introduced in eq.(14. 5), «* a.y urite 




ifit , (a> . __ 2v 


m 
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•» = ., W (a), 


(14.17) 


t X 
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* ? /(rt COS — -««i sill (mt 1 »))««* sin (W **) (14.18) 


represents the wean poser dissipated by the force ef(x, j-~) under the oscillations 

A* « COS(lu/ f *»). 

Under the ordinary lev of friction, 1(e) increase* with the amplitude, so that 

U '(</) 0. 

In thia way, if »e confine ourselves to the consideration of ayateas obeying 
the ordinary lav of friction, then condition (14.14), according to eqs.(14. 16) and 
(14.17), will aloaya be satisfied. 

Consider nov the condition (14.15). Kor thia purpose, let us investigate the 
dependence of a and 9, the solutions of eq.(14. 13), on the frequency v. 

Ote differentiating eq«(14. 13) with respect to v, we obtain 


o' ,ia 'U- 

K u d , ^ •> d < 

<\t' — L. «!»’ : 

* « ( ( v 


whence we find 


- -w 


On the other hand, eq. ( 14. 13) yields 


/?; = *! Sinft. /?;=- 2*»«, 


(14. 19) 


(14.20) 


(14.21) 


in connection with which the right side of eq. (14.20) vay be written as follows 

$%— /?;«!*; — v^sin!>-f S,.(«)| cos»), 

or, bearing in nind eq.(14.9) r in the fora 

•I*;/?; - R’X == 2va‘ l |(«* (a) - *>) - 25* („)|. < «• **> 

It thus follows froo eqi. ( 14.20) and (14.22) that 

W£ = 2^ 9 IK(«)-^)- 25-(fl)|. 
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n i. Be9 obvious that the condition of lability (14.15) ~T bo ^.seated in 
the fom 

d ± >0. if ®J («) > v’-f- 282(a), 

(14.23) 

I g<0, if »-(«)<vM23*(«). 

ot . eit h an accuracy to tew. of the fir.t order of —line.. [6.(.) being a tew of 

the second order of soallnesa], 

" % >-°* if “••(«) : y . 

"" (14.24) 

g <0. 1/ »,.(«) < V. 

The condition, of at.b.l.ty (14.24) no obtained are very convenient for the 

graphic representation of the relation between wplitude and frequency. 

Noe, asking use of eq. ( 14.10), let 


da 

ih 

>0. i 

t «>,.(«) '. 

da' 

d* 

< 0. r 

f «*c («) < 




Q us construct the curve (FigvT9) of 

( i — * v~uj. (&! 

a=F(v^^!^/ u—F(» ) (14.25) 

(the resonance curve), and also the curve 

I f t I _ p /.a (14.26) 

defined by the equation of exact reao- 
nance 

1 0 — ~ V <W„ («) = \ 

Flg ' 79 (the so-cslled skeleton curve). 

Then on the branch of the curve (14.25) lying to the left of curve (14.26) 
thone parts are stable (i.e., correspond to stable -pUtude.) on which . incre.se. 
with w Conversely, on the branch lying to the right of curve (14.26). those seg- 
■eats will be stable on which a decreases with increasing »• 

The graphical construction nakca the relation between the stable stationary 
Mplitude and the frequency of the eaciting force clear and. in particular, pewits 
detewiniag the poiata of di.watiauity due to the phenomena of hysteresis, which 
are characteristic only for noiiliheer ayete»a. 
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ity. 


As • concrete example, consider the nonlineer oscillator eith a nonlinear re- 
storing force haring a hard characteristic <f - or * under the influence of to 

external ainuaoid.l force. Ut the oacill.tion. of the vibrator be de.cribed by an 
equation of th« form. 

+ * Jf 4“ fjr + *>« < (14 - 27) 

rf,.re x i. a coordinate defining the po.ition of the system; t the time; a. the »«a. 
of the eyetea.; b the coefficient of resistance; t • cx * dx> the nonlinear elastic 
restoring force; E and v. respectively, the soplitode and frequency of the external 
sinusoidal force. 

Ut ua introduce, for amplification the dinensionleas x t end t, of the forsm- 


-v, 

Equation ( 14.27) way then be presented in the fore 


■£■+*£-» si ""- 


(14.28) 


. . > . V • E JT. and for aimpl i fi cation , the subscripts of x and t have 

where 6 * M ~ 1 c * 

»c 

been omitted. 

*e .««-* no. that, in the system under investigation, the friction .. .ell as 
the -solitude of the external force ere -all and. in addition, th.t the character- 
istic of the noalinear restoring force is sufficiently clone to linear. 

Then, a cooper i son of eq.(14.28> «th eq.(U.l) will 




(14.29) 


after sAich, ..king «.« of eqa.(U.2>. (14.S). -d (14.7). .« obtain in firat ap- 
proxi.ation the solution of eq.(14.28) for the enne of the funda-entnl reaonnnce. 


in the form 


X --- a COS (vf -f- It), 


(14.30) 


•here s end 9 asset be determined from the ayste- of equations 
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..r - 
, . . 

If 


::i; i 


da 

di 

dO 

di 


za 

■ 2 ' 


v';: 


I • I 3 « a L 

= 1 ~ ' T IT + 


fc'i 


sin it. 


(14.31) 


8 T a(i4-v) 

Ut u . „o. p... directly to . con.ider.tion of the .t.tioo.ry et.te of ey»- 
chronou. oscillstions. I« *«ch . et.te end eccordin* to «q.(14.30). the quality x. 



I 


io first epproxi.etion, -ill r.ry eccordisg to . cosine cure. «th the frequency of 
the externsl excitstion. -d st . con.tsnt -pl.tude end constat ph.se which csn be 
determined, with sn sccurscy to terms of the second order of wellness, by the sy 
tern of equations 

- ua — cos II 0, 
a | ( 1 f ~ - y — v-*j -f- f:\ sin It = 0. 

Then. eq.( 14.5) sill yield 1®' e,. (14.28): 

o„(«) — »,(«)”> + %.• 

By eli.in.tis* the phase 8 fro. eq.(14.32) [or by directly substituting the 
values of ».(.) end .,(.) fro. eq.(l4.33) in *,.(14.10)1. -« find the follosing 

relation between the -pl.tude of the st.tion.ry o.cill.tion. -d the frequency of 
the external force: 


(14.32) 


(14.33) 
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from which we obtain 






( 14 . 35 ) 


By wans of this relation « construct the curve of reeonence (Fig.80>, end 
•1*0 the skeleton curve determined by the equetion 




( 14 . 36 ) 


(Fig. 89, broken line), 

F„m the resultant diagram, in sccordence .ith the rule given previoualy. it is 
easy to establish the tones of stable and unstable amplitude. 

Thus, the sepaents of the resonance curve MAB and DCN ..11 correspond to the 
stable amplitudes. The points B and D .ill be points of discontinuity in the an.pl.- 

tude. 

The diagram give* in Kg.80 permit. « complete .n.lyai* of the character of the 
oscillation, in the system under study, with variation, in the frequency of the ex- 
ternal force. Thu., at increasing frequency of the external force, beginning *!th 
small values, the amplitude of the forced oscillations increase, at first along the 
curve MAE. At the point B, a break in the amplitude takes pl.ee. The value of the 
amplitude passes with a jump to the point C, and then varies along the curve CN with 
a further increase in the frequency. If we now begin to decrease the frequency, the 
amplitude of the forced oscillation will vary along the curve NCD. When it reaches 
the point D, the msplitude will shift to the point A and will then vary along the 
upper branch of the resonance curve AM. 

•e note thst the yerietiona in frequency of the external force ere considered 
to very eo slo.ly that, in practice, the system may be considered as being sta- 
tionary at any instant. Thin question oill be discussed in more detail beloe, in 
connection eith the phenomenon of passage through resonance. 

•e no. present a eolation of eq.(12.28) corresponding to the second approxima- 
tion. According to eqs.(14.4) and (13. 42). ee hare, in second approximation, 

* — « <o*i-4 -+• »)4 CO* 3 (* + ft ). (14.37) 
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b. determined fro. th, ay.te. of equation. of second W ro,i«tioo 

; . ' « la la . 3o*l 


U " r 16 

r p i » 3a3(7 ^ v) l cos u 

. ; ” i j v ii (3 — v) (! 4 *j*J c0 

, , 3a* ** IS^_l 

l " v + ~r““T“"256 ' 

, **. [ L 1 sin ii 

-r „ | I 4 8 (.{ — •«)(> i •*)• I 


nrfa ,,aK 


/:,s COSil. 

. 

As foUoB.'fr^ «,<14. m. Hi«h.r K.™ooi'c. . P P«r i» the second epproxi— 
tion. end the oscillation .ill no longer be purely sinusoidal. 

By equating the right side, of eq.( 14.38) to rero and eli.in.ting the .ogle 6. 
.e obtain the relation bet.een the anplitude of the o.ctll.tion. a and the frequency 



Of the external force e in second soproxination. Ui. relation -ill no. be uaed for 
constructing the curse of resonance in second approximation (Fig.81, broken ltne). 

As indicated abuse. in an oscillatory ifiUa of the type described by eq.(14.1), 
„ul y one resonance, nanely the principal resonance (p ’ 1. q ' » can be detected, 
in first approxination. The subnultiple resonances can be detected only on con- 
s id«rfttioa of higher ■ppio*i«*tion». 

To illustrate this, let u. construct the first and necond approxination. for 
the oscillatory sy.ta. described by eq.(14.28) for the case ofp*l,- 3. 
According to eqs.(13.39), <13-40). *« base, in first approxination. 

««<s(iy+i),. " ,s ” 

•here a and 8 oust be determined fro. the equations 
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ill 


itSt 


w 


14 

“ 2 * 

1 3a* 

4« + T 


(14.40) 


Tfce right .id., of eq.(U.40) depend only or. . cd ch.r.ct.ri.. the .y.t- in 
c. By integrating the.. ** foU °""‘ ~ 

pressions for *' 

( 14 . 41 ) 


x r a./ ‘ 1 ^*° s [* &r 0 ^ ,l() ! 1 

0. ... .rbitr.ry con.CC *«. in «H4 the o.cill.- 

tioa. of th. .y.t« «. d..crib.d by d-ping .cording to tb. exponent..! cosine 
*il. tK. frequency of th. o.cill.tio.. depend, on the -pWtude 

there .ill be no re.on.nce effect in fir.t .pproxi«t.o» ; ho.erer. . 
the Let that the -plitude of the extern.! ..nu«.id.l excict.cn U of the order 
..t .... forced o.cill.tio.. -* the excit.t.on frequency .ill be detected » - 

approximation (th. forced ocilUtion. .ill be perceptible on »n..der.t.on 
refined fir.t .pproxio.tion) . 

u, .. ft. ~ •" J 

(13.42) *e find the folloeing expre..»on for x: 

cos (i .<+») + £ 3({w .■ + »)- -f *" ->■ “■< •» 

is rfsich -M.de .re solution. of the equ.tion. 

df ~ 32 ( l + 

.» v ■ 3a* ** l5a4 _l_ — -sin 38. 

f='-T+T-T-®+ 32 ( 1+ <) 

n. die) -i me) ...dr «. •>■• •' “* “* 

d uu.. - ft. —11— ft— *•* ” — “ 

iw. (. — H-ft ft. «•<»•«»• *• . 

«„ .. ft. «»fti ■.«— •> ‘ft •>” ‘—'ft •“ l 


cos 38, 


(14.43) 
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ssUnisl force. From ea. ( 14. 43) *t say detect the reiossni tones end construct the 


resonance curves. 


Qn equating the right sides of eq.(14.43) to aero, we obtain with an accuracy 
to teres of the third order of aeailness, the fallowing relations defining the sta- 
tionary values of the amplitude a and the phaae 6 of the oscillations: 


- 5, («)« - cos 3ft — 0, 

**;(«} - f + sin 3» = 0. 


(14.44) 


Here the following notation haa been introduced: 

o„(«) ~ i * ia-, 

t 3a- 4*- I "mi< 

"*-•("> 1 * T - T- i» 


(14.45) 


On elieinating the phaae 6 froe eq.(14. 44). we find the relation between the 
eplitude and the frequency of the disturbing force: 


«»;_<«) - 


'to-*; 

'-<«) -,-nSi 


ml 


-(«) — J, |0 Hi 


(14. 46) 


(14.47) 


froa which we are able to construct the resonance curve. 


W>e now present an example for which the submultiple resonance can be detected 



Fig. 82 


in first approximation. 

Consider the iinesr oscillatory circuit with 
feedback, using an electron tube (Fig. 82). 

It is well known thnt Mandel'shtam ana Papal eksi 
(Bibl.27) studied, in this example, the influence &£ 
resonance of the n 1 ^ kind and obtained the solution 
of the resultant equation, for the steady state, by 
the Poincarl method, the van dcr Pol method was used 


for studying the process of build-up of the oscillations. 





for this oscillatory ayateas, the differential equation deacribing the notion 
haa the fore 






the equation of the tube characteristic depending on the control voltage. 
After a number of transformations, eq.(14.48) may be reduced to the fonn* 


• v */(*• £)+**■ 

uaing the fol loving notation: 

f { x> it) ~ F ‘ n t+t x ' 

F(X) — YTJ f I (A*) -2«x, 


nM r Ea t — ~ 

V'n ” * ' to ’ 



(14.48) 


(14.49) 


lit. 


(14.50) 


(14.51) 


nR "■ - n'«*j ; 

w/„ n 


. _ _ /.(V.) _ f ( d[\ 


( 14. 52) 


Let ns next discuss the resonant esse, to be sble to apply the formulas of 
Section 13 to the construction of the approximate solution, the following substitu- 
tion of eariables oust be performed in eq.(14.50): 


(14.53) 


x=y+jzr^ %innt ’ 

after which we obtain the following equation: 

+,=»*•*, f + t=V«H- 1 “ m ’ 


• Cf.Bibl.27. Vol.II, p.21 


- i - - . - ■ - . 


I 

i ; | 
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Bi 





that the feedback in the circuit is effected by neana of an electron tube 
having the character! Stic 

{ + f»x-{-ex‘ i ~ <lx\ (14.SS) 

where * 12 volts and 1 # * 142 »«, while a, b, c, and d are constants. Then we 
obtain the following expression for the right side of eq. (14. SO): 


using the values: 


/(*. £)•-(* + to + ,*> £ + Jfg x. ,u.m 


I |. V • ^ : A* 0 -f~ 2*1 jV , f fi 0.0 1(), 


£ 

0 0,013, i 2, k 0 0,03 | (14.57) 

(a ^ 0,05, b v 3,35, r ~ 2,25, d 1,5). 

On substituting the values of f(x, fro* eq. (14.56) in eq. (14.54), »e find 

the following expression for the right side of this equation: 


/[r+T^w V + 1 "'] 


[ 


21: 


2yE 


k 4 2y 4 | sin nt 4 - 1 ^ v 1 4 , _ n . 


(14.58) 


sin nt 4 ~i ! y ' 1 4 i- ~hi si" nt 4 

4 d si!,i "')] (S' + 1-4 cos n! ) + 

+ m<i(y+T~*i*"' n, Y 

Let us now construct the solution of eq.(14.54), in first approximation, for 
the case a • 2, i.e., for the case when e half •resonance way arise in the oscilla- 
tory ay stew. 

Making use of eqs.(l3. 39) and (13.35), and putting p * 1, q ~ 2, we obtain, 
after several calculatioaa 

COS (/ + «), (14.5?) 

where e and 6 wuat be determined from the system of equations of first approxima- 
tion 
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( 14 . 60 ) 


‘Mamm 
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I 



....... Mi xi*\ niniti An 

of of ««» *»«»«“=" ( ‘ — - — 

, ,l- build-up proceaa of oaeillntiooa in resonance 

of both tha atetionary at.te and the build up proc 

t°‘ ■*. — - - - k - 

. I ,.— 1 0 thia cane, the integration of the 

.rated. a»d a and 0 found •« lunation, v. * ... 

.y.ta. (14.60) can be cooplatad. for thU purpoae. -a parfot. tha au atitut.on o 

1 aariablea in aq.( 14. 60). according to tha fonwl.a: 

a a COS ft. V « sin ft. (14 ' 61) 

«... - — *• •— •“ W ‘“"" 

ayatam for tha nea aariablea u and »: ^ 

5 .{ t 5 <«* +•«>)+ iSr” +• * * i"}' 

« 1 TM b*v be reduced to en ecpie* 

me ayataw (14.62). •» preaiou.ly aho-n (B,bl.27). o.y 

tio. of tha Bernoulli type. re8oecli «ly and aubtract.ng the 

Indaad. on oultiplying aq.(14.62) by * ™ -• raapect.aaly. 

accood product froo the firat. ae get 

v ,fi “ lit " dt\v) (14.63) 

t I . ...i. („i X. M. 


~ ‘ I (u‘ V*) 4 -(«•■* '+ «*> f 


On oultiplying the firat aquation of tha .y.ta. (14.62) By u and addin* the re- 
.It « obtained to tha aacond aquation ouitipiiad by a. «a obtain. 

...... * It. 




Setting 


u„ <" ■“ U, M ’ “ , H> ‘ 

$ ;•!( !-!>■’ (■• £ ■ '>!• 


(14.6S) 


(14.66) 
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gqnaiien (14.66) is easily integrate^. 
After hairing deterained y(t) fro* it, eq 


be reduced to the for* 


where V(t) ia a known function of ti*e. 

By subkti tution of * • e<,.(U.66> i. reduced to the line.r equ.tioo 


1 where Cj ia an integration constant. 

— * T Let us now determine the steady oscillations 

at constant amplitude and phase. 

On equating the right sides of the sya- 
we obtain the relations 


determining the stationary values of the amplitude* sad chase of the oscillations 
By eliainaiing the phase 0 fro* eq.(14.71), we find the well-known relation 
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by Man* of which we can construct the resonance curves characterising the relation 
o I the Mplitude a to the detuning l (Fig. 83). The stationary values of the phase 8 
are found by the aid of the fomula 

* .l M. 4. 

^ 4 1 li) 

’ (14.73) 


t.r 21) 


where a is determined fro* eq. (14.72). 

For deteraining the stable values of the stationary aaiplitude, we proceed ac- 
cording to the general rules. 

We find first the quantities 


/C<«. ») = = + )+ #+ ^ Si" 2#. 

At, (a, is) — ~ cos 2!), 

«'(«, II) = 0, 


- | sin 2». 


Bt>(a, «) 

After this we can set up the equations of variation: 


(14.74) 


dha 

di~ 


at 


‘H(*+Y)+£+4*»}*+ 


-y sin 2ft oft, 


+ — cos 2ft oft, 


(14.75) 


f row which we find the conditions of stability of the stationary values of a and 8: 

1 \ * -t ~~ir j ^ 1 st ■+" it sln 2i> "t sin 2]) < o. | 

(14.76) 


)+^ < o. | 

U (* + ^ ) + ■§■ + 1 sl " 2!l } (- f *1" 2#) > 0. 


These conditions, after several transformations, asy be represented in the 
for* of the following well-known inequalities: 




2S1 




(14.77) 
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t*+ 1 r+ J r]>o. 


(14.78) 

the analysis of which, together with the relation (14.72), permits determining the 
similitude aad boundaries of the stability tone of the periodic solution with the 
period 2*V 


Section 15. Influence of s Sinusoidal Force on a Nonlinear System with a 
Characteristic Coaposed of Hectilinesr Segments 


As our second special case, consider the oscillations in a nonlinear system 
with a characteristic cosiposed of several rectilinear segments, the system being 
under the influence of a sinusoidal disturbing force. 

Oscillatory systems for which the nonlinear restoring force hss s character. 


I 


jwwww\| ^ |/wwvvj 


yps. 


yUAAA/UAAiU/j 

;«fwvmrwvv] 


S 


'fox?. v. ~ -Srrr 


WMWAW 




iatic composed of segments of straight lines (figs. 84, 85, 86, 87), are widely met 
in technology* 

A number of works have been devoted to the study of forced oscillations in non- 
linear systems of this type, for cimple the reports published by A. I.Lur’ye and 


VCf. Bibl.(27), Vol.88, p.36 
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A.I.Chekmarev (Bibl.51), where the solution is derived by Galerkin’s method; for cer- 
tain ini tie! condition®* of special fane. Den liar tog (Kibl.52) constructed s soiu- 
tion which may be considered «s exact, but which is exceedingly unwieldy. 

for the solution of such problems it seem* more convenient to use the above 
asymptotic method which, in first approximation, yields the same results sa the 
Gelerkin method, but at the same time makes it easy to determine the second approxi- 


Fig.86 

mation, to find a correction to the frequency of the second approximation, and not 
only to approximate the stationary state but to follow the motion in the system dur 
ing the period when the oscillations are building up. 

Thus, let ua assume that the oscillations of the system are described by an 
equation of the form 

'*;* 4 /*(*)=■■:*/. s/T sill V/. (15.1) 

where the function f(x), expressing the relation between the nonlinear restoring 
force and the displacement, is an odd function of x (the case of a symmetrical non 
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Uner «hme»rintic) Ke. the for., lor «i«» i» H*s 84-87. 

«. note thet. if the eh.rect.rt.tic ol the nonlinesr restoring lore. i. «y- 
•etrie. the nluUon «n Jik.-in be constructed eithout trouble by the .id of the 

iwfl 

kmuvmt that Ux) «*Y written in the foi» 

F(x)^c"x + tf(x)\ US - 2) 

Then, ieeteed of eq.(15.1), nnny consider the folloeing: 

% + c”x^ - S /(x)+«/,(g) + ^sin< (15-3) 

Consequently. «qs.<l4.2) sod (14.3). in first spproxintion. -ill yield the solu- 
tion 

X ~ a COS (W + «). (15.4) 

-here n end 6 oust be deter-ined fro- the syste. of equetions 

I lls . s) 

fr = « V + [/<« COS $> C0# '«’ ^ i S ‘ n "• 

at i 

Bearing in nind that 

• 2a 18 

*5 + -i- f /<« cos -V) cos -V 4 = i f /*<« cos *) cos -V ( 15 6) 
“o 0 

we trwiafem eq. (15.5) into the low 

. 4' . co# ft, tis.Ti 

where, an above, 


2« ' 

,1«) = 55; J/i (- «« sl " *> ? ln W 


STAT 
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mm 


a 4r 


t IS. 9) 


" 4 . „f M (IS 7) to icro, «nd eli.in.ting 6, we find the re- 

ft, equating the right erde. of eq.(15.7» 

Utio. b.t-.«n * * *>' th * ‘ t * tion * n ' 

0 S|(.:(„) _*»>'+ ■!»»••; Ml --=«■* 

„ .. ....... - *•— - ^ 

$iipie f o rrou 1 • • 

«K(«> - -‘ J l " l/: - <1SU) 

.. e. *• - ~ k ' ”“ J 1 ’ ° “* 

... ^ •— 

Neglecting friction in eq.(lS.l). " h,,e ^ ^ 


x =s a cos (* + »)+ *«i <«• yt ‘ sl ‘ H*** 


where 


2 r. 

+»>“ T - Iff'* m » c '“ * «• US ' “ 

1 *• 

1 ' -^w - 1 (15. U) 

+ 2 2 d «i(i — n») 


H i 

in .hich the following » 7 »bol. ere ».ed: 

2n 


fn («) f / (« cos ’V) cos B 'V 

o 

2r. 

/,!>(«) P - J-j /« (« COS •» COS H-V rf-V. 


(15.15) 


«e ..... no. to the contraction of the re.on.nce car...- For the ch.r.ct.r- 
i.tic of the nonlin«»r ...taring force, tt~ » «-•«*«• " ~ 


255 


,v 


'- f Jf 


Declassified in Part - Sanitized Copy Approved for Release 2012/11/14 : CIA-RDP81 -01 043R001 300240005-2 




Declassified in Part - Sanitized Copy Approved for Release 2012/11/14 : CIA-RDP81 -01 043R001 300240005-2 



imd let us denote by y. the smallest root of the 


Then it becooes obvious that 

(<•' t") U COS fat % *C T ' ~ ’’ 

t ~~ ■ (<•' £*)acos’Vo t*r 0 <•><$#, 

— (f ' c”) fl COS % far * - % < 'V < 

On dissecting the interval of integration into three ports, »e 
eat ary calculation*: 


c”) 1 a arcsin 


after analogous calculations, »* have 


i c") [« arcsin : *+Xq\ I 

in the absence of friction. eq.U5.il) will give the following re 
i Mplitude of stationery oscillations and the frequency of the 


external force 


• Translator* a note: See errata sheet 
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or, dftfloti&f t I * ** 


5 + c”) [/• : -■% + A arcs‘1. ^] = =*='£ (,5 - 2U 

Using the relation (15,21). let us cos.tn.ct the f»ily of ««.»« cur... 

■ E 

(Hg*. 88-91) for varioiii *aiuea of 

The reaonence curse, present.dV'th... ii.gr— pr.ctic.lly coincide (within 
the li.it. of accuracy of the con.truction of the graph.) with the resonance curse, 
constructed by the exact foruulaa of Den Hartog and Gel*. 

For constructing the resonance curse in second approximation, the expression 
for the su. entering into eq.(lS.14) «u.t be detensined. he note that the calcula- 
tion of the so. insolse. no difficulty since it. su— nds rapidly decrease with in- 
creasing therefore, it i. sufficient to calculate only the first su— nds. 

Taking eq.(15. 18) into consideration, we find the following seines for the in- 
tegrals of eq.(15. 15): j 


(15.22)* 


" (*/(« cos '}) cos n-'j d'\ — 

f«-l 

4- sin [(« — ! ) arcsln ~] 4- 

«£! 

-f • rt yr- siil [(« 4- I ) arcsln 
(« ~-3. 5, 7. 9, ...), 

1 * 

“ j* fa (« cos *J») cos irj d*{ ~ — ~(c' — <") sin n arccos 

V* ‘ - 2. 4. G. 8, . . .). 

On substituting eq.(15.22) in eq.U5.14) s»4 confining ourselse. in the — to fise 
vc obtain 


• IrintUtot’i note: See errata ahect. 
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(15. 23) 


« (v>— c") - I (c' - <") [.v 0 \f 1 (J) a ! « iircsiii - 1 ■ 

. I j'7a(«)t/i ,, («> ' I . /»<«> UV'<*»> ' 

+sa\ ~ h '' >i i 

■'■til o, 

.here £ (.) end £<*><.) (n • 2, 3. ♦, 5. S) ere detained by the erpre.eion. 
® n 

Me 


/:,(«) 
/;.(«) 
/.'(flV + /.”(«) 




.rf. .v* 

i : i f ~ - i^. 

<i- 1 a- 1 


U. ' (■"> ■»,, , / , 

if>W a V 

'•la ill 

a- 1 a 

« < c f - O -v u | / 

1 ' “ 1 1 - 

* a V 


1 («' - f") f 1 I . 

') ( 1 4 

r- 1 » V 

« 2 / V 

+?/ 1 £'(■ 

*?)!• 




( 15 . 24 ) 


Using the reUtion (15.23) »e construct the resonance curves in second approxi- 
mation (cf. Figs. 92. 93, 94 ahere the resonance curves, together with the skeleton 
curves in second approximation, are indicated by broken lines. It should be noted 
that the scale here is considerably increased; the heavy lines are the curves in 
first approximation). 

Figures 95-98 give the families of resonance curves constructed, allowing for 

friction according to eq.U5.10). In the construction of these curves, the friction 

^ 6 
was taken as proportional to the velocity, and = ■ 0.1. 

c 

Let ue alao consider the case when the characteristic of the nonlinear restor- 
ing force has the form shown in fig. 99. 

For calculating « € (a) from eq.(15,9), we have 
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j 1. A 



for - 

-Xj <x 

x v 

fe v : : ;. " I' 

1 • i ; 

* 

c n .<Hc" 

~c’){X x X) 

» 

<■ * < 

X r 


F(x)=-- 

1 ^ 

V A" 1 

He" 

~c')( x x ~x) 

» 

< x ^ 

x v 



c”x~ 

<c" 

-c'){x, ,-x^ 

* 

Xj < X ^ 

CO, 



c"xHc n 

~c')(X.y-X ,) 

» - 

-CO X 

— x r 


To determine the integral 

on the right side o 

i eq* ( 15.9) . 

let us 


and the smallest 

roots 

of the equations Xj 

1 ■ » 

cos y, x 2 * a 

i cos y. 


write 


c"a 

cos -V, 

•>1 ■< 

— <W 





c n a 

COS^4-( f *“ 

*')(« 

cos y t —a cos 







$ < f W» 





c”a 

cos -f- {c* ~~ 

*')(* 

COS^— O COS’!*), 


F(acos»5>)== 



it — ■ 






c"a 

COS 4 — (c“— 

c')(a 

cosy*— a cos 7^, 






o< 

* <** 



(15. 25) 


(15. 26) 


[ c #f flCos^ + (c"—c / )(a cos^— acos^), 

it — $*<<!><*. 

Theit, by resolving the interval of integration into five parts, we obtain the 
following expression for wj(s): 

2(c"~c') 


o»* (a) -- | arccos — arccos ~ -f- 


+?/ ■-»-?/ 


(15.27) 


5\. 

r 


Assuming, for simplification, that the friction is proportional to the first 
power of the velocity * ~ 26 we have: 

Ma) = 5. 

For constructing the graph of the relation between the amplitude of the forced os- 
cillations and the frequency of the external disturbing force, we obtain the follow* 
ing relation 

V* rr; or (fl) dt ~~ — 4g , W j , 


(15.28) 
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;v,r i 


fl « which .. «h conatrucl . graph determining the ° f ’ “ * 

According to the relation v = «.„(«) (15.29) 

.. -M. .• - •' ‘ h * ““ r “ 



the taplitude. le ti,. MO •« *• I “ 1 ’ •* •k““ ,,n “" ll " ” 

h...... .0. -o'— - *■» “ '*“• “ 

-pliteJe. .1 «k. «.**-' <•- 

i. the .... ...0". 0—ii 0..— i"'"« .k- «"• “ J 

«... “ *• "*“* “ a 

- jw . ... _«liu0e. Ml ~ .« - 1 *” 

«... .. k...» li... »™*~0 “ *k. ...kl. -Oli-O... -0 .k... *» 

thin linen correspond lo the unstable amplitude.. 

Thun, according to the re.one.ee cure, of Kg. 101. en infinitely nlo, ra- 
tion in the frequency of the e.tem.1 force (i-«.. in a ntation.ry atnte). begin- 
ning free —11 value., -ill cauae the .^.litude of the forced collation. to i«- 
creeae firat .long the cur,. HA; fro. the point A. the -plitud. j-p. to the 
point B -d then y.rie. .long the cure. BC. At the point C, . diacontinuity of the 
-plitud. .gain occur., the -plitude j-f to the point D and, on further incre... 

in the frequency, veriee elong the curve DN. 

|| .« „o- begin to decren.e the frequency of the applied force, the -plitude 
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4 4 


of thi forced etcilUtion tiH vary along the curve NDE. Fro* the point E, the anp- 
litude jumps to the point F, and then varie* along the curve FBG, When it reaches 
the point G, the amplitude will juap to the point M, alter which it will vary along 
the curve H M. Here again we have to do with the hysteresis phenomena, character- 
istic for s nonlinear oscillatory ay ate® and analogous to those considered pre- 
viously in the text. 

These examples show the great flexibility and aide range of application of this 
■ethod. The formulas obtained by us, even for • complex characteristic of the non- 


,V 


x - 






N 


T.?r~' 


V 


Fig. 101 


linear restoring force, sre rather simple. In the case where the characteristic is 
composed of two segments of straight lines, we obtain a very aieple forum la (we 
note that, in first approxi nation, the result for the stationary state corresponds 
with the result by Ur’ye and Chclwirev). If the characteristic of the nonlinear 
restoring force consists of several rectilinear segments, then our formulas undergo 
an entirely insignificant nodification, while the Den Hartog nethod becomes so com- 
plicated an to become inapplicable to actual problems. 


Section 16. Parametric Resonance 

In the present Section we will consider certain oscillatory systems whose study 
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i. . 

■!. .1 .»). — «< 

i. _11 bm rt... i- -■«- “ P~“~ 1 “ 

purely technical problem* !«•<• 10 **>« c0 *‘ 
/A “ aideration of differential equation* »itf> 

1 l---— periodic coefficient.*. 

; P One of the typical problem* that lead 

^ rV ' w the con.ider.tion of theae equation, i. 

Fi*l®2 the problem of the tranarerae oacillationa 

. „J „J., tk< ..tin .1 lo.m «■*.»•! 

„„ l-..k •«•<“ ‘V “*“• “ “ ““ * 

.. «. - <■ - “ lh - 

diiitl fore* itr i\ 

/•--/••(o <161) 

ZZ •" * 

repreaented in the following foim 


/. / »>L -i- lA AL + /- (O = 0, 

,) z t i ,» or* i ' ’ dt- 


Tzi T~g~dP' <)*- ' ’ 

■here a ia the acceleration of grarity. 

I. the caae of the hinged end., the boundary condition, for the different.. 

equation* ( 16 . 2 ) -ill be 

.'•u«=»- (M .s, 

,»u- »• SL- °- 

«.<»■»> - - a. — » «“•»' - — “ 

the MbstiUtioB 

. r, 7Z aaaaele. V.N.Chelomey (Bibl.43, 44). 
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Ti- 


g>;{v - f- 


y ~~ x sin it •• 


My be reduced to tie following: 




P 


k/:7 


0, 


where the notation 


o' J : U™L 
(AH 


(16.4) 


(16.5) 


(16.6) 


is introduced. 

Equation (16.5) is the well-known Hill equation. 

The problem of oscillations of a mathematical pendulum whose axis of rotation 
performs an assigned periodic motion in a vertical direction, the problem of oscil- 
lations of a mechanical system with periodically varying rigidity, the problems of 
ampl itode modulation, and many others, can be reduced to eq.(16.5). 

In the case where the periodic function F(t) has the following form: 

F(t) = P COS v/ f (16.7) 

equation (16.5) is replaced by the equation 

tf'x 

dP 


1 


PPo 

— " cos 


rJ:f 


v/| x — 0, 


(16.8) 


which is called the Mathieu equation. 

Both the Mathieu equation and the Hill equation are special cases of the second- 
order differential equation with periodic coefficients 


■% + p (o -$r 4 - 1 to* = o. 


(16.9) 


where p(t) and q(t) are periodic functions of t with the period (I. 

Equations of the type of *q s (16 s 9> have been investigated by several scientists, 
but the existing theories {cf. for example, A. M. Lyapunov (Bibl.25)] allow merely a 
qualitative. analysis of the behavior of the solutions of eq.(16.9), without indi- 
cating methods for constructing approximate solutions or methods for solving the 
question of the stability of these solutions. 
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f .a (16 9) tor the M.thieu Motion. (*- h « 

E»r dll iMCill CM* °f *9' ' ' . s. to 

, t .... ^.uucted. end «« •*«•«” Ute ” lU " “ 

MothiM function.) hem been coneU-ct-u. 

**“"• . . . »th periodic coefficient, e*Y be reduced 

Id ewv ***** d,lfM *" U * eq “* ,0 " h h gppro.ie.ee wlution. e*Y be cen- 
to *<,.(12.1) di.cu...d in Section 12. - th.t PP 

.trueted by mm. of the -thod Mt forth there. ^ ^ detereie. the 

In the folloein*. *« « U con.truct W ro.i. j c . se o£ m equ.- 

— — “-::r mi:- - ...... 

nil .1- k. ■“ ,k * -id. ” 

.rite in the tote (16 . W ) 


4 - 0 , 1(1 — fcCOSN/)Jf-- 0 , 


•here *e h.»e put |iyi 

h “ 7ET ^ 

.tion -e e.y coo..der, for « equ.tion of 
** elre.dy .t.ted. in i»~ ^ ^UipU ^ P — ' " 

... •< ^ “ * K - 

re.on.ot c»e. 2S) „ here 

1* •PP«»-“ 0 "- ** k,ng ~ ° ' , v (16. ID 

XU fl COS 

- equations for 

.here • •»«) 6 — * *" d * wr - ioed ^ * 


sin 2ft, 

2v 


(16.12) 


cos 2». 


dt ~~ 2 ^ j 

i*t u. introduce the 

„ m.. •< B '“ w " • 

... . «- • — « - *• gj 
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(16. IS) 


. „ 116 12) h.. been reduced by u. to • 

- f first •pproxi**t*o* 1 V 1®' 

Thu* the equation of pp 

. y . t . of tao H-enr ** ^‘^^ 0 .. < 16 . IS) con..- 


The character o 


t the .oUtioo. of the .y.te. 


queotly. of the .olulion. o 


, the .y.te. (16.12). drpenui 


if the charac- 


teristic equation 


l^et o» denote 


» t- y+(“ -*) 0 

4 £ -(* r) 

»t« the root, of thi. equation by 

<5- — A| 


(16. 16) 


(16.17) 


Than th. ge.ar.1 of the •)'»* 

b. pre.eotcd i. th. folloainB *“™ : 


of differential aquation. (16.15) 


Differentiation eq.(16. IS) 08 ***' 


cos ft, V a ® # 

.th. b..i. of aq. (16.12) aill gir* 


rf“ d JL 

dt'dt 
dv da 


tlinR Uq-t-v.-. , 

.„ dft . n T l,V<1 (■« - '- I Itf sill <1, 

2 P 2- V” */l 

Ha </0 .i f * cos i* 

% sin 1) 4* Jt a cos ' "■ [ 2v + \ 2 'I 


(16.14) 


(16.13) 
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u—.C t e>f + C^‘*, 


i •» \ i v \ ( i6. : 

fci)„ + ,3L:±zil- u , 


«b«re C,. C, «r« arbitrary eoBatanta. detemined tarn the initial conditions. 

Ut u. no. data mine the mplit.de a and the phaae 6 of the o.cill.tion. enter- 


ing the right side of eq.(16.11>. »e hare 


(16.19) 


Fres eqs. ( 16. 17) . (16.18). and (16.19) it ia obrioua that, at an maginary X, 

the aaiplit.de a mil be a bounded function of tiee. 

In the case .here X i. real, the amplitude a .ill increase by an exponential 
1... Thi. case corre.pond. to the presence of a fundment.l aubmltiple re.on.nce 

in the ayate®. 

According to eq.(16.17). the condition for X to U real ia aa follo.a: 


(16.20) 


r> an accuracy to tern, of the first order of m.llne.a, 


since v • 2« ♦ 0(h). 

Ihtin. if the frequency of the external excitation it located vithin the in 

terval . } x , v ■ 

2w(l - ; > 2u*(l4 "), (16.21) 

. fondmeatal multiple reannaoc. mil aria, ia the ayatm; at thi. remnance. the 
.plitud. of oncillntiona mil i.ere... by an exponent! .1 Im. U aie. of the fact 
that thin renonanee results fro. the periodic ..ri.tion of on. of the p.rmetera of 

the oscillatory eyatm, it is often called paraMtric resonance. 

The inequality (16.21) d.fi.e. • ‘one of instability -ithin -hich the po.itton 
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. 

- “ - ""‘"“I. ,»•«.». <»* - <”'*’• ” “ 

pfoxi 


x ss a cos 


a‘+“)- 


ah*» 




7 7 v \ 

: iBe a fro. the foUo-i.. .r— of 

. .„d 0 «»•» be ‘ \ 


(16.22) 


(16.23) 


me — ' - 

. Haear 

to the — ~ r / 

da I •j£. 

:sr-l * 


(16.24) 


t . L AM?Li^~ i £cos2». 

dt 2 32 (“ + f) 

of .eriebl** 06 . 1 M- is Uke * Ue ”* 

( 16 23) Iy the nubntiwtion of » 

The »y«i» ( 16 . 24 ). 

7“ y \ ' 

al- + i 

»» t. \ ^ 

r I.-* / y\ 

$=l-V+(— *) + »(.+*y 

hoY* the f ° r 

-- •' •“ • «»•“ 
>=— V 32(“ to) ' 

_ is determined 

c^tiy. *. ‘ br ** fCl ' 

of the second order 

„th an etcureey to ***•• 

■ : . „ . -d h .1 -hich the ooiutmn °‘ tqU ‘ 

Let no. find the reLtio. bet. - ^ u po.eible in the c... 

- «•» -» “ - ■*" J-a « - — « ““ X - *•' 

^ - . eo..t in ««• (l ‘- 22) - 

M6 W) o* U6.«>. U * q *' 1 ** M be . periodic 

temined by K) ^ ^ by . h, lot « to be . P 

UB . the condition ebich-uet be e.U.h«d 







11 U in first approsi-etion 


function 


uid, in itcond ipproxintio# 


U. the —e degree of .ecu racy. in fir.t approxin.tion 


and, in second approsinetion 


He relations (16.29) end (16.30) con.titute the e^.uon. 

. ( h) (in first and in second spprosi.stion) -ithtn .hich the . 

W !»0) -ill b. periodic, i.e.. the ego.tion. for the boood.ry corse. 
... mmlutiona of eq.(16. 10); (fig* 103). 


. . f ** -- ( 16 . 11 ) and 

For periodic nolutiona with • period o ^ 

n nind eg. ( 16.29) »d eg. (16. 30). -« «»<• *• £oUowiM 


t 

STAT 
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wlitioM of aq. ( 16. 10) are directly determined, in the ceee of small reloee of h. 

fe, thi. purpose, let ue .eke use of the method by -hich Mathieu found the aolu- 
tion of eq. (16. 10) and of the equation of the boundary curves, aaauoing the paraae- 
tar h to ba wall, ( Uia oethod folloaa directly froo Poincare's method (Bibl.36) 
of finding periodic solution*.) 

Ut u. find the periodic aolution of e,.(16. 10) with the period - in the for. 
of the leriei 


X = x 0 -+ hx t + h*x t -r 


(16.33) 


in which x # , * x , x Jf ... «ust be periodic function* with the period v • 
the expression for «* is also presented in the form of the senes 

40*1 “4"Ab)j 4” A® u>2 4“ • • • ^ 

Cfc substituting the right side, of .,..(16.33) snd (16.3*) in e,.(16.10). end 
equating the coefficient, of equ.l power, of h, ue obtain the following sy.teo of 

equation* 

tf+4*=»’ I 


4? + T *• = (t c ”* * - 


(16.35) 




■tj X i ■+ ( m t COS ^ — «*) *<>• 


fra* which we Bust determine the function* x # , x p *i** •• tnc q1,aiaiti tic * “l* 


Solving the first equation of the system ( 16.35) , we find 


x 0 fi,,c«s(.j/4 


(16.36) 


there n # end & # are arbitrary constants. 

, , r -- # 1 * u\ i n the right aide of the second 

On aubatitutin* the value of x # fw- 1B r * 

equation of the systaa (16.35). we have 


f , 
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The expruiiMi (16.41) and (16,46), u via to be expected, coincide with the 
first two terns in the expansions of the Methieu functions end S m (for n ■ 1) ii 
to s Fourier series. Is feet, we have (Bibl.53) 


| Sin 3 + Y U Sin ? 5==: '®* 1 f Sl ‘ n ? = 0, '? r :■= 0. 

By SfisicgY, we obtain for the second csss: 

“i * ~ 128 ’ 

COS » ~ 0, * = -£. 


(16.42) 


Oh rabati tuting the resultant value* of x # , t), . “ 2 , in the right side, of eque- 

tions (16.33) and (16.34), we have 


v . a<Jt 3v 

X r- fl 0 COS - 7 J- / COS - 7 p /. 

„ 'i# 3 , /W 3 , 7h-v- 

*'■ ^T + 1T+“W 


(16.43) 


(16.44) 


x~a 0 sin ~ /+ •— sin ~ t, 

1. 

4 8 1 128 


(16.46) 


In these foreulas, for convenience, we have included hu in the total 


the first harmonic a 


Putting v ■ 2 and a * 1, we find 


JC == COS t — COS 3 1, 


i+— 


x = sin 1 4 - sin 3 1 9 j 


amplitude of 


(16.47) 


(16.48) 
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iftspi 

4-: I 






C 4 ==■ cos t — ~~~ cos H + 0 (*•), 


i + ^ H- * 4 “ o (^ a )» 


M c, 


32 


(16.49) 


•ad likewise 


S t sin / + sin 3/ -\~0(h' 3 ), 

»s, — 1 “4 + •35* + 0 (**)• 


( IS. 50) 


Let us then discuss the construction of the approximate solutions of eq.(16.10), 

v 

and let us determine the boundaries of the instability *one in the case « % j P, 

•here p * 2 , 3. 

For the case of p ■ 2* i.e., for w £ v, we use p * 2, q * 2 in eqs.(13. 21), 
(13.23) and (13.26). 

then, for the second approximation, we find the following expression 

x ~ a cos (.( + »)+ c “ W + “) + 57p^T) “ s “• (ls s11 

where a and 9 must be determined from the equation of second approximation: 

da . h‘-a&* 

rr - 4 - -—-;•— — r sill I 

(16.52) 


8Vi (2em — v) 

h 2nd 


h'-tu* 


cos 2 4 d. 


<// ^ V 4 v ( 4 w* — v-) 8 v- ( 2 u» — v) 

The system (16.52), as in the preceding case, shoes that the condition for the 


roots of the characteristic equations 


tl %> * 

\“4 ( |(u* v‘i) 


/l‘4o« 


(16.53) 


i 8 v- ( 2 «a — v) | 

is real ao that the instability lone is determined with an accuracy to terms of the 
second order of smallness, by the inequation 


4 4. iJHHaL, ** - 4 + 

' V* ; — **•*) V* (2<0 — V) ' \ V / ^ ’ 


i 2/i-W 

1 •/* (4w- — •/*■’) 


278 


v* ( 2 «> — * v) 


(16.54) 


STAT 
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iiy * 



or, in yieo of the fact that sU, with the »«** d«gr«« of accuracy, by the lnequa- 
tion 

, o i t i . / 2») V* . , . 2ft- 

1 ' hi * -* (16.55) 




For the cose of p -3. ie.. for « ft j v. the third approximation «u.t be used 
since the second approximation gives only Js correction refining the value of the 
natural frequency u. After several calculations ee find 


x a cos 


(16.56) 


/ 3 \ . | ( if ^ I coi ( 9 * f + **) l 

«(l * +*)- T i .;£+» - - 1 + 

. ! •"*(;• •' • *> , ~ (* , - > ) 1 
-T llivl | (2.0 + 0) (o j .o) * < 2.0 — v)(« — v) ) ’ 

■here s end 6 eust be determined frosi the system of equstioos of third approxima- 


tion 




' ;)• 2^ (2« — .)“(« — v) 

3 «w 


sin 2‘d. 


' 3 - 2. ( K- — v-) 


~ 3- 2M (2«— <) («• — •<) 


cos 2<). 


(16.57) 


It should be uentioned thst. in the general esse, the expression, for the third 
[approximation sre not «rittei> out because of their complexity. The structure of 
eq.(16.S7), however, is one more indication that, in concrete cases, even equations 

of Ute third approximation can be rery simple. 

Fro* the system of equation. (16.57) the folloeing inequetion is obtained for 

the tone of instability: 

2mW "fih* - ( ~ m \* 

(16.58) 


«■ 4 


2 (W *#•) 2M('2» — V)(» — 0 

2»w 


: 94 - 


+ 7 


, WW> 

'2M (2» *) (•— *) 


-^(4w7 — y») 


or, uith the seme degree of nccurucy, 



>6 .. 


.. . HtftTi 3»/i s , /2«»V „ » , Hlft* | 3W» >,c coi 

9 + " It) ^ 9 + -w+ir- < 16S9) 


2^9 


STAT 


Declassified in Part - Sanitized Copy Approved for Release 2012/11/14 : CIA-RDP81 -01 043R001 300240005-2 









We present here the inequation defining the instability sone in the esse 

v 


■|of w % J* Frow cq* (16.20) we have 


1 - t <( t ) 3 < I+ ¥- *-»•*>■■■ 

An analysis of the inequations (16.5$), (16.59), *nd (16.60), shows that the 


HO ..„4 


..J 


Magnitude (width) of the instability rone decreases with its order of p, as h?. 


I a jJ Thus the higher resonances p - 2. 3,... way be observed by considering, re- 
• ; apectively, the second, third, etc. approximations, while on consideration of the ex* 
act solution of eq.(16.10), we obtain an infinite spectrum of resonances. 

| In Fig. 103 we present the first three instability rones constructed according 


16 


ta ; 


"jto the inequalities (16.55), (16.59) and (16.60). 

, > 1 We note that, in the presence of dawping, i.e., for the equation 


#/;- at 


h cos >t) x 0 


(16.61) 


these tones diwiniah (see the hatched areas in Fig. 103). It is not difficult to 
show that, instead of the inequalities considered, the following expressions are ob- 
tained in the presence of friction: 


'-Vt-6 (t) ! < '+/?-!• 

4 + 


(16.62) 


:«+?■+/ 


h * 


64 * 1 , 


(16.63) 


V4 






(16.64) 


Hie inequations ( 16.62), (16.63) «dl(16.64) alae contain the additional con- 
jditiona: 


STAT 
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Mi, 


■f ^ 


\ • tv 


for the first region 


lor the second region 


lor the third region 


AV> 4-. 

- V 

A > 2 j/* 2 ~ , 

. s V' w 

h ' 3 K !M • 


(16, 65) 


(16.66) 


( 16 . 6 ?) 

(6 3-1 U is obvious that, in the presence of da.ping. s fsr greater depth of ooduls- 
'itios of the paraaeter h«> is retired to nahe the resonance « X v perceptible than 

* V m 


«o"i“ th< «••• o{ the re *°*“ ce “ = 5 v - -n,e re *° n “ ce “ 


v is herder to obtain. 

*" ~ v 

For thie reason the representation of the resonance m * * is usually of the 

22 „„! 

greatest practical interest. 

Ut as now consider parMetric excitation in a nonlinear oscillatory systea. 
n "1 ie ante that the abore esse shoas thst. in s linear oscillatory systea. with 
2 Hpara.etric variation of asss or rigidity of the systea. the position of equilibria., 
mlLdor certsin conditions, boco.es unstsblo. Rven st very -.11 v.lue. of - J h (depth 
-idof MXhilatian) in the .yet- . oscill.lion. -hose -plitude incre.se. -ithout lie.t 
arise st s certsin frequency ratio. 

•hen dissipstive force, are present in e linear sysla., their influence is 
| ssj .j{ cate j 0B I- is the conditions under ehich oscillation is excited. In the pres- 
ence of dissipation, the depth of adulation at which «»»•»« set. in he. . cer- 
tain loeer li.it, differing fro. aero, and depending on the value of the damping 
dec r went. There sill be no etetionnry oscillations ehen there is friction in a 
iiacsr systea. 

The situation in different in a nonlinear oscillatory ayate.. A. show, belou, j 
resonance occurs shesever the parameters ef the oscillatory syste. under con.idera- 
tio. eery by • haroooic leu. et a frequency e.su.ed (for the sake of being defin- 
ite) to be for instance equal or does to double the natural fr.quency of the sys- J 
TSni*tKr'ceee; oUble states ot stationary osci 1 lotion are possible^ 


4 CL 
42 _ 
44. 
46. 


SO 

sM 

'A 

.6 


m 
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itif v 




il§ 






| As an ixtraitiy tiaple example, consider the oscillatory system described by 

WB jfvliwil&Q di f(vi«uv*«l S^fitivn! 


i . - s - .. . ^sdx , 

+ «*(! n cos vr j a w zo v -+- 7 A" 


u. 


(16.68) 


Assume that the oscillations described by eq.( 16.68) are close to harmonic. 


10 . 

I 2 ' 

M 

Mi - 
1 8 ... 

St 2 ... 
24 ... 
2(> ... 
23- 


"i 

Then ee will seek the solution of eq. (16.68) that corresponds to the presence of s 
fundamental submultiple resonance in the system in the form: 

X --a COS^,y /--f* (16.69) 

'where, according to eq. (13.25), a and 9 must satisfy the following system of equa- 


tions: 


da 

dt 

dt 


ui 


ahui* 

~2T 


sin 2ft, 


: (U 




(16.70) 


To obtain the stationary value of the amplitude and phase of the oscillations, 
(let us equate the right aides of the system (16.70) to sero. 

This gives the relations: 

ahm* 


38- 

40.. . 

42.. 
4 4. 
4(>. : 
4B~ 
5.0- 
•;2- 


o« * 


sin 20 = 0, 


3t«* ha* ^ 

i TJ — COS Z«F = U. 

4v 2v 


(16.71) 


Eliminating from them the phase 9, we can find, with an accuracy to terms of 
jthe first order of smallness inclusive, the following relation between the ampli- 
tude a and the frequency of modulation v: 

■ - * = ¥■[(■?)"”■ *^ 4 — W j. (16.72) 

Using this relation, we can construct the resonance curve. 

I 

In the case where y > 0, we obtain tlje resonance curve shown in fig. 104. On 
analysing this curve we see that as v increases, beginning with small values, the j 
bieilTfetlOft lft thts systor will be absent until t reaches values corresponding to 
the point ~Ai Hien v reaches the point A, oscillations will arias in the system, and 


STAT 
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Hi 



Iwt— 


■ 

SP:* 


{> ...I.;; 

a, 4 

10 is 

. s 




20-J 


’[shea v incretaea further, the amplitude of theee oacilUtiona nil vary along the up- 
par branch AS of the reaoaance carte. At the point 8. the o.cillation. lone their 

stability «na decsy. 

I At v decreasing from large values, the 
oieilUtiom are abruptly excited at the 
po|nt C (hard excitation), and as v then de- 
creaaes, the amplitude of the oscillations 
v ' will vary along the curve AB. 

In the case where Y < 0. we obtain an 
aoaloRoua picture, eacept that the reaonance curve uili be inclined toaard the snail 
lvalues of v (Fig. 105). 

To determine the boundariea of the tone of aynchronitetion. the right side of 



/] v-' C 

fig. 104 


22 ithe expression for a must be equated to aero. 

In firat approximation, the rone of resonance will be 


26 - 




-I|/’ *v - IG«W.< (-)* < u»- f \i\f h*m* - KW 1 , <16 73) 

ao that the eidth of the reaonance tone will become 
1 A - - T(i<o-‘i-. (16.74) 

•e note that the preaence of d«ping reducea the interval AC -ithin ahich para- 

jsctric reaonance tnkea place. 

It ia obvious that A will be real if the inequation 


Ah 


4'0„ 


‘ i 


(16.75) 


42 , 

•i6~ 

48- 

. 50 - 

62—4 

64 


i. aatiafied. Thi. inequation, a. atated above, determine, the mini— depth of 
modulation neceaaery for parametric reaonance at a given damping. 

Let ua coa.ider .till Mother e... of p.rMetric reMnMce in an o.cill.tory 

system with nonlinear friction. 

In the cage of parametric escitetionjof e circuit math a vacua, tube <lig.23) 
the equation ol oscillation will be | 




" /,cos ‘' 0 v T °- 


* 
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BS ; 


Aasune that is the ebaence of parametric excitation, 


at h ■' 0, the ay a tern i« 


Ut , For thia, it i* necessary that A. > 0. 

Let us **t up the elation of first 

•pjpioxiBitiM* le hove the following- 

j da . L/i 3 ah vi* 



V' 




sin 21V, 


s=— 


- 


Td determine the stationary irtlues of * and 
8 ee equate the right aide* of eq.( 16.77) to xero: 


24- 


. _ .’-_!^cos2»=0. 

2 2v 


(16.78) 


By eliainating 6 fro- the relation .0 obtained. .« find, -itfc the degree of ec- 
curacy .dotted by the following rel.tion bet.ee. the -plit.de of the onctlln- 
tion • end the frequency enrietion of the jpnreneter v: 

1 a- -- \ A 4 " 4 ^ 1 

'I *'±* f 


'Riff 




( 16 . 79 ) 


Thin rel.tion i. then used for contacting the re.on.nce cur.e (Kig.106). «nd 

eioo for finding the condition* of parametric 
excitation, the maximum »plitude of the ex* 
citation, the boundaries of the reaon ant re- 
gion, etc. 

Section 17. Action of Periodic Force* on a 
Relaxation System 

Let ua now investigate the influence of 
an external pert.rb.tion on . r.l...tion ^iU.tory ay.te. ch.rncterr.ed by en 
equation of th« type 



dx 

di 


(£)+**' COS*/, 
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J.hord, ''#(*).'»* in Os «p ter I. repr.aent. . certain two-r.lued function over the in- 
1 tervil (a.b). 

IT For eonatructing the solution of eq.(;17.1) it i. es.pedi.nl fir.t to tr«s.fo» 
l#q.<17 1) in order to eliciaate the •uiti-jraiued function 4{s5 lto> it. for duo 


* ' b 1 X 


-+• 


Fig. lOt 


36. 


«e will start turn a certain partial periodic solu- 
tion of the equation of free relaxation oscillations: 

at 

To he .ore definite, let ua take the solution of 
eq.(17.2) in nhich the ralue a aaaunea ita mininun 
value at t * 0. 

Denoting the frequency of the free relas.tion oacilUtiona by «. •« »«te thin 
periodic solution in the foru 

I x—X(mt), (17.3) 

inhere *(») in a certain periodic function of o with a period of 2*. 

Taking into conaideration the reaulta of Section 10, it fceconea obrious that 
the deri ratine «'<•> during a .ingle period undergo., a di.continuity tnice .nd that. 
Jin abaolute r.lue, it i. aloaya greater than *»e po.itire con.tnst. 

1 For in.tM.ce, if the tuo-r.lued function #(*) ha. the following r.luea for the 

i 

Upper and lower branch, respectively: 

€ji(X)=:* l = const, 

<P(X)= — $o : 


> = «p t = const, a<x<b, 1 
)= — $ 0 ==cor.at, «<«<t j 


(17.4) 


then the solution of eq.(17.2) aay be represented in the for. (Fig. 107) 

x a 0<i<-<sf ' 


x = b+%[^gf - <]» b - 9 f<*<V> 


(17.5) 


(17.6) 


and, consequently , 


2)1 


F= 7 «^T t - 


(ir.7) 


m 
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I: : 


jLet u« denote: 


?*-2 


- ** 


[then the periodic solution i(p) may be written as follows; 

o<v <%. 






(17.8) 


te note that, since eq.(17.8) represents s solution of eq.(17.2), the func- 
tion *(q) must identically satisfy the following relation: 

,8 -j «?'(?) = $|*(9)|. (17.9) 

10.4 *e now perform a substitution of variables in the equation describing the 

| 

22 forced oscillations, eq.(17.1). 

^ , le replace the unknown x by a new unknown 9, using the formula 

■* = *(?)• (17.10) 

On differentiating eq.(17.10) and substituting in eq.(17.1), we obtain 

z' — * |2(?)1 + CO* V. 


or, in view of the identity (17.9): 

dt “ 


4 


t £ cos >t 




(17.11) 


(17.12) 


The transformed equation (17.12) no longer contains nui ti -valued functions in 
the right side. 

For convenience in constructing the approximate solutions of differential equa- 
tions, it is usually desirable that the right side be a regular function. In equa- 

. i 

tion (17.12), the right side, in view of the presence of the discontinuous function 
s*(t) in the denominator, does cot satisfy the condition of regularity. 

. I 

In order to regularise eq.(17.2), it is sufficient to interchange the roles of‘ 

j 

the variables t and q» and subsequently to consider 9 the independent variable, and 
t an unknown function of f, determined by the differential equation 


. tE cm *4 * 

+_ F(t r 


(17 nr 


286 
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if 

1 

ip 

I 








; 

tell;. 


j-; .;• 
S&JNL, 

li 

&.V.; A.-;.,- 
# { ' 


I - 1 


If «« denote by Y a positive constant, such that 


] than eqa. (17.9) and (17.10) will yield 

6 _4_, , ...... : 


4 


“I «'(?)! 

Assume that tha amplitude eE of tha external disturbing force is leas than y. 


H) r j Then the denominator in the right aide of eq.(17.l3) is positive, and the right side 

l!> | of eq. (17.13) ia itself an analytic function of the unknown t. Equations of the 

K ; type of eq.(17.13) have been investigated by Poincare and Denjoy. Their results, 

1 ( ; however, clarify only the qualitative character of the solutions. To obtain a tech- 

m j nique allowing quantitative calculations, let us make use of the method of the mean 
which has been briefly described in Chapter I. 


! 

“•n 

2b ...J 


In order to apply the results of Section 1 to eq.(17.13), let us expand the 

rijdit aide of eq.(17.13) into a power series of t. he have 

</(W) v % *!: cos M , 1 3v£* cosW 

— • 




•*" ** (?) PWp 


"7f 

1 Then, putting 


3a~ 


40 


jand introducing the new variable t from the formula 


all 

44. 

46. 

40. 

SO. 

sM 


eq.(17.16) can finally be written in the form 

” 4 + 1 ')\ , 


35-4 


ILL 

v m 


the standard fom7 



Let ua investigate eq.(17.16) for the resonant case. Assume that the ratio - 
** n i i m close to some rational number - where, as before, p and q, generally speaking, 

H . ■ 

i are small prime numbers. 




{ ,•» cosMt -I- — ?) ...cos(%4- — ?|\ 

pv _ A- . all __ ^ _A Zjl A + ,# 

W (?)P '• ^(?) " 


quil (f)ja « ^ (?) 

•e have agreed above to denote on equatioa of the type of (17.18) en equation of 
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• I ^ « I — * . 

1 *** **“*** 7 _ J; „ the r.*.lt. Of Section 1. «*« 

:j In firnt nppfo.i-.tion, ~ 

{, il.tion.f.0O’»»- iUb * ,_ t 




Uf. £ in dotof-i..- fro. the — ^ io » 


/cos l c 4- ~i t)l 

gr= .A-‘J H) A| ( 7TV) r 


(17.19) 


( 17 . 20) 


* riftht tide of the 

i r takinK the ween in the r 

i - - — =w,-“ ■ 

reaul tnnt equation, lor thm. 

20„J Fourier aeriea. 

4 ** ** 1 1 — -1- V/t„CO$(«? +^n)’ (17.21) 

1 ■WW =S fIi(t)l- 01 J& 


•e note noo that the eaprenaion 


erpreaaion p \i 

M I COS (»® + ®«) COS V l+ * /» 
« * 


30 1 . P . n . In thi* c»*c «e h.»e: 

:i 2- 1 caa be different fro. wro only • q 1 s( £_ (> ). 

J H V- . lt « r the equation of fir.t appro..Mtion 

Thua. if ^»,^ni. Minted, the * 


30 — 1 ( 17 . 20 ) degenerate* i»t* the following. 

itl 

40.J a- 


"1 fro— -bich »e &»<* 


, .. _ t g A f -f- const , 

„_£ ? = (i -£)?+<»•* 

«p = «f + ?0» 
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. X = *'(«<’ + ?o)- 


(IT. 24) 


1 in the esse when « t n, we obtain for forced oscillations in first ap- 

proximation the isie hind of expression ns for free oscillations when the external 
4 force «E cos vt does not set on the system. 

Thus, in first approximation, the influence of a snail external force on the 
If on and frequency of the oscillations is negligible unless its frequency is suf- 
ficiently close to one ox the overtones of the natural frequency. 

Consider now the case when - is equal to a certain integer w, which corresponds 
q v 

to the aubhsnonic resonance w % - . 


From eq.( 17.20) we find 

«<? • 


cosa-ftj. 


(17.25) 


/ v.J The equation so obtained is considerably simpler than the corresponding equa- 
tion of first approximation (13.40) for the systeai considered in Sect. 13 of the 
present Chapter, where we obtained s system of two differential equations in two 
H unknowns, namely the amplitude and full phase of the oscillation. In the case under 

30-J I i 

discussion (that of relaxation oscillations) we have only one differential equation 

32 ’ 

with respect to the phase angle £, which, in addition, is integrated by mechanical 

34.13 

„„ quadrature. 

_ . ; 

_ The character of the solution in eq. ( 17 . 25) may be found directly, without firat 

3 a. J. . ! 

integrating it. 


Let, for instance. 


2 «• / * mA " 

- —m < — 2 “ 


(17.26) 


46— Then the derivative ~ will be an alternating function of l of the type shown in 
48-. Eig. 108. 

,: A ^ Thus it it obvious that there exist Constant solutions £ it which are roota of 
the aquation 

— . F(5)-- — m — — ^cos( 5 — «*) — 0. trrrtrt — 


<ir.?n 
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In this csss, the solutions for uhicH 


P '{ » M ) > 0 . 

m easi-fclo. ehiU the solutions for «hi^h 

r( s )== L-! 2 d*» in(; »J<0. 

sre stable. 

Since, in the cnse under considerstidn. « • t • vt - -e h.« 


( 17 . 28 ) 


18J**C it in obrious th.t forced reUn.tidn oncillntioc. uith the p.nnn*. of time. 
Soljspprosch ntendy periodic oscilLtions. coirenpondinp t. the different root, of e<un- 


<?! 


Fig. 108 


34_J 


jtion ( 17 . 27 ). end occurring nt . frequency e.sctly equ.l to the nubh.^onic - of the 


" j frequency v of the estemsl force. 

3 S — 

40. J; 


Thun, for of the frequency v lying in.ide the re.on.nce b«vd determined 

iby the inequetioa (17.26) 


I unA m I ... » .. m | tw ^*» 

m - -V 5 <; s",+ 2 


(17.29) 


the phenomenon of oynchroni notion occurs. j 

The eidth of the reeonent tone, in first npprotiu.tion, 

is obviously proportion.) to the -pUtudf of the estem.l force. 
r^i.ni A»r no, the esse ehen * Ji«§ 


m;,. 


2^Q 
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whence we find 



HI > — g— 


( 17.30) 


d* 


Is this case, eq. ( 1?, 25) , indicates clearly that the derivative haa 


•taat sign which is the awe as the sign qf the difference ~ - ■. 


On integrating eq. (17,25), we get 


5 

J 


</« 


tmA 


— cos (« — #») 


const. 


?= i + i/(f)+« 0 , 


(17.31) 


<* — I- 


W ^ <(— :) 


(17.32) 


in which » # is an arbitrary constant, f(*) ia a periodic function of t with the peri* 
od of 2*: 


1 


-P^) 


COS 




(17.33) 






On transfomilig eq. (17.31), we get i 

8 = «(? — »o)H- f I® <? — ft o))> 

where F(9) is s periodic function of 0 with the period 2*. 
Noting that, in the approxi«atioA adopted, 

J =x = ■*/ — m<f, 

irnr:3«)r r — 


( 17 .34) 


291 




1ST 
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<t == nii -f- 7 (a - ft 0 ) -f - /•{*(•? ft,,) J . 


(ir.as) 


assume tnat 


.10-4 


Then, 


«<?-»„> = «; 

■t * 

(«H- 1) 'i 4- »F(ft> -= » (v/ - rnft 0 ). 


(17.36) 


18 ^whence, solving this equation with respect to we find: 

20.J . a (vf — «»„) , „ !«(•*/ — W»o) I 


' l m + o I 


J 1 "l m + < 

■ \ 

jwhere o(0) is s periodic function of 9 eith the period 2*. 


<17.37) 


On substituting the value of B frcsn eq.(17.37) in the right side of eq.( 17.31) 
? = Q J ,/4-? l 4-a|/«(Q s ~Q.)t ~ 07.38) 


■lO,.. Jwhere the following notation is used: 


32._ 


T1 m + a — • 

Cn subsvi luting eq. (17.38) iu eq. (17,28). we find the final approximate expres-| 

sion for the forced relaxation oacillatioss in the fora 

x = r(S3^4-? I 4-3l«(a f — Qp)t — «?iH* (17.39) 

Dim, in the cmii under conaidtratioa, the oacillationa are aultiperiodic and j 

| 

occur with two fundamental frequencies: w|th the frequency fip which can be called 
the variable natural frequency, aince fip r w for t • 0, and with the beat frequency! 


!«(-*— Q P I 


v; 


* m 4U)‘ J - 


Om*A: 


(17.40) 


wf a v —/ 4 

representing the difference tone between tjhc frequency of the external force v * mfij 
end the n** 1 overtone of the variable natural frequency. 
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0m 


m 


-::j J that. .. v appro.che. th. bounty oi the r.aoaaae. toe., . - 0. «<» 

"-Lu-fc- U. W.. .l~ 

H ***,. u u arn-u » *» •*■“• - “ 

6 kteniitr ol the beeta. deteroiaed by the faction a. di.iaiahe. •« ** 

! : i.ble aataral (req. M ey C„ •»«•*«• it* <•*" “ ^re.poadia* to free .actllatta... 
lol!' Next, *e eonatruct th. aeeoad approx^atioa: For thi. parpoae. let .. f.r.t 
Vi ~l find th. expreaeion for the r.fia.d fi rat approximation. 

u d Let -a coaaider fir.t the general c.ae of an arbitrary r.tioa.l value for the 

H ’ . P 

lp -i Zi" uae of the Fourier expaa.ion of eo.U7.21), .. obtain the follo-rag «,- 

*» th « •« *• •* * in tbe «*' • id * of * q(17 - 20): 

“A 4 - -« =»-f .~( ,+ « A - 
St{ cos I( b+ ?) ?+ ‘ +h "1 + 


»*0 


32. 

34. 


J 


36_J»her« 


The refiaed fir.t approxio.tion .ill. therefore, have the following fom: 

t. = H *«•(?, ')• U7 ’ 41) 


u (?. 5) = — \ s,n ( 5 + f ®) ~~ q 


a, *{(■■' IbiiiM 


" + • 


: ~?- S i 

: tU) 


s,n { 


(17.42) 


n — 


9 


. . • i. , ■, - r™ L (17 41) in eq.<i7.20) and averaging 

On aebati toting the value of T froai aq.Ul.aw H 

lover «, •• obtain _ths aqsatica of ancand 4 H,ro “" ,tio " : 


. 293 .. 
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sr- - nj 




ia not equal either to a 


whole muaber or to hall a whole masher, and when, consequently , the frequency of the- 


{external force does not lie close to the overtones of the natural frequency, n« nor 


22 .J te note that in the adopted nonresonant case the following inequation are 
2 4 -stained for any integers a and ■: 


further 


For this reason, taking account o 
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approximation for forced relaxation oscillations: 

li 

»#« 2 V"+#7 

1 i es y _Jd^ 8 iii|/,(Q v/+»,,i + »/io8inv/, 

i ■ « v ^(— f) 

■bare, according to eq.(17.4«). ailh the degree of accuracy adopted by ua. it fol- 
lows that 


a. 


_S A* 

O 1 A » 


(17.51) 


Fro* the foreulaa of second approximation eo obtained it is not difficult to 
eliminate the auxiliary quantity, the ratio E. Since the difference - - - is of 
the first order of smallness, eq. (17.50) is valid with an accuracy to terms of the 
" second order of smallness, while eq.U7.51) holds u> quantities of the third order 

degree of accuracy, we may write 

i 


of smallness, iith the s 

X = Z(f), 


? = *V4- ?o d" iS 2(n»"f >) sin 1 *(a^+?o) + ^ + ft ») ■+ 

«l # • 

+ S ‘" >“ (< V + ?) - V ' + »„} + tA 0 Si" 


v- s ’’M 


1 i 

/|t» 1 


n*» f v J 


(17.52) 


3 


j . H » 

The solution thus found corresponds to the asynchronous state of oscillations. 

J He re the oscillations will be quasi -periodic with two fundamental frequencies v and 

1 • • i j 

JV ! . I 

The variation ia the phase angle <P if represented here as s rotation at con- 
stant angular velocity equal to fip, on which oscillations of small amplitude, with 
frequencies v, n£p - v, nCp ♦ v are superjmposed. 

Let us now construct the second approximation for the resonant esse. 

-the- resonant eeee fe must take the ratio as equa 2 to an is- 
iegwr, or to a half-iatagar. I f mm put EU ■, the resultant equation of second ap-. 

-Al 
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. . * — l fr.miwirv C . this tone i* defined with 

j =; , -h.n introducing the variable neturel f requen V Wp 

j th, mk degree of accuracy by the inequation 


,r2m+i S((| <^-22+1 < •* £= T J -. S «- 


( 17 . 57 ) 


fi i. . **. 

,.i-, ... ...... .. . - - **; - M k r:.::;r;:rl 

ij» - ..... - .■ - *’r“rs::°0 tz.zz: 

.one. for v.lu*. of v lying in the neighborhood of— 5— 

’ 10 tie* s* proportion.) to the equ.re of «• 

. £w .™. 7 — ^ indicate the presence 

M An nnnlynie of the higher approbation. -ould hhe.,.e rnd.c 

„1 ,„ r o * 3, 4...’, *ith . width ot the order o.t. 

of resonant tones for ~ q 

s,,,,.. .. s...— .... M...y ; aimt tmgg q 

“1 *. .......... a— — — ”\Z r 

' ... <i~ . — *• •» *— — *• 

26-4 ... i 

-periodic influence). 

* 8 -1 ln .„ v case*, hoeerer. the eqo.tionb de.cribing » onc.-atory proc 

wll , ffi cients that alao defend on »»«• I" the c.ae -here the.e co- 

• .contra - ff c e^ tK „ ^ n . tur .l unit of 

'' "iefficienta »ary aloely «th U-e ( .1 ider . tioo of the fo 


34 


efficient, r.ry "aio.iy- the fo l- 

j ... . arrive at a consideravw. ~~ — 

i time, the period of natural oncillatvona)^ 

i > 4 t 1 __i v vtrvini coefficients. 

itial equation with slowly vary mg 

rl«wS-|+*W*“^ "• *• »)• 

» ’ 11 1 H 


time, the penoa «* — — - . 

,d— — ««— f- r-r T‘. 

d 

dt | — * 1 „ 

«. k .. before tin anoll positive par«»eter; ’ * et 11 the a ow 
in *h»ch, . ’ . . fi . h the period 2«. *hieh «ay be repre- 

F(t. 9. x, £> i. a function periodic in « «th the peno 

seated in the for. of the aun \ 

.... ' n -X 

; ! d*. . • in turn, certain poly- 

Uie coefficient# of thi. finite au. ^ * u .ddiiion. that 

dx . Jnnnnii OA t. w« »* 1A 

s *~| ooniala *. ^ coeific-.- ■ ^ fore , 

. ,-)» . .... .... . ^ a. u—«— .»—«■ ««*••* 

i ikewi a e varies 


2^8 


STAT 
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4»«V WWMW 


ctisft of. ih« fip^tcxisate solution* of eq. (18.1) involve* no sddi- 

| tianal fundamental difficul ti«* and my be effecttd by «ew» of the asymptotic »eth- 

od deicribed above. We note that for the i construction of the asymptotic series it 
- l , dx 

is necessary that the coefficients of eq.(18.i), •(*)» k(x), as veil aa b a (x, *) 

fc "~ z \ and v(x) have a sufficient number of derivative* with respect to x for all finite 

Hi. .-i value* of x and, in addition, for any value* of x over the interval 0 < x < L, m(x) f 

IS \f 0, k(x) f 0. 

4 * * t 

* ■ Under these assumptions, we may construct approximate solutions for eq.vlfi.l) 

s ; in the most general form, suitable for investigations of the resonance zone and the 
approaches to it and for the case of any subaultiple resonance. 

I Starting from the structure of the solution of eq<(12. 1) , it is natural, for 
eq. ( 18. 1) under consideration, to seek the solution in the form of the series 

zC] x ~~ a cos t tw i 11 ' f, » q ?i ”) 

-j- ** 2 tf^*. + + * ••• 


( 18 . 3 ) 


34.. .... 
'3r._ 
3S- 
40j 
42. 
44 
46. 

46.4 

50.. . 

. 

36. 


iia which u * (x , a, 8, - 6 ♦ 8), Uj(x, a, ej “ 0 ♦ 0) . — sre periodic functions of 
1 q j 8 

the angle 6 and ? 6 ♦ 9 with the period 2*; p and q. aa above, are certain small 
relatively prime numbers, whose selection depends on the resonance we intend to in- 
vestigate; the quantities a and 8 are functions of time v which functions must be de- 
termined free the following system of differential equations: 

da = «. «) + »'»*('. a, ») + .,. • . 


dt 

dt 




•f •.(T) + «B l (t, o, ft) +» i fl a (t, «. »)+• 


( 18 . 4 ) 


ae 


where «<x) • L is the "natural* frequency of the system while - v(x) de- 
v m(T) j av 

notes the instantaneous frequency of the ^sternal periodic di*tmrbai»ce. 

Passing to a determination of the functions entering into the right aides of 
the expansions (18.3) and (18.4), we note that the expressions for them may be 
written on the basis of eqs.(13.35), (13.jl7), sod (13.38), taking into account in 
th¥lttt«r the^wfew Tariation of the mm*«hi(x); the coefficient of rigidity hfx)» 
the fteq u en c y of the external force »(x) 4nd the presence of “alow* time in tho 


299 
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wm 


r- - 


ripht aide of the ecjuatioa. 

After calculation* analogous to those liven in Section 13. but allowing for the 
j insignificant variations introduced by the preaence of t. we find the approximate 
i solution for cq > ( IS . 1 ) • 

*•" In firat approximation, the solution ;of eq.(18.1) will have the form 

1 A* a COS , (18. 5) 

where a and 8 a»uat be determined from the system of equations of the first approxi- 


mation: 


(it 

d* 


= a, ®)* 


= u>(x) — v (x) + ±B X (x, a , ®). 

m H 


08.6) 


T:: ~*jin which Aj(t. a, 0) and a. 9) are partial solutions, periodic in 6, of the 


SC ts 

X J f «. *. f * + «>-'*"• cos(f)4-«y,d(.J H- n). 

Si 

r P i o ,_x. _ • I 08.7) 

[ m w - £ ' wj a -ar • 2 “ (,M * - “ ^ — a 


n\~ 

30- 


36. 


6-0 

62 

44 

46 

48 

60 

S2~~j 

S4 


?**«(*) 


2* 2s 




xj 1. si, .(f 'i + »M?«+»)- 

iich. aa usual, the notation 

I 

Pj^,a, 0, cos --fl» sin(£'»~}-‘) )) 


haa been introduced. 

In second approximation we have 


a * f *» ^ + (18.8) 
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where a end 8 ere eolation, of the following .y.t«. of eqa.tion.: 

0, a ' 

at 

(*) "4* *B| (*» ®< !, )+ *^#(^» a > '*)• 

at » 


< 18.9) 


Here u, (t, e. 0,-0*#) i* determined by the forauln 


< [nil »i(~« i#)] 


(18.10) 


«|('. «. ft ) — 555mF) S <o3-(ra-o i nv) 1 X 

U r v 1 . fl. Ml 

“J X f I *-.(<• •• H-*). 

VC : in which the .u»ing i. performed for the ™lu«. n, ..ti.fyinp the condition 
2 > nq ♦ p(m 1 1 ) t o. In thin cone, the right side of eq.( 18 . 10 ) mil not contein 

’! ten. who., deno.in.tor. could wni.h for -y «ol«o. of t o.er the interr.l 0 * **L. 
^ ilhen. -AjCt, 6 ) .nd B,(t. o. 8 ) ere determined fro. the ey.te. of equ.tron. 

" 8 H [«*(-) - f - (-)] - 2a “ (x) B * = 1 

iaa, , ■ aa, n , dA. in s , dm(v 4.1 4 . L V V 

- B ' + ~d - aB ' + -dT m(t)j + 2,-m( T ) -j 

X f |V,(t, a. o, £f»+n) *-'•'*» cos(| o + 

** 

[«(*) — £v(t)]o^ + 2«W^j— 

---[£ «*+$ .8, +$.+«.». =&]“ 

-S55WS«‘ ,,,>< 

* 

X I* f A(- «. *'• f" ° + *+*) . 

f» If 

„..ere F.ft. ., 0 , E 8 ♦ 0 ) i. o function periodic in 0 end 5 6 * 0 ” th P *"™ 1 2r ’ 
the «*H«t.oiVWoaS"Sr'-l»i^ becce. :hno«» won .. we find «,(*.o,0.;» **)• 


u 


(18.11) 
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11 


note that for eqs.(l.l) or (12.1) as *«H ** for eq.(18.1), the construction 
of approximate solutions make* use of the equations of harmonic balance, which, in 
the case under consideration take the following lornt. 


In in 


i! 6 


,i* <t « '*>» ^ 1 


( 18 . 12 ) 


2r an 


X 


:s2. 


»». x, 5)) | 

X cos ( J 0 4- ») d't rf(-J <> + ») = 0. 

1 1 (.jff[" (T >S| + * <,)X " ' 

'*• *• S)IL 01 ^(|„,),.. 

X si" ( f '> 4- S') <*'• d (f '» + s>) - 0- 

On substituting in the integrand of this expression the values of x, and 
<* 2 * £ OU nd free eq.(18.35 with an accuracy to terms of the first order of smallness 
lof course, taking into account the fact that a and 8 are functions of time satis- 
fying eq. ( 18.6) ] and. on performing the integration, ee obtain eq.(18.7) for the de- 
-| termination of Aj(t, a, 0) and Bj(t, a, 0). ^ 

j Likewise taking account, in the substitution of x, and — ^ the quantities 

'proportional to e 2 , we obtain eq. (18.11), determining the quantities A 2 (t, a, 6) and 
|B,(x t a, 9). 

ie note that, in calculating the intagrala of eq. (18.12), * i* considered a 
certain constant parameter. 

Let ua now consider various special cases of eq. (18, 1). and investigate con- 
crete examples by using the obtained iorsuits. 

A* our first special case, consider the oscillations of the system described by 

a differential equation of the form 


S G ... 


~- xf h' x ' 5)- 


(18.13) 
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]xsliU the values a and f must satisfy the equation* of second approximation 

-£■= 5/1, (", «) -(-• vM.jC:, «), 


::: u> fc) -f t B\ (", «) 4 «). 


(18.20) 


in which A,(t, a) and B^t, a) are of the sane form as in the equations of first ap- 
proximation (18.15), while the following expressions are found for A 2 (t, a) and 
Bj(t, a): 

l { OB* . , dBi . <y A r% I 

*4 -v-- «)= - 1 « + 

4_ * « J 1 — I /. (t, •>) sin ■!< rf'!/, 

.I + m>:> rf- "'I 2r« (O -(•);) '* 

I ( i a d/lj fji i 

~~ 2ottT(t) I t)<T ' 1 ^ <h a 1 T " 


+ 


I dm (t> 

m \\) dt 


^l-swr-w/ f ' ( '- *■ 


(18.21) 


S2.. 


using the following notation 

| ft (-. a, 4) = /' (t. a cos 4. — fli» sill -i) «, -+- 

-f- /' r . ('. a ‘■'os V, -a« sin ''ji) J /I, cos -Si— afl, sin ■) -f- ^ " ("0 j • 

A comparison of the expressions obtained for the first and second approxima- 
tions with the results of Section 1, indicates that the general scheme of construct- 
ing the solutions for the case of sn oscillatory system described by eq. (18.13) will 
be the smse ss in the esse of the system Considered in Section 1. The equations of 

first approximation obtained by us differ! from eq.(1.24) by the presence of “slow” 

. ... . , J cb dh(tMt)] 

time and of the additional sum and - * 

Thus, in first approximation, the alcf* variability of the mass and the coef- 
ficient of elasticity, besides disturbing! the harmonic character of the oscilla- 
tions, also introduces additional si forces of friction", whose sign will depend or. 

! ter* « f the osci 1 1 • tory system under investi gation 

i ' -• ' ' ! ' 
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1 Aa u exM^lt, let at coniider the oscillations of a mathematical pendulum in 
J|Jm» presence of a aaiH damping, proportional to the first power of the velocity, end 
4 Lr a slew varieties in length, Denoting the angle of deflection of the pendulum fro* 
6 the vertical position by 8; the acceleration of gravity by g; the naaa of the petidn* 

j j 

B lam by n; the slowly-varying length by I * f(t); the coefficient of friction by 2n, 
iO Jwe obtain the differential equation 

4- 2« ft I/O) »»! + met (') *•« f » = 0- < 18.22) 


lor small deflections we say consider, instead of eq.(18.22), the equation 

a 

uU‘ • ilt 

-in which 


; J nil* (') nigl(n) 0 ’*• ,//) » 


(18.23) 


•/('■ «• 5 )=^- 

24- j I n fi r at approximation, eqs.(18.14) and (16.15) furnish 
26 ~i 0 ~~ tf COS 

where s and * oust be determined irom the equations 


da 

dt 


a - 


IM-) 


mi 

«/(•) * 


j/ = tw( - ) ur~’ 1 /<')/ 


(18.24) 


(18.25) 


(18.26) 


Integrating the firat equation of system (18.26) with the initial values t * 0, 
n # , we obtain the following expression for s: 

_JL f JL, 

m* J iv) [ , 

a = V 0 

On substituting the value of a from ^.( 18.27) in the second equation of the 


'( /(oAt 

y/<*>/ 


(18.27) 


system (18.26), we find 


_ _*» f jl ; 


* / ^ ( 1 <«>P\ 


(18.28) 


J « | 

1 Rf.tioa. (18.27 ) tad (IB. 28) enable u* to eomtruct *rapha o£ the tine-dependence 


3(lS 
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arbi trary 


varied alovly by 


of wplitude sod phsse she. the length of ithe peafeluo 


io these fomelss. «e pot 1 * coi^st, « obtsin 


.here x -32. end p is the isitisl phsse jrsloe. 

The letter equslioss coincide sith e^.{2.44) slresdy found. 

•e oo. ...... th.t the le..* of the jpendulue e.rie. by the li. 

j. ♦ ,,r shere 1. is the length st t * <|. «», i- the r.t. of ch*n. 

lu. length (for . short ti.e interesl «e *«. sissy* •••«“«• * lth * 1 
3 . .... ,K. l.n.th r.rie. by s line.r Iso). 1" this esse 


1 fn goie Dover of • function o 


™ ^friction, but will be inversely 

i • obvious here that, st n 4 0. Ij > 0 ai 

44 the oscillation* will decay. 

liZ These sloe increese in penck luo le 

)l~ of the oscillstioss. If lj^ 0, » * 0, 

, (0 ~ creese, shile for I j^j-l * J. the sapli 

-* for i. < 0 sad s, < 0. the sqtlitot 
— 1 . 
-j I. the abse.ee of dsepisg (■ * 0 > - 

’ ^Lithdecressieg length sad deere.se eitl 


to be expected, favor* daaping 
c l, then the esplitude sill it 


STAT 
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J v r n i x ~. L 

H> Vo+ / J 



Declassified in Part - Sanitized Copy Approved for Release 2012/11/14 : CIA-RDP81 -01 043R001 300240005-2 










iiPiiiPiil 




An analogous analysis say be made for; the oscillation frequency. For example, 
i& the absence of damping, the instantaneous frequency decreases with an increase in 
in the pendulum length and increaaea with ja decreaae in length. 

6 calculate the second apprexis; aticr. fsr this esasp! a: According to eqas* 

g itiona (18.18). (18.19), and (18.20), afteij a number of calculations, we have 


Mi | jesacos ^ — jog COS 

\Z -Jehere a and q aunt be determined from the legations 


(18.32) 


da 

djt 

rf/ = tt,(,) - 




(^•+=53)(-+w)r 

I 


1 


#|5 


10 


2«» (*«) 


« /'(*)■« , 

r,.v n (t) , ,ws(-t)«4 

3t*V'2(t) 1 

m/a (t) 1 

4»(t) ' 2*» 3 

\W (%) 1 


(18.33) 


^Hthich nay likewise be totally integrated, j Thus, the first equation of the sya- 

H j „ 

tea (18.33) furnishes the following relation between a ana t: 




-± f 

m J 


iff 3 

j 

" Mb) i ’ 


(18.34) 


V 16 + a'- /ifi-jflj 

after which *e caa also iotagrate the ascend equation of the ayateo (16.33). 

Aa a aecond special case, consider the differential equation of the oscilla- 
tions of a nonlinear vibrator under the influence of a sinusoidal force, whose amp- 
litude sad instantaneous frequency are varying slowly. In this case, we have the 
following differential equation: 

m +** ~ */(■*• 4f)+ tF - (*) 8|n ** 

de 


(18.35) 


| where ■ *<*); t • et, while 


>d k are 

The oscillatory ays tans described by 


jrole in machine-building, electrical engineering, etc 


Aa indicated above, in such ay a terns, 


cons tan ta. 

equations of this type play an iaportant 


in first approximation, we are able to de- 


tect only the fundamental resonance; therefore, making use of eq.(18.6), let us set 
np the equation of fi rat a pproximation for the caae of the fundamental resonance 
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After a lumber of eelc-UtioM for di« ooliition of eq.(i8.35) in firot appnu- 


nation, w obtain 


x cos (ft -f- tl) # 


( 18. 36) 


•hare • and 6 aroat be determined from the 


ay a ten of equationa 


2* 

d ±—— .± — f/ 0 («, 'i {- ft) sin (‘»-4-«)d(*l 4 

iff 2r.m«« .1 /ov 


t/( ^-TiCQS ». 


m I"* v i*>l ’ I (18.37) 




_| J ILQ sin 

I v(x)| 


** j TO * re ^ 0 + ft) =s /(a cos (0 4- ft), — a t» sin (0 + ft))* 

"'ll Making u.e of the not.tion of eq.(HiS) (cf. Section 14). the ey.te. (18.37) 

5I8..--I . . „ . . . j 

a ay be repreaented in the following low:^ 

i0 | fia % i . £ £(4) t . lK \\ 

d i —'\(a) a m v (^)J * ( 18 . 38) 

jO = “e («> - v ( ') 4 -! v (x)l ’ . | 

j-her. 6.(.) ted - e (.) .re, r«.pectieely. *he «<g.i«U«t d-piog decr-ent ted the 
iequir.leot frequency for the nonlinear oscillatory systsa described by eq.(l. 1) 


J8—4 — 

H Kron eq. (18.10) we find the expreaaion for t^C*. a, 0. 0 +0): 

«, (x. a. <>. '» + !) ) = i S I cos n (l + x 

~~ ’ : f|SiJ 

t X [/ 0 («, ( i 4 ! *) cosn(i + »)d(®4 ft )4 (18.39) 

*2 4- sill n ('» + #) j /,<«. <> 4 !t > s!n <* 4 ft ) M 4 «)] I 

uhich doe. not dapood on the .Ion tine x Ltd coincide. «th the .econd .tented in 

S4 the right aide of eg. (14. 4) . J - — r ~.— 

,. 6 4 fcteli not de relop th e eapretelon. for A l( x. e. 6) ted 6 t (x, ®). end -.rely 
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4 , . j 


a- 


! remark that to dtUrsir.6 them, alter ae hate found the value of U|(t, s, 8, 6 + $>, 

'■f . - ' ■ . 

it i« naflut to sakt use of the equations of hnnamnic balance (18,12), taking into 

account the above rourlt da thin aubject. 

Let ua apply these formu lea in investigating the oscillations on passage 
through a resonance in a concrete ayatem. ; To aake it easier to compare the results j 
1 .obtained Iron the stationary state studied* let us consider, as in Section 14, a non- 
* 2 linear vibrator with a hard characteristic of the nonlinear restoring force (t • 

■ex ♦ dx 3 ), under the influence of an external sinusoidal force of constant ropli- 
i; - tude and variable frequency. Let the oscillations of this vibrator be described by 
~ the following equation 




m •+' b 'if CX ~f~ <Jx :t in V 


(18.40) 


.Jwhere x denotes a coordinate determining the position of the system; t the time; 
the mass; b the coefficient of resistance: 1 * ex ♦ dx 3 the nonlinear restoring 

.elastic force; t the •ph tude of the disturbing force; 6(t) s certain function of 

'•^'"“jtiaie. To simplify the calculations, let us introduce, as above, the dimension- 


leas X, 


\ 2 . 

54 
^ 6 . 

ja-j 

40. 

42~ 

i0. 

' 40- 

*>a~4 

S4 

e >6 


I - L._ , L 


x t — jX, f, — }/~ m t\ 


Then, eq.(18.40) will be written in the form 
rfSjT* - *dX% 

I 


.v4* 6 ~ + *\ “t- *i — si" 

aq 


( 18. 41) 


(18.42) 


~Ym' V 


Assume thst the frietiom, the amplitude of the external force, and the term 
characterising the nonlinearity are sufficiently seal! by comparison with the natu- 
ral frequency of the system, i.e., that t|e system is a ciose- to- linear conservative 
system, sad put: 


-[* 2 ^+*?] -*/(*■• Sj)* 


(18,43) 
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Then eq. (14.5) yields 6 0 (a) * - li «»(•> * 1 * which, in first approx ima- 

;tion» w hive 

‘ ->-i x t a cos (0 -f- 0), 


'.0- | 


where n and 0 must be determined from the »y*tm of equations: 

da _ _ la tl 

dt~~ 2 

rfd 

"di 


'1 COS », 

1 + ’»('*) 

I /.\ I ■*" 2 I l - 

1 - 


sill *!, 


(18.44) 


dB 

where v(t) " ■* — ia a certain function of time character! ring the law of variation of 

1*3 -4 . ■ «t ■ 

the instantaneous frequency of the external force with tiae. 

I >]. ; 

In Section 14 we examined in detail the stationary state of systems described 
by an equation of the type of eq.(16.40), constructed resonance curves, investi- 
gated the stability of the various Lranchta of the curves and considered the hya- 

.ft, i 

teresis phenoaiena arising in connection with the nonlinearity. 

" 1 Here we wiii consider the behavior of the curves of the oscillation amplitude 
* las a function of the frequency of the external force, during a alow variation in 
jfrequency with tine: we will assume that, during this variation, the frequency of 
U~..jthe external force passes through resonant values 9 . In order to construct the reso- 
» 4. finance curves on passage through resonance, the system of equations of first approxi- 
’'v'._jmstior (1C. 44) must be numerically integrated by some method of numerical integra- 
tion. for the equations (18.44) under investigation, the method of numerical inte- 
gration developed by A.N. Krylov is convenient. V« note that there is no need of 
*2_jnumerical ly integrating eq.(18. 44) over tfye whole time interval during which the 

frequency of the external force varies. To obtain a complete picture of the process 

taking place on passage through resonance, it ia sufficient to integrate the »yi* 

• . j ' i 

tern (18.44) from an instant of tine at which the frequency of the external force ia 

i I 

sufficiently close to the natural frequency of the system, but has not yet reached 

the resonance xone directly. Practical constructions of resonance curves, on passage 


48. 

:i0. 

v2h 

44 

S6 


through a resonance show that, for values [of the frequency of the external force at 


"This question ham been discussed by us in an earlier paper (Bibl. 29) 
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.hick th. stationary resonance curse is close to a hori.ont.1 line, the curse, of 
p...s«« through resonance differ little Iron the st.tion.ry resonance curses, esen 


af-J 




■ 06 ]-— 


- 4 — A. 





Kg. 109 


when the rate of change of the frequency of the external force is fairly high. In 
addition, the initial s.lues base aleost so effect on the character of the resonance 


*1 ! I 


rvnara 



as - 


Hgl no 


! uu^^U-paa^thro** r.sou.nc. (« th. s.lue and po.rtion of the etc. ) 

~ r ^,tdnd the, see aot i-e di.telreithin iM re^n.nce *one it.elf (i.e., in the 
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if 


' [ 0 _ 
1 2 . 


soae of frequencies where the amplitude sharply rise*). For this reason, lor a nu- 
merical integration of the system (18.44) it is expedient, to adopt, as the initial 
values, the values of a r 9 and v that satisfy the stationary state close to the reso* 
neat sane, but are eat yet in the sone of rap idly i ni, re asm* ■dpi i tildes . 

le note thnt eq.(18.40) could he directly integrated by means of numerical math* 
ods; however, this would be a complicated task, requiring an extraordinary amount of 



v>_ 

i-i. 


48 -.. 

50 — 

'vl 


Jtime and presenting such difficulty becauxe of the possibility of cumulation of a 
large systematic error. However, a numerical integration of the equation of first 

I 

j(or second) approximation involves no difficulty, Lecause of the fact that the vari- 
ables in these equations are the amplitude and the plhase. 

H ; l 

To obtain a complete picture of the process, it is sufficient to calculate a 
small number of points located on a relatively ** smooth* curve, which substantially 

j 

simplifies the numerical integration, while the direct integration of eq.(18.40) 

would require ua to find the sinusoid directly, instead of the envelope. 

. ' j S 

For simplicity we will consider the iase when the instantaneous frequency of 

the external force depends linearly on thi time j 


“(') = ''o+fr: 


(18.45) 
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considered in Section 14. . „ . 

„ the detuning * * ^ -- ** *“* “ 


of eq.(U.SO). •* will obtain the equetioo 


J + x='.W/(*§.W) + e sin*. 


ohich. by .e.n. of the aub.titution of ...i.ble. 


x = z — ^ sin 2/ 


ue.«n 


»ay be reduced to the fon» 


£-?««*• «4‘* 


Assume, ss in Section 14. that 


, x , , < u dx L cW r (18.49) 

fix, a J , ;(-)) = l*(“) + 2* + ^ I Tt +Wfl5 * 


„d. to «ake it «re definite, let u. P»t; 


. i <•> . ,_v °" 1( L 8 r- 0.0 ! 6, 

*Wi=*o — 2i) j. * ” (w) 1 ■+«('•) ' 

H — 0,0 S3, f — — 2, * 0 — — 0.05- 


(16.50) 


Then, eq. (18. 48) tnken the folloein. (on. 


** 4 - z = ^ r !*(')- 2 (z - 1 si" «) 

rf/3 « I i- 5 l ' ... 


(z — ~ sin 2/1 3 


(18.51) 


L *J x L_(z - ~ sin 2fV 

‘ 1 i «(t)\ A ' 


. , i a • o . number of cal- 

kin, ».« of eqa.UB.S) and (18.6) *nd puttrng P *• 

eulatioaa girea. in the lir.t approai-atign. 

Z : il COS(/-1-0), 

j ohere a and 8 mu.t be deter-in.d fro. thej.y.te. of equation. 


1 1 \ b/ ,, , T »* i _j_ 4- i? sin 2il 

l(') | r, « (*(')+ 4 j i 3ti • <> 


(18.53) 
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>7 — * ft) | - 4- 1- cos 20 j . ( 

For constructing graphs characterising the variation in oacillation amplitude 
at the resonance of the served kind under various states of variation of the de- 
tuning Sft), ve oust , as usual, numerically integrate the 
ays tea. (18.53). 

lo make the problem more definite, assume that the de- 
tuning varies as a function of the variation in the natural 
frequency of the original oscillatory system w. and assume 
that £(t) varies Lij 

5(0 — : 0 +^* (18.54) 

Substituting the value of E(x) of eq.(18.54) in equa- 
tion (18.53) and performing numerical integration, we obtain 
curves characterising the relation between a and £ for vari- 
ous values of a (fig. 115). 

For comparison, the aaaie diagram contains the resonance 
curve (heavy line) in the stationary statg, constructed from eq.( 14.72). 

An analysis of the graph so obtained permits a number of conclusions: As usual, 
•hen the rate of passage through resonance increases, the maxima of the resonance 
|curves are lowered and shifted. There is a striking difference in the behavior of 
the oscillation on passage through a resonance of the second kind by comparison with 
the above considered example of passage through ordinary resonance, ihile, in pas- 
sage through ordinary reaonance (cf. Fig. 110), the first aaximum of the resonance 
curve ia followed by a few more maxima of jamaller values so that the fluctuations 
are of the nature of damped beats, the amplitude in our case, after reaching its 
jmaxiaitm value, continues to decrease steadily and tends toward *ero. 

Aa our second example, consider the passage through parametric resonance. Let 
[the rod of a length I with hinged ends (F|g.ll6> be subjected to the " per iodic • 
[longitudinal force I 

E 9 COS e ' ■“ OS.-55) ~ -I 


Fig. 116 
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Aot U.MU..K. frequency J * v(t), r.ri.. . 1 — W «*•« “«« »-> P*»- 

JtkN^ • «W»bl«d criticl «l«e (to .J.. th. for.ul.tio. “*• 

I to be through th* doubled first critical value), 

li ^ Ihd differential equation of the transverse 

j A titration* of the rod nay be written in the foro 

j \ An FJ~! + ^ « 0 «>* »> S = 0. < “• »> 

H I W 1/1 r g 0O' 0 0z 

' i | .here, a* in Section 16 , A in the crons sectional 

! ! I /~\ area; E 4 the rigidity; Y the denaity; and g the 


acceleration of gravity. 

The boundary condition* will be 


fig. 117 


v . =0. 

* * * 


-J There fore, by «»ean* of the aubatitution 


I 

eq.( 18 . 56 ) can be reduced to the following: 


- 4- o»' J ( l — A cos 0) x = 0, 


(18.57) 


Cfn4 

Q A'**” 

“ a = l To 


■ 7 ~ Aaauaing th.t y® • »(t), ..tying eith t,.e, panne, through the doubled ..lue. 
>C. ot the frequency *, let u. con.truct the fir.t npprou.ntion correapood.n, to the 


resonance p ■ 1, q * 2. 

i 

Using eq.( 18. S) and (18.6). we have . 


x r= a cos ^ f i }“ . 


J where a and 6 must be detenained fron thejayate* 


~ z-hr 2 ' 


(18.S9) 


( 18 . 60 ) 


Declassified in Part - Sanitized Copy Approved for Release 2012/11/14 : CIA-RDP81-01043R001 300240005-2 






Declassified in Part - Sanitized Copy Approved for Release 2012/11/14 : CIA-RDP81-01043R001300240005-2 





mm§m 


CHAPTER IV 

THE METHOD OF THE MEAN 

Section 19. Equations o t First and Higher Approximations in the Method of the Mean 

At the beginning of this book we had briefly discussed the reduction of a non- 
linear differential equation (containing a snail parameter) to the standard form and 
had described the construction of an approximate solution by the principle of aver- 
aging or the net hod of the mean. 

This question will be discussed in wore detail in this Chapter. 

It is veil known that the fora of nonlinear differential equations containing a 
snail parameter, and also the character of the ssall parameter itself, may vary 
widely. 

In nany cases, however, by neans of sinple substitutions of variables, the di f- 
fcrential equations of oscillations nay be reduced to one general forn, in which the 
right aides are proportional to the small parameter, be decided to call this form 
of differential equations the standard fora. 

The reduction of differential equations to the standard fora by ^plication of 
the principle of averaging is an effective method, especially in studying nonlinear 
oscillatory systems with nany degrees of freedom. Thus, for instance, in the case 
where a nonlinear oscillatory system with n degrees of freedom is characterised by 
the following expression for the kinetic and potential energies 
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v i y «»***/• ^ - 2 ; 


1 S' b/jltfj. 


(19. 1) 


«■•. i-i ■ K hi 

■here qj, qj. .... V *« coordinate., a kj . b kj .re con.tants, and the 

quadratic fonu T and V are definitely po.iti.e, it i* co,«oniy kncer. that the 
linear transformation 


<7j — Jj ?Jk x * 


( 19. 2) 


can be uaed for introducing the normal coordinate* *j, * 2 tor * hlcn 

t y *». i ' = y S "*■*’*’ ( 19 ' 3) 

iff, k I 

Then, the Lagrange equation (or unperturbed motion take, the following form: 

+ (* = 1.2 «)• (19 - 4) 

ill" 

Assume no. that our system is exposed to a small disturbance of the form 

zQ k = e \(Jt* (</*, ~1~ — KAi <7*) cos 


(19.5) 




rter e 0, denote, the frequency of the disturbing forces and c is a 1 P““ eter. 
Then, changing to nor..! coordinate, in «q.(19.5) « obtain the follo.ing 


system of nonlinear equations: 


m l x k (t* x k » *k) (A =- I r 2, • • • . n)t 


(19.6) 


share efy is determined from the condition of equivalence of *ork by the formula 


■-V* = S-Q/PJU '■(*=!•' 2 * •’••• n) * 

Ji 
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Equation (19.6), by substitution of the variables 


x^** ,m r +g 

,ik — l>» k z k e im i' t ~ l^z k e~ l '“* , l 


(19.8) 

( 19.9) 


where el and e^l are complex conjugate unknown functions of time, may be reduced to 
the standard form. 

In fact, differentiating eq.(19.8) and comparing it with eq.(19.9), we get 

z k e l ‘’* , -\-z.-h e ~ t “ kt =0. 09.10) 

Differentiating eq.(19.9) and substituting in eq. (19.6), we obtain 

fw- v -'•**..**' '"** = «**• <1911) 

lining, for a simplif ication of the notation. 


x k , 


eq. (19.6) be represented in the form 


d *± 

lit 


(gz=z±\,zt:2 ±n\ 

iZ g (i t z*) y k=z :±:l9 2 dt/i ) m 


( 19. 12) 


(19.13) 


Equations describing the oscillation of systems under the influence of forces 
of high frequency and of other systems, msy also be reduced to equations of the 
type of eq. ( 19. 13). 

Let us, therefore, describe the formal method of constructing approximate 
solutions for equations in the standard form 


dXit 

di 


: (/| X| V Xjj, * • • t **“ 1 » 2» * « • fl)» 


where e is n small parameter and may be represented by the sums 

Xk (l* x t • X J* • • •* x n) = • • •» 

(*==1,2 *), 


(19.14) 


(19. 15) 
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CHAPTER IV 

THE METHOD OF THE MEAN 

Section L9. Equations of First end Higher Approximations in the Method of the Mean 

At the beginning of this book we had briefly discussed the reduction of a non- 
linear differential equation (containing a small parameter) to the standard form and 
had described the construction of an approximate solution by the principle of aver- 
aging or the method of the mean. 

This question will be discussed in acre detail in thia Chapter. 

It is veil known that the form of nonlinear differential equations containing a 
■sail parameter, and also the character of the aaall parameter itself, say vary 
widely. 

In many cases, however, by means of simple substitutions of variables, the dif- 
ferential equations of oscillations may be reduced to one general form, in which the 
right aides are proportional to the small parameter, he decided to call this form 
of differential equations the standard fona. 

The reduction of differential equations to the standard form by application of 
the principle of averaging is an effective method, especially in studying nonlinear 
oscillatory systems with many degrees of freedom. Ihua, for instance, in the case 
where a nonlinear oscillatory system with n degrees of freedom is characterized by 
the following expression for the kinetic and potential energies 
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11 

i™rfT 

1 


n 


■ ' r l y <h ^ ** v ~ ' 2 * 2 < i9. i) i 

• ■ '--]• ' VT< *•*-* . 1 

^•h.r, „. q 2 . ... % «e generalised coordinates. . kj , b kj «« con. t »ts. and the 

quadratic for.. T and V are definitely positive. it is connonly k-« th **' '- b * 
linear transformation 

?p|v» (19.2) 

can be uaed for introducing the no real coordinates » 2 lor * h,ch 

7-4 £ *i. i'=4£4*i. m3) 

k 1 k 1 

Then, the Lagrange equation for unperturbed notion tJ.es the lollo.ing form: 

‘g* + = o (ft = 1 . 2 «). < 19. ♦) 

Assune no. that our ay.ten is closed to a s-.U d.aturbance of the fom 

zQ k = e ‘V*’ (q k . q k ) -|- ^ ?*) cos 2 t f -f 


"T“ Vi'3 (v *> ?») a!i *l‘l' 


(19.5) 


•here fi, denotes the frequency of the disturbing forces «d e is . snail par me ter. 

Then, changing to norn.l coordinate, in eq.<19.S> « obt.m the follo.ing 
aystea of nonlinear equations: 

§ + »*** « x k , x k ) (ft == I. 2 n). (».6) 

•here t\ is detemined fro. the condition of equivalence of «orh by the forwila 

X k = 5 Qj'hj (ft - 1 , 2. ... , n). ( 19.7) 

i i 
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llllli:: 


(19.6) , by subsii tution of tlie variables 


X* ~ +Z 


; where and i,l are coup lex conjugate unknoun functiona of time, may be reduced to 

the standard fora. 

In fact, differentiating eq. (19.8) end comparing it with eq. (19.9), *e get 


Zk e ^ kr *+*- h e 


Differentiating eq. (19.9) and substituting in eq. (19.6), »e obtain 

Kv* k< — im k z k e = z Xfr 


(19. 11) 


Using, for a amplification of the notation, 




dt„ /g=zz*zl,±: 2 — *\ 

dT “ \k = :+: !, rfc 2 dt a /* 


( 19. 13) 


Equations describing the oscillation of systems under the influence of forces 
of high frequency and of other systems, may also be reduced to equations of the 
type of eq.(19. 13). 

Let us, therefore, describe the forms! method of constructing approximate 


solutions for equations in the standard form 

~~~ — tX k (/ , Xj , x.p • ••» x n ) (fc = 1, 2, tt). 


(19.14) 


ehere c is a small parameter and \ may be represented by the sums 

Ag (/, x^ t Xj, ...» x n ) = 2^ (^i» *a» • • • » *#») 

(1 = 1, 2 n), 


{ 19. IS) 
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j in which v denote* conatant frequenciea. 

It nhnuld be nentioned that eq.( 19.14) i. considered exclusieely in the reel 
recioe. and the co*»les Iota of representing the einusoidel oseili.tion. ueed i« 
eq. (19. IS) i. introduced -rely for e.npUcit, of notetion. In con.idering the high 
eppreKUsetione, it in often expedient to consider terns of higher order eith respect 
to e in the differential equntions. In thin eese ee obtain, for exsnple, 

~' X f = iXi (t X . , • • • . *„) + - x l *») "t" " ’ ( 19. 16) 

dt * 1 

(*~1.2 n). 

die re V k is . function of the se~ for. es X*. This type of equ.Uon .ill .in. be 
denoted .. the etend.rd fons. In spply«»« the theory of perturb.t.ons, no sub- 
st ant ial change & are introduced here. 

Before proceeding to . description of this theory, « sill introduce . nunber 

of abbreeieted notations. Thus, the set of n quantities x,. x 2 x n -ill be 

denoted by the single letter x. Then eq. ( 15.14) sill be sritten in the 


( 19. 1?) 


■ — iX(t, x ). 


X(t. x) = 2« w *.<*>• 


(19.18) 


TKe foraulaa for differentiation of coople* function* 

dt\ ( i . Jf, r„) dt\ * V <*Xj 

~jT “ ~dt + f* dx„ dt 


( 19. 19) 


in cur notation, vill be 


__ ar i (<i* p\ p 
tii dt ' dx itt dt \ dt dxf 


uhere, in this way, J~- ia treated aa the aatria 


(19.20) 





Mb- 




*i» {% fj “ Ue operator product 


^1 *tx, I c) 


( 19. 21) 


«l t 


iti dx q ~ 


U iS eb ,i e u. that the uae o£ thi* -atria- vector .y.te. of notetio« require* 

■K, p.rtic«l« explanation and baa con.ider.We adrantag.. in ahorten.ng thefor.nl... 
Let. farther. F (t. x) be a eu. of the for. 


F(t, x) y i e'-’ F.(X). 


( 19. 22) 


pfc • 


Thee, introducing the notation 


/W { F ((, .<)} F 0 (x). 


F(t, 

M *> 

«*/<> 


(19.23) 




* * ■' . ■ r 

pSfc : 
f;.,;. ' : 

P'S-' : .' ' ' . 






etc.. — obtain identically 


d7~ r ’ ¥~ 


F — m {/*!. 


(19.24) 


[»a will denote the operator - a. the integrating operator, the operator M a. the 
: operator of »»«>« tor c.tut x or the operator of a».ra«iog orer explicit, 

| • ' 

1 contained tine. : 

Conaider ho. the .Tate, of differential elation. (19. 17). -here r i. a -all 
parameter ah* .tar. the exprea.ion* X. a. fanction. of the ti.e t. are repreaented 
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iiiii (19. IS)^ 

U note that the form of the approximate solution any be found, or rather 
guessed, by entirely intuitive considerations, namely: Since the first derivatives 
Jg ere proportional to the small parameter, it is natural to consider ell x as slow- 
ly varying quantities. Let us represent x as the superposition of a smoothly vary- 
ing term e and s sum of smell vibrational terms; in Tie* of the smallness of these 
latter, ee assume in first approximation that x • £. Then, 


~ = «.Y (t, x ) ^ zX (/, ;) - - * V X, (S> e> > 


rr -r small ainusoidal oscillatory terns (19.26) 

Considering that these sinusoidal oscillatory terms are due only to the small 
vibrations of x about R and exert no influence on the systematic variation of %, we 
obtain the equation of first approximation in the form 

— = sX 0 (5) == s/M {X(/. ?)). <19 27) 

To obtain the second approximation it is also necessary to take the vibrational 
terms into consideration in the expression for x; assuming that the term ee lVt \(£) 
in eq.< 19 . 26 ) causes, in x, oscillations of the form 


me reach the following approximate egression: 


* = 5+.Vf^(!) = \ + 5) 


(19.28) 


loumstituting eq.(19. 28) in eq. 09. 17) , we have 
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tX(t, 


whence, neglecting the 'influence of the sinusoii 

atic variation of &, we- obtain the equations oi 


and ao on. 

Thi. re neon in* obviously cannot olein to be et ell convincing; the object, 
can be raised, that, in netting up the approximate equations (19.27), terns of 
aane order of anallneaa a* the retained tern eX,, were rejected in eqs.(19. 17). 
It is not bard, however, to put then into a wore justified fom. 

For this purpose let ua perform a substitution of variables in eq.(19. 17) 


•here the l terms are regarded as new unknowns 


Differentiating eq. \iy. a*/ 


However, in view of the properties (19.24) of the integrating operator 


we obtain 


Substituting eqs.d9.31) end (19.32) in eq.(19.17) 


^i)g + ,Ar«, |)_.x 0 (5) = s*{/. 5+*A'(*. i» 
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(*(*. s-m*)— x(t, 5)i 


where 1 is regarded u the unit aatrix. 

Multiplying eq. (19.33) fro« the left by 


note that the new unknown l terms satisfy equations of the form 


On the other hand, expanding eq. (19. 34) into a power series of e, we have 


where, in general, the symbol e* denotes quantities of the order of smallness of 


or, in more detail 


Thus if B satisfies eq. (19.36). whose right side differs from the right side 


of the equation 


ISiCTl 
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U:>Si I • 


(fissft 

llof 1 :-' 

tet-'::'-" 


I ■ 


.. i y 

>■- 


( 19. 39) 


(19,40) 


by terns of the secea d order of smallness, then the expression 

* = ? + «*(*. 5) 

represents the exact solution of eq. ( 19. 17) under consideration. 

For this reason, me way take as our first approximation 

X — S. 

taking as B the solution of the equations of first approximation (19.38). 

Equation (19.39), in which £ satisfies these same equation#, will be called the 
refined first approximation. 

Substituting the refined first approximation m the exact equation (19.17), it 
is obvious that this approximation satisfies them with an accuracy to terms of the 
second order of smallness. 

It is clear that, for an effective construction of the approximate solution, 
it is primarily necessary to solve the equation of first approximation; the fact 
that these equations (like the exact equations) are differential equations, iaposes 
a certain limitation on the possibility ef using the described method. It must, 
however, be eaphasixed that, for a large number of cases of practical interest, the 
equations of first approximation are found to be far siapler and far more amenable 
to investigation. In many cases in which it is iopoasible to obtain a general 
solution, we may find at least important partial solutions, for example, the cor- 
responding steady oscillatory processes. 

For e*«q»le, at n - 1 the equations of first approximation are integrated in 
quadratures; at a * 2 the famous Poincare theory may be used for their investigation. 

For any value of b, if ^ (£) vanished at a certain point £ * £ Q , »e may con- 
sider the " quasi- static" solution 

* — V 

of the equations of first approximation. To investigate the stability of this 
solution, me can proceed in the usual may, by setting up the equations for amall 
deviations (equations of variation); 
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(ft* m > ► 

<U * ri;" 0 '- 


If ail the real parte of the root* of the character! atic equation 


lXt 1 I |=0 


(19.41) 


( 19. 42) 


are negative, then the quasi-static solution under consideration will be stable. 
Every solution of the equations of first approximation, starting from initial values 


aumcienviy ciojc 


ill exponentially approacn tne quaai-static solution as 


t ®. If, even for one of the roots of the characteristic equation, the real part 
ia positive, we have a case of instability, be may also represent the critical 
esse, shea sll the real parts are equal to tero. This case can sometimes be re- 
duced to the two preceding cases by considering higher approximations. 

As shown by the refined first approximation for the quasi* static solution 
under consideration, x ia represented in the form of the sum of a constant term and 
small sinusoidal oscillations with the "external" frequencies v. Hie higher ap- 
proximations mould likewise reveal the presence of terms with compound frequencies 
consisting of the frequencies v. 

These conclusions, formulated on consideration of the approximate solutions, 
can be confirmed for the exact solutions of eq.(i9.i7), on the basis of rigorous 
mathematical theory. It has been shown (Bibl.6) that, in the case where the real 
parts of the roots of the characteristic equation (19.24) do not vanish, we may 
establish, for very general conditions, that the exact equations (19,17) have a 
quasi -periodic solution x * x (t) (with base frequencies v), lying in the vicinity 
of the point x 9 £. This area may be taken aa small as desired for sufficiently 
small values of e. This quasi-periodic solution will be stable or unstable, ac- 
cording to the signs of real parts of the roots of the algebraic equation (19.42). 

Returning to eq. ( 19.38), we note, that, by definition of the averaging operator. 
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f ' : 


X Q (t) ■;)! 

f 

Consequently. the equations of first approximation nay be represented in the for* 


iM {X(i, ;)). 


(19.43) 


Thu® the equations of first approximation ( 19. 43) ire obtained fro* the exact 
equations (19.17) by averaging the Latter over the explicitly contained time t. In 
forming the mean, the l terms are treated as constants. 

•n»is fornal process, consisting in the replacement of exact equations by aver- 
aged ones, is sometimes cslled the principle of averaging or the method of the mean. 

Aa demonstrated iater, for justifying the method of the mean it is not required 
that X (t, H) must be representable by the sum (19.18); "hat is of substantial im- 
portance here ia only the existence of the mesn value: 


■ 

A'n (;) = Hm \-[x(t,\)dt. 

r->oo 1 J 


It must be noted that, in one form or another, the method of the mean has long 
been used for obtaining approximate solutions. Thus, as far back as the method of 
"secular perturbations" developed by the founders of celestial mechanics, practical- 
ly the same method of the mean bed been in use. However, it was only recently that 
mathematicians base begun to concern themselves with the problem of justifying 
this principle. 

Let us describe beloa the construction of the second approximation. 

•e note that, in the construction of the first approximates by substitution 
of the variables (19.31). eq.(19.17) was trensformed into 

I §= •*©+.*... 

i . ■ 

To obtain the second approximation me find the analogous substitution of 
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f 

ill 


it'; 

v.i 




mxm 


ll.. 


4iffer«&ti«tin| cq, (19.48), 


dx _ df. , ox n, 5) d\ , t , d± <m> ii , s **£]> + 

Ti-’dt + ~W~ * dt ^ dt 

_|_ ,a ~ jA' () (I) -f * 3 P o +• - a ~Jr* x 0 (*> + 

+ «— *— + * , “i 5T“ + •’ 


•hence 


$ = w a + .*<■«, + > s «*JP ** <; > + 

i ... 

-t- . ^ -r 


(19.51) 


d -™-fl = X(t. 1) - A' 0 (;). 


Hiun eq. ( 19. 50) will be equal to eq.(19.5l) with an accuracy to ter«a of the 
order of smallness of e 3 , if we select the available P (£) and F (t, S) in such a 
manner that the following relation ia satisfied: 


dljt.k) 

~dt 


; (a- 0- ~ gp *„<;) -P®. c 19 52) 


However, in view of the fact that 

V* e™ 


x(t. E) = 2 x * ( 0 ; i) ■■= ^ 

v /■ 0 1 


( 19. 53) 


I we may write 


(iyk 5 ) - S e ' ,v + , ' , ‘ 7 ?- X 

V az ' ' „* .»!,** .V. 



09 . 54 ) 
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/ 


where. in the sum 


2 
*»', ♦* 
(.•/«) 


Um tuaation in extewUd to oil P 


, u pai „ v" ) of th. frequencins v figuring in 

of the form 


the sums of eq. (19.53). 

Uon (19.54) «y. consequently, W roprorcntod by . *» 


Equation 


/- .» \ , , dXU.i) x (t)== V 

( X 4 \X (A l) oY~ W T 

v ,h] *« ■„$+*■>. 


and eq. ( 19. 52) «U b « ** tl 


afied if « lhst 


P( 


-= *.ffl = * ^ l) W ' - 


if" 

, i - n { % determined from the equation 

— affirm that, for values ol l oetermii* 

To summarise, ee can ainrm 


§ = .M W. 6)1 + •’*{(* £)*<'• !)}• 


the espreaaion 


,.*.**•+'(* 55 ** 


57) 


rill nnti.fy «9- (»• W) •it** “ • CCUC * CY 10 te "‘ °* ** ° . f 

*„ - «I1 M. u«. II ~ 

J^mUMIu .. .«i*l~ «*• 

,,, i.u I- « •* 
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‘jj » V1 \X (t , ;)j + * a ^ {(* **’ ' ’ 


09. 58) 


for this purpose, let u. differontint. *9-09.57). u.in, 
eq. (19. 55) to shorten the forouUe. 

Then «e obtein 


the notitions of 


here 1 denote* the unit matrix. 

*>...« the very definition of the integr.t.n* oper.tor yields 


^ dX jt.it | 

* =* tX(l. ;) - -M [Xit. :)! + 1* {* $) X( ‘‘ 5) ~ 

_ x 9 co — am \(^ vr) X{t ’ l) l 1 


ttd therefore it folloes fro. 0 * 09.59) that 


-Jr = (1 + * 4- » J -£{) Jr + ** (r ‘ X) + 

- tX 0 (l) - •-'M {(* ~df) X{U ■ 


Bv virtue of e,.09.17), thin espres.ion «».t be «**«» to the foHo.tng, 


d\ L., — 4- 

-57 + 5 d\ dt ^ 


df (f, 5) d\ J_ j ^£4) 4- S- 
+ t a — gr- rfi « «< 


,df(/.S) _ 


^'• + *df + * dzjdt 1 


df “ di 
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%Xif t x) = tX(t> 1 + iX 4 - *'*F) — 

’ = !)+**• • • 


This shows that the variable £ satisfies the equation 


.j=(i+»f+' , §rK®+ 

+ ^2j4®+a« ft* t>| +■*• • •]• 


However, it is obvious that 


('+4+^r='-% i, + A 


so that eq. ( 19. 60) may be presented in the form 


0 } 4- 1 


coinciding with eq. (19.58). 

thus, if l satisfies eq. (19.58) whose right side differs from the right side 
of eq. (19. 56) by terms of the order of smallness of e 3 , then eq.(19.58) is the 
exrct solution of eq.(19.17). 


Thus, as our second approximation, let us take: 

X sss \ -4- tX (t » £)• 


(19.61) 


where e ia determined by eq.(19.56>. In other words for the second approximation 
we adopt the form of the refined firat approximation in which e satisfies an equa- 
tion which is no longer of the first approximation, but alremdy of the second. 

le wiii call eq.(19. 57), in which & ia determined from eq,(19.56), the refined 
second approximation. 

As we have seen, the refined second approximation satisfies eq. (19. 17) with an 
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mk 


trror of the order of mllftesi of £ 


All .bore .tatementa can be directly gener.li.ed to equation, of the type 


dx 


dt 


tX "*) + s*F (/,*), 


( 19 . 62 ) 


ahich contain terms of the second order of smallness. 

In this case, the equations of second approxi nation take the for* 


d J t 3 VI \X(t, :)i+*VM I Y (t, o) 4 a J ;V! { (* jt) X(t, ;) J , ( 19 . 63) 


and the expression of second approximation will he 

JC^5+S X(U) 

Finally, for the refined second approximation we find 


( 19 . 64 ) 


S-4-sX(f, D+dY(t, + ji T; (19.65) 


le note non that 


M [tX(t t 54-*^)4** 2 n*. *> + *-*)) 


M \tX(t. 5 + lX ) + (/. S)| + ** 


zrz 


-.MUX(t. E)-f **(* t)4-* J K(f. 5)1 4-** • ■ ,,9.66) 


Iberefore. aince the tern, of the order of -aline.. of t 3 .re disregarded in the 
equation, of .econd w ro*imation. eq.(19.63) u.y be written indifferently either 
in the form 

idS J?. . n t . r ► V a 

(19.67) 


d }- r= M (»*(/. 54-*^)4* ’)! 

dt i 


or in the form 


\tX(t, l 4rs%)+ M (/. 5 4 - ■*>!• ( 19. 68) 

at , 


Thia mean. that the equation, ol aeeond approximation may be obtained directly 
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p \ 


itau the ex«t equation. ( 19 . 62 ), if the ter« * in their right .Me. i. **•«»** 
by the form of the refined firet W roxiention (or. «het ie the ewe thing, the lon 
the second approxisi.tion) and the mean i. t.ken oeer the explicitfy ccnt.ihed 
tiw t. treeting the reriebles I in the process of overling ss constsnts. while 
tens of the third order of smallness ere rejected. 

This principle :of averaging nsy be fonul.t.d ss folio..: Equ.tioos of the 
second spproxinstion sre obt.ined by taking the new of the exact eqo.tion. (19.62) 
on both side, .here the refined first epproxi.stion .ith reject to expl.otly con- 
fined tine hs. been substituted. Indeed, the equation. of second spprox.m.tion 
follow Iron the relation* 


= x) + **Yit.xy, 


(19.69) 


[.here, in both side. * ♦ eX (t, « is substituted for ,] , -bile, during the process 
of s.ersging, f. I sre tre.ted .. con.tsat. nd tens of the order of susllnes. of 
e 3 can be neglected. It sty be mirth mentioning th.t, .ith this interpretation of 
the operation M, »e obvioualy will have 


mm I dx\ ii i , Ht*. — 1 i= 

■Vwil " 'V ui + * > 

|i?)£ + .Sl|£l=p. 

~~ dt ' , l tn i at ■ t > > 

so that eq. ( 19. 69) is transfoned into eq.(19.68). 

In coacluaion, a fe. remark. on setting up the higher spproxi.stions .ill be 

■ade. 

Let the general equation in the standard fom be 

~ = eX(t, x) -f- ^*X ^ (/* X) + • • • + * m Xm -1 • *)• * 19 * 70 * 

dt 

jehere )* (t, x) era certain trigonometric suas of the type as X (t. x). 

than, is order to aet up the . th spproximstion, let ua consider the expression 


H 
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,jr*=i+%F t (t t £)+.•• + (i* 5 ). 


( 19.71) 


in which (t, B) are aunt of the for* 


2 •*/■*© 

► 7 ® 


while the variable £ will be a aolutioa of the equation 


dt 

dt 


= «P, (6) + «V > *(9+ • • • + * w/> « (')• ( 19.72) 


On substituting eq. (19. Ti) in eq„U9.70) and equating the coefficients of the 
aaae powers of e to the * th order inclusive, we select Fj, .... F B , and Fj, ... P B 
in such a nanner that eq.(19.71) will satisfy eq.(19.70) with an accuracy to terms 
of the order of smallness of e“ * *. 

In this case, we obtain 

P x {\) = M\X{t. 5 ) 1 ; 

l\a> M ( (a £)a'(/. \) + X t (I, ;)J ; • • • >\ (/. e .) = *('. 5); 

Foji. i) = (xfyxv. i) m \ x(t . *>; +x t (t, ly ... 

If, after having deternined Fj F^ and Pj. .... P B , »e consider eq.(19.71) 

as a certain formula for substitution of variables, transforming the unknown x into 
the new unknown B, this will be determined by an equation of the form 


Hi 

dt 




(19.73) 


Thus if the war i able B satisfies eq. 09.73), differing from eq.(19.72) by terms 
of the order of aaMillmeaa of t* ¥ l , then eq.(19.71) represents the enact solution 
for eq. (19.70). 

For this reason, the expression 




\V 
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] * = s +sF t (t, ')+... +t»-'/Vi(*. 5). 

: | U ** H i. determined by the equ.tion of tl* - th approxiration (19.72). b. 

..opted a. th. W ran«.tion. For .neb . *. .9.(19.71) -ill yi.U . refined 
i W ro»i-.ti.n aatiafying the exact equ.t.on (19.70) -ith an error of the order of 
j e - 1. •. note that if the fora of the ,e*ro«d (-l) lh .pproxination re k~ra. the 

equation of V h .pproxi-.t.on c» be directly found frou the ex.ct equation (19.70) 
on substituting this fora end or. foraing the neen by the aid of the operator M. On 
(the shole. in the application. of the above theory of perturbations. -e use us.nly 
J the first spproxiastion rad only occ.s.on.lly the second. The hrgher ^proxrastron. 
Isre rarely eaployed, bee suae of the r*»d increase in the coeplexity of their 
construction. 

An an enable illustrating this theory, let us consider the oscillations of a 
8 I phyaical pendulum -hich is a -lid body, freely rotatable in a certain xertical 
plane .bout it. point of suasion. Let the point of suspen.ion perfora, in the 
vertical direction, ainuaoidal oscillation, of small ^litude a, at high 
frequency in such a nny thet * 

sfl! 4 <c:i. < 19.74) 


| i t .in he found that the unstable upper position of the pendulun can be nade 
•table. 

To consider thi. i.tere.ting phenomenon. let ...rat «P the equation of oscilla- 
tion of a pendulun uith a vibrating point of suspension. Considering the draping 
proportional to the velocity**. « have 

• there ! i. the rsduced length of th. pendnlra rad d. * ff « the fre ‘ 

! quancy of the wall oseillntiona. 

-1*Mm-«rat- the equation of oraillntira. of . pendnlu. rath it. point- of- ra.pra.ira 
: ,t rest -ill baeora, a. generally know. (continued on next peg*) 
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Let m put, for brevity, 


“7 


( 19 . 75 ) 


0 i. the angle of deflection -e.aured fron the lo.er portion of eqo.Ubriun; 
y - a .in «t i. the .ertie.l di.pl.ce.ent of the point of auapen.ion; X .a the co- 
efficient of dangling. »tth reject to the nagnitude of d-piog « «***"« ^.t, at 
the fixed point of auapen.ion. the «tioo of the pendulon et a-all deficctiooa fro. 
the loner po.ition of equilibriu. h.a an cacll.tory character. Then, as la gener- 

all y known, 


To find the anal 1 par-aeter in eq.t».75>. it ia expedient to introduce "di- 
..n.ionl...” ti.e. More apec, f.cally. the ti.e t «..»red in aecondx is replaced 
by the tine t for nhicb the unit of -e.aure.ent .ill be related to 2n -hich is the 
period of oacil 1 ation of the point of auapen.ion, i.e.. 1. »e hare, obnously, 

i. d _ \ d . <f _ J_ 


ao that eq„ ( 19. 75) yield* 


^ + + f sin« = 0, 

rff» x dt T I 


However, fro. the point of .ie. of the principle of relativity, the *,t,o» of 
P-sd-ln, -ith . vertically vibrating poi.t of aoapen.io. .. the «*»»•»«“ 
the notion of . pendnln. -ith a point of auapen.ion at mat in a liei o 
"gravity” nitb • acceleration g * y" . On replacing g in eq. <«> by g y . •« 
arrive et eq. (19.75). 




( 19 . 77 ) 
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and eq. (19.77) >«y be written in the form 

Taking the ratio of the amplitude of oscillation of the suspension point to the 
reduced length of the pendulum as our small parameter e, we have finally 

g + 2** jj+{*v s Sint} sin O^O. <19. 79) 

where, according to eqs. (19.74), (19.75), ami (19.78), the constants a and k will 


be lesa than unity 


Since the equation so obtained, containing the small parameter e, is not an 
equation of standard form, it must first be transformed into this form before direct 
application of the above theory becomes possible. 

It turns out that, by means of a simple substitution of variables, this dif- 
ferential equation of the second order can be transformed into two equations of the 
first order in the standard form. For this purpose, we replace one unknown function 
of time 8 by two new unknowns a and fir, using the formulas 


— • sint s!n?, 
g- — *0 — « cos t sin ?. 


(19/81) 


Different! sting eq. <19, SO) and collaring it with eq. (19.81), we have 
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: W 


U cos *z cos 9— 2a£s f* cos s,|Ji f r ) *+“ s2 • ■ • • J 


A>piying the method of the seas to these expression! and taking account of the 
identical relations 


Af [cos ~~ 0 * M { sill** 1 T 


1 


obtain the equations of first app rosiest ion in the form 


dz 

d<2 

dz 


90 


~ 1 1 1 sin 9 cos 9 + It* sin 9 -f~ 2*$} . 


(19,85) 


These two equations of the first order ( 19. 85) . ore obviously equivalent to 
the single equstion of the second order 


g -f 2t* + i -( * 3 + -3- cos ?) sin <? = 0. < 19 . 


86) 


The resultant equation of the first order is far sinq>ler than the exact 
eq. ( 19. 79 ) , already by virtue of the fact that it does not contain the time ex- 
plicitly. This equation constitutes the oscillation equation for a system similar 
to the pendulum with a fixed suspension point in which the “restoring force" is 
proportional not £0 sin q but to | cos q) sin 9 . It is interesting to note, 

sstong other things, that for example certain gyroscopes (Bibi.54) are ays teas of 
this kind. 

In the absence of dashing (a * 0), eq.(19.86) is completely solved in elliptic 
functions. However, for considering the question in which we are interested, we do 
not need expressions of the general solution. Equation (19.86) indicates directly 
that this equation atfeits of the quasi- static solution q * w, corresponding to the 
upper position of equilibrium of the pendulum. 

For studying the stability, consider the small deflections 6q * q — ti from this 
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point equil to 60 cp» ^ u * 377 ) •' the fr '<«“® BC V nf th * “® u o.eilUtion* of 

the pradutua «ill bo Wj, - U. 2-A-, ohile in tb* cone of o suspension point st 
rest, this frequency oil! be equsl to - 4.04 . The effective restoring force 

is here incressed by s fsclor of 2 "8.2. This force, st susll deflections, 

W V 

will thus be the same as in a corresponding ordinary pendulum which ia 8.2 times 
as heavy. 

He note finally that the equation of first approximation (19.86) permits a 
consideration of the question of stability not only at small but also at large 
deflections. 

Next, we will discuss the oscillations of a pendulum in second approximation. 

It is obvious that the equations of second approximstion coincide with the equations 
of first approximations. 

For this reason, in constructing the second approximation, another possible 
type of motion of the pendulum will be investigated. It has been found that s 
pendulum can rotate synchronously at the angular velocity w, expending work for 
overcoming the resistances, provided thst these resistances do not exceed a certain 
quantity. Here oscillations of the pendulum are possible about an axis rotating 
uniformly at an angular velocity exactly equal to w. 

In order to simplify the calculations slightly we exclude the action of 
gravity, assuming that the motion of the pendulum takes place in a horizontal plane. 

Then, putting k * 0 in eq.{!9.79), we obtain 


-j- 2ia 


46 

d% 


i sin? fin 0 = 0. 


( 19. 89 


The angle 9 measures the deflection of the axis of the pendulum from a certain 
fixed axis and, since we intend to study the oscillations of a pendulum about an 
axis rotating at constant angular velocity w, it ia expedient to replace the angle 9 
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by the angle ?: 




or for the distension leas time t, used in eq. <19.89), 

^ = — t. 

For the angle f the equation of oscillation sill obviously be 

— * s'.n t tin -f- 1) 4- 2*a = 0. ( 19.90) 

To reduce thi» eq. (19.90) to the .tnndurd (ore, let 

^=y»v 09.91) 

A* • remit, we obtein two equetions of the first order with respect to the unknowns 
f and v: 


^C= y»*lntsin(^ + t) — 2F’«a — 2(y r t) , av, (19. 


in which /e nay be taken as the snail parameter. 


sin t sin (4 -f •:) = y cos •’> — cos (<|» -f 2 ’), 

the refined first approximation (second approximation) will be 

+ . ss. ^ V = 12 — Kf COS (»|> j 2t) “ 12 - sill (*l -f- Jt). ( 19 • 93) 

Substituting eq.( 19.93) in the right sides of eq.(19.92) and taking the aean 
-itb respect to z with constant f, Q *e arrive at the equations of second approxi- 




jg = * 2 - cos •'/ — 2V •'« — 2 tai! , | 


(19.9*) 
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=0. 

! ex 2 v • 


If n return to the time t measured in second® ^t 01 , then the resultant 

equation of second approxi nation can be represented in the for® 


$ + K % i - “fi cos * + )M = °- 


( 19 . 95 ) 


iff 21 


He note, among other things, that, in the notation adopted, the equation of 
first approximation would be 


COS 0 4* Ac# = 0. 

<jffi 2/ f ' 


( 19 . 96 ) 


It differs from the equation of second approximation by the absence of the term 

X i3L , due to the damping, 
dt 

Chi considering the equation of second approximation, we see that it admits the 
quasi- static solutions 

tf«u3 

'i — •f'o. wh ‘ r ' 2jr cos 'Jo = /.«*, ( 19 . 97 ) 

correaponding to the rot.tion of the peiiduiua (0 ’ ut ♦ ? a ) »t constant angular 
velocity as, provided only that 

. fla# 


2/ * 


At 


> • — 




2 / 


( 19 . 98 ) 


(19.99) 


tick quasi-static solutions are iapoaaible. 

To investigate the stability of the quasi- static solutions (19.97) in the esse 
of eq. ( 19.98) , let us consider the small deflections f from f Q : 
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mm 


y = Vo’T"°V* 

For Mali deflection*, eq.(l9.95) given 


J 3 L + *^+T? sin * °- (w l00) 


Investigating the corresponding cherecterintic equation 


P ! + '•/>+ sin '!,o = 0. 


(19. 101) 


it becoaie a obvious that, in view of the fact that the coefficient X, for ~ *in f o > 0 
is positive, the real parts of the roots of this equation are negative; at 
2 

-SSL sin f Q < 0, this equation has a root with a positive real part. 

Thus the solution (19.97) is stable for sin f 0 > 0 and unstable for sin v 0 < 0. 
He have, consequently, one stable quasi- static solution 0 < v Q <■ * and one unstable 

* < f D < 2 ** 

le note that, if we confined ourselves to the consideration of the equation of 
first approximation (19.96), then eq. (19.100) would not contain the ter* X , and 
the characteristic e<piation would have the form 




Consequently, for sin f Q > 0, its roots are purely imaginary, with a real part 
equal to aero, and the question of stability remains unsettled. The possibility of 
such cases was mentioned nbovc. As we see, in considering the second approximation, 
the real part of the roots of the characteristic equation differs from aero, so 
that the question of stability can be clarified. 

ie will any a few words in conclusion on the subject of the condition for the 
existence of the quasi- static solutions (19.97). 
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: i Ik- 


*« note that if I denotes the MO«snt g£ inertia of the pendulum, the® IXw ob- 
fiouily represents the MOMeiit of the forces of resistance *or s pendulum rotating 
at nil angular velocity w. 

By Multiplying the nonent of the forces of resistance by w, we obtain the 
power N consumed in overcoming these forces 

N ~~ /iw J . 

The condition (19.98) shows that for a steady rotation of the pendulum at an 
••iccity y to be possible, the power expended in overconing the forces of 
resistance suit not reach a certain liniting value, which is 


N 


1 a 

2 7 


(19. 102) 


Thus, for eaa^le, if the moment of inertia of the pendulum is 1*0. 5 kg-cm-sec , 
the reduced length is 1 * 40 c», and the point of suspension executes 60 oscilla- 
tion. per .ecoed (« ■ 377 ~) “ -* lilude of . - 2 «, then 

L ** o,i ~ cm sec ~ ’ - 6698 m sec 1 . 

In this esse, sccording to condition (19.102), for the pendulua to be able to 
rotate at an angular velocity w (60 rps) the power expended on overcoming the re- 
sistances cost not exceed 6698 Vg-M-sec 

Section 20. The Case of a Rapidly Rotating Phase 

In this Section, a generalisation of the Method of the Man will be given for 
the case of a ayates with a rapidly rotating phase. 

Respective studies were nade by D.N.Zubarev in collaboration with one of the 
authors of the present Monograph (Bibl.9). 

Consider the dyaoaic ayatCM whose state is characterised by the angular 
variable «. sad by r variables x v x 2 ’ v. * r * md U 4e#cribed b ? the Allowing 
system of equations: 
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it 




Uj. 


.v ( , .... *,) (* -- i. 2 n, 

:AU>(A* fl ...» .v r ) ~f" /!{?, Aj» * * \> - v r)* 


( 20 , 1 ) 


•here X U a large parameter; X w correspond, to the frequency of rotation a; 

Xjj (• xj .... * r ) , A (a, xj, .... x r ) are periodic functions of the angular 

variable a with a period of 2n. 

»« note that, in the special caae .here u » con.t, «h»le A <o, xj x r ) =0, 

the ayateai (20. 1) .ay he directly reduced to the standard form. 

In fact, in this caae we have 


***=**('»< f?. *1 *r> (? = const). 

dt 


whence, introducing the new independent variable 

/.a d -- », 

we obtain equations of the type of eq.(19.U), where 


I. the general ewe of the ay.te. (20. 1). the fondant. 1 idea of the -ethod of the 


mb can be used. 

It will be deaoaatrated belo. that the rariable a can be eliminated fro. the 
right aides of eq.(20. 1) eith any degree of accuracy in the expansion in po«er 


aariea of For this purpose, ue define the substitution of .ariables 


Xk-Xk+^'n'f'l 1 - *1 Xr) 


(* = 1. 2, .... r). 




(20.2) 
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by ®eana of which the ayafee® (20. 1) can be reduced to the for® 




— >.«i (.v, x r ) + ^ C»i(- V .t A ') 


<20.3) 


in such * way that the coefficients in eq.(20.3) no longer depend on the angular 
variable a. 

The physical meaning of the * ran* format ion (20.2) consists in a resolution of 
the actual notion described by the variables xj, x 2 , x r* a into * ® can “° tlon 

»ith the coordieete* i, » r »d • " .lbretion" . de.cribed by the engle * end the 

functions 

U H (J, X t , . X r ) and i k (z § X {t ...» X r ). 

The detemination of the functions entering into eq. (20.2), speaking generally, 
is not single- valued, because of the arbitrariness sith which the various terss of 
the expansion can be related either to the stain or the higher terss of the series. 
This fact has been noted repeatedly. 

In the case where we have a certain concrete expansion (20.2), we say always 
perform the substitution of variables of the form 

x k = x k + % fk (*!• • • • » x r ) + ** • • • » 

resulting in Mother possible for® of the expansion, since x k , with the sane justi- 
fication, can be adopted as the new xj,. 

T® obtain definite single-valued expressions for the coefficients of eq.(20.2), 
certain additional conditions nust be established. Assune that U n and oust not 

contain null haraoniea with respect to a, which would Mean that and a include all 
of the Man notion. 
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required solution of 


The expressions ( 

the system (20.4) 
Let us pees 


Ut us represent the formula* for the substitution o 
™ /m ftl f 9ft- 101. and (20. 15) , in the for® 
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th. .y.tc. oi equations (28.3), after .ubstiluting the coefficient, fro. 
eqn.(20.7)-(23. 16) , (20.13) . »d 120.14). takes the for. 

i x „- i |/V. /.+«*.. *.! - 

i . uni * ' ' 

- 1 ^ ! f M'k. m rx „ F I 4- 

-r is hi,' 0 '* <5, + 

,;a 

+t2sv +°(»)‘ 

> f^imSad X t ( 20 . 17 ) 

*_**+*.+ * V -A. -£==- I/ 7 ,.. r,n+o,n v*- 

J « 1 dm , p _fQ U.1 y- l -|^ L f,ii-^' 0 »»)" 

”rl j *n4x. gn ‘ X rj 2 "" djr ’ djf * 

<AV 




( 20 . 18 ) 


The ay.te. of equation. (20.17). (20.18) yield, the solution of the probles po.ed 
at the beginning of thi. Section, -ith «. accuracy to ter., of the fir.t order oi 

inclusive, with reject to the p.r-«t«r {. fir.t group of eq-.Uon. 

of thi. ay.te. (20.7) e*pre..e. the .y.tctic -otion. Equ.tion (20.18) for « «x- 
pres.e. the "vibrstion". Thu. the .,.t«..tic notion i. .«P«.ted fro. the “vi- 

brstion” with an .ccurney to term, of the order of - 

U t «. consider, a. nn ess*!., the -otio. of . charged particle in a .^.«tic 

field. This proble. in of interest for .sny que.tioo. of theoretical physic. 

Fer exaqile, in co-ic el.ctrodyn.ies, the proble. of investigating tbe p.th. 

.£ co-ie particle. is conifer. field, .rises- »U — proble Iso sri— in 
the tfesory of certsi. sictrotecb.icsi instructs used in radio engineering, analo- 
p,, u the .agpetron, the .net integration of the equ.tion. of -otion of . stat 
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charged particle in boh- uni f on electric end magnetic fields is difficult end, in 
moat cases, can be per fo need only by numerical methods. Even this is not always 
feasible. In particular, the difficulty of numerical calculations become almost 
insurmountable aa soon as the particle executes a large number of revolutions along 
a Larmbr circle during the time of its motion. It is precisely in this case that 
the above* described method of asymptotic approximation can be utilized, preventing 
any calculation difficulties. 

Assume that the magnetic field varies only slightly over the length of the 
Larmor radius: 


Ri 


l ah' 
H dx ‘ 


1. 


(20. 19) 


where R« ■ JL is the radius of the Larmor circle, Uu 3 the Larmor frequency and 
** W|| n *c 

w the velocity of the particle in a plane perpendicular to the magnetic field. 

Then the charged particle moves mainly in a spiral around a magnetic line of 
force, rotating at about the distance of the Larmor radius and “drifting" in a 
direction perpendicular to the magnetic field. By making use of this fact, we can 
construct simplified mean equations for the motion of the center of gravity of the 
Larmor circle. 

The aatiafaction of the condition (20. 19) ia favored by high values and uni* 
formity of the magnetic field and by small values of the velocity of the particle. 
The condition (20,19), however, can also be satisfied at high particle velocity if 
the field ia sufficiently large and uniform, and also at small magnetic fields if 
the velocity of the particle ia sufficiently small and the field is sufficiently 
uniform. 

I» this example we will investigate the motion of the charged particle in a 
non* uniform electric and magnetic field, assuming that the magnetic field varies 
little over the length of the Larmor radius. 

The equations of motion of a charged particle in a magnetic and electric field. 
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in nonrclativi.tic approiiiontion, are «( the Ion 


••E 


•UL^Fl * \vH\. F 

4 it 1 me % m 

' ,r *. 

M 


( 20 . 20 ) 


Ut u. .elect a crY.in.eer .y.te- of coord.n.tea -ith the orthogoe.l co- 
ordinate. t 0> n , t 2 in the direction of the line, of the magnetic field .nd the 
two perpendiculars to it: 

H 


X,. = 


~ff • *i — • l*/M- *•_• — l*o*i I* *0 

le then write eq. (20. 2)) **» t ^ e * om 


l*l*J> 


( 20 . 21 ) 


itV 

dt 

dr 

dt 


F 
v , 


»lf !V* 0 I» 


( 20 . 22 ) 


where * eH it) ia the Larwior frequency. 

Let u. represent eq.<20.22) in such . for. th.t the rotation of the particle 
nt angular eelocity of -ill be explicitly .ep.r.ted. For this purpose, let 
.. rewire the sector of eelocity of the p.rt.cle » -ith re.pect to the orthogonal 

coordinates x Qf %«’ 


||T 0 + w i*t cos * “f" ** sin *} 
(tP t» J ~f~ u J )* 


(20 . 23) 


Acre a i. the Telocity enponent parallel to the field »d - the connect per- 
peadicultr to it. 

According to e,.( 20. 23). eq.<20.22) nssunea the fom 


■ff% + w K tos * + ** *“ *i + 


v cos a + *j + v { * I’ t si cos «J rf y 
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F f (ii || w |t t sin c cos «j . 


(20. 24) 


By Multiplying eq.<2G.24) successively by x Q , Tj cos « ♦ t 2 sin *, and 
To cos a - Ti sin a, we obtain the following equations for -i2 : 

4 * at at at 

<« ' w { T o Jt cos 3 + T o *?" sina }’ 

(Ft,) cos ^-{-(Ft^sin t ~«(t,coss -ft,, sin «)-’*, 

»h w f- F Jt. cos * t, sin * ] 

\% cos v -t, SMI »} | u *2* -f- ■ «(‘J' cos a { ''//sin i)j . 

(20.25) 


‘ -hlvX)X f : f { 

f wj(T, cos a 4- sin *j (/ - 0, I, 2) (20.26) 



f t, (^t) -j- t.et/) T. 


(20. 27) 


Put * 0. i.e. r consider that the Magnetic field does not depend on tine, 
although this limitation could also be omitted. Then, with the aid of eqs.(2G. 26) 
and (20 . 27), eq.(20.2S) takes the fom 


iiu fgS 

■Jt -■ ( Ft o) + y dlv t 0 -f uv> {* t (t 0 V)^j cos a + 


+ **W‘*o» lna }+y {t, (t t V) — t 4 (t a V) t 0 J cos 2i + 


+ f (t,(t a r)t 0 f sin 27. (20.28) 
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m:f : 


"• dlv * 0 4 UFt,) «*«i(^*V)%J cos a |- 
4- {(F*g) - u% (x 0 V) *„) sin a - 
— °y (*, (t t V) t 0 - t a (t,t) t e | cos 2a — 

(t ( (t. i V)**o4 t J (*s ( V)‘ eo ! sin2a, (J# M) 








<19 


} i !<F*i) - « XltaV) t 0 + «*t, <t, V) t,! cos a 4 
-1-1 ! -(Ft l ) 4 sill a 

— j !*, (t-iV) a 0 4 ) t 0 | cos 2a 4- 

4- “ \x t (x t V)x 0 - sin 2a. (20.30) 

to theae equations a. -«.t still •* the second e^.t.on of the sy.te. (20.22): 


~ = ttt 0 4- w {s, cos a 4- sin a). 
at * 


(20.31) 


the equations of notion of a charged partial. »» » nonunifor. field in the 
for. of eqs.< 20 . 28 )-( 20 . 31) are conrenient for sppUc.tion of the *o~ -ethod of 
asyaptotic sppro,i..tion to the «.e of a ««»etic fiel<* differing little fro. a 

oBifons field sod satisfying the conditions (20.19). 

Ut u. parlor, in th. ay.ta. (20. 28)- (20. 31) a subatitution of rarities an- 

alogous to the substitution of eq. <20. 16): 

r s if 4 (^i cos a — t, sin »). 

a ~ a 4- -1 ( g t cos a — /, sin a) 4 

•m 
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T ~ i (t| cos * t,j sin *) V» #| f 
•ir 

4- - C& cos 2a /a s,n 2a >« 

'2#m 

- ** • _ (20.32) 

* — ~ 2 ! - O IH cos 111 + P w sin «). 


— 51 "l' I ~ O 0H cos «a ' /' stn «« | , 
<*>!» m n 


•here u and » correspond to the variables x 4 , x 5 of the system (20.1) and w H - 
- Xu; f n , g ft , F^, G^, F 5 n , G 5i| are the coefficients of the corresponding har- 
monics in eqs.(20. 28) -(20. 31) . 

f t ~ UP *„) - u\(%V) % 4 V>\ (t,V) t ,! . 

^ = ± { _ (F, *,)+ u% (3 0 V) t 0 — 

/, - !t, (%V)%4-‘M*iV)*ol. 

JSTi = 5 •''t C 1 ! V > ‘'o - 

_ . — ■ ■ « V* 4 rr\- _ — /« I7\a» I , --v 


f 4t = wre a C* 0 ^)V Fa— y { t i( t i v ) T o“~ t ^ T ^ x ol» 
/’„=<V’>~« a M*o v >*o. 

^h,(t 1 V)T 0 —t*(t # V)‘* 0 |. 

0 4l — uwt, (t 0 V)tQ, 

O w = y {*, (t,V) t 0 4 **<*,?) to) . 

o M ^(V s )-«%C«u^v 

<].* ~ — "f |t, (T,)V) ■*„ 4 ■s,.Cs,V) s 0 |. 


(20.33) 
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The first formula of the system (20. 32) expresses the rotation of the particle 
around the Lamar circle shout a seen position, while the second, third, and fourth 
equations describe the influence of the nonuni fomity of the field and of the ex- 
ternal farce on the angle of rotation a and the velocity components u and a. 

As a result of the transfornation (20.32). ec|a. ( 20. 28)~ ( 20. 31) will no longer 
contain the angular variable a. In our subsequent discussion we will everywhere 
onit the symbols of averaging for the variables, writing r, u. w, as simply r, u, w. 
which cannot cause confusion, since we will only deal with averaged variable* in 
the following. 

te shall perform all the calculations with an accuracy to terms proportional 

to . Then, in the approximate equations for and — , as will be seen in the 

W|| dt dt 

aecpiel. it is sufficient to retain only the terns of zero order with respect to JL . 

« H 

In the O** 1 approximation, eqa.(20.28) and (20.29) yield: 


du c . t£*2 

ai - ' div < 5 o- 

dw uw 

at ~ o div V 

A',,, <^o)4-';%livt 0 . 


'fdivv 


(20 . 34) 


(20.35) 


Frews the system (20.34) follows the law of conservation of energy for the 
averaged motion. In fact, whan multiplying the first equation of the system (20.24) 
by ■» the second by w, and forming the sum, we obtain 


„du , dw 

u Tt+ w !t 


u(F%) 


\dV 
m dt • 


where V is the potential energy of the particle. 
Consequently, 
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«!« 


-~'(n' 3 4* W J ) + — = const . 

4 


(20.36) 


Ui ua find the adiabatic invariant fro* the second equation of the 
,e* (20. 34) ♦ •*' have 

5 .= -7bm- -'?(•'(«»= 


•e have 



dW _ 




2 \ 


//nr 

idr 

- ’*“**• 

~ 2 

\dt 

and ut 0 X 

dt 



(20.37) 


As a result of integrating eq. (20. 37). me get 

Vfl 

.j ~~~ const . 


(20 . 38 ) 


thus the quantity Hi is an adiabatic invariant, i.e. , ia not preserved exactly 
H 

hut only with an accuracy to terms of the order of 

Be sight hire aupplesaated «q.(20.3S) «th the higher ter*, in , beginning 
with the first one. end obtained an explicit expression for the spproxinste integral 

of notion, preserving its value to any degree of accuracy assigned in advance. 

2 . 

The physical meaning of the adiabatic invariance of the quantity — is that 
the magnetic flux aero a a the Larmor circle ia a quantity constant within an ac- 
curacy to terms of the order of amallness of-~ . 

H 

As s result of the trsnsformstion (20.32). eq.<20.31) teles the form 

i; §««V+'£cy, +-W+ 

+ rf- W. - <x t v> t a ) -+ %r ;A ) - 


~7 (t.tt.Vo.,,) (20.39) 

‘-’-if M 


ailo»in€ lor 



♦ 
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alb 


.w<Vr + VTi-> + V*6t ~ Vm " 

= f2<t a F) f + 

+ T j I ~ 2 (*/') 2«' J i, (V> t„ (*,7) j 


Let m rewrite eq. (20.39) in the fora 




— - Vt W %i + 

+ 2« h * t > t i - V* <***)*, I f 

H- .J !(“«/) t, (<c t V)<e_,; 


~ ^ ~ („V) ,20. 


dt ” “*« {" " i ‘ r0t V| + 


ft„ x [ 




Vil'o^V^IW^X <#l. 

<T * r >V " ^iTHa --t 0 (t 0 r»lt 0 ) ■~t l ti.(t,V)tj-f-T J t 4 (t J V).'T l 

la eq. (20.41), the asnil correction 

J* (V<*<t 8 )*o 

to the Bain longitudinal tern ur rt oay he neglected. 
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It i* obvious that in eq. (20.41), in the approximation adopted, the terms per- 
pendicular to the field H begin with term* of the order of ~L , while thoae parallel 

r 

to tbo field N or* determined only with sa eccur.cy to -1 . Maintaining the same 

"H 

accuracy , quantities of the type t # _t nay be added to thia eqaation. Indeed, if 
— . *11 ’ 

from our r we proceed to another aubstitution (cf. remark on c aaea which are not 
“single- valued”) : 


" /(*. r), 


(20.42) 


shifting r along the line of the magnetic field by a quantity of the order JL 

*> * 

«• 

H 

which ia negligible at the degree of accuracy adopted, theo on differentiation of 

T 

eq. (20 42), the terms JL T are added ia addition to the inaubatantial terms of the 
H 

order of JL . 

Lot ua aafce uae of thia arbitrarincaa, and determine u. for exseple, so that 
it nill exactly equal the coaponent of Telocity r of the center of the Lemor circle 
parallel to the magnetic field. Then the nea u aill be equal to the old o pine 
■Jr. . In eq. (20. 41) ne nay cinply substitute u nee for u old. since the difference 

between these quantities in order of uagnitude ia leas than the terns retained in 
eq. (20. 41). 

Thna finally ee obtain the foliosing system of equations deternining the notion 
of the center of the Laraor circle: 


\t, f “r ‘Hvt,,, 

dv? UV? I} _ 

dl" r: e, - 




— V # f % X { F + ™ Tm n + ” (t 0 T) t 0 } . 


(20.43) 


- - l 

' I - ■■ ?l 

mmm. 


tec 
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It ia not bard to ae« the physical netting of the different terns in eq. (20.43): 
i 0 ii ia the cos^onent of the velocity vector of the particle directed along the 
magnetic field; 

’ \r-\\ ; t .\EH\ (/; //) 

ia the velocity of drift of the particle under the action of the electric and 
Magnetic fields; 

wx r "i - 

JmZm Jetr* 

ia the velocity of the drift due to the nonuni fomity of the magnetic field; 

\n\ 1 

(where R ia the radius of curvature of the lines of the magnetic field and n is the 
principal normal to the lines of the aagnetic field) is the velocity of drift due to 
the curvature of the lines of the magnetic field, or the velocity of the “cen- 
trifugal*' drift. 

The last equation of system (20 . 43) may also be antten in the form 

V f l*« X Wl + >*•«! i 


jrnt » #/ 


, i*U rot ui ;| )j , (20. 44) 

”h 


V r U' J } ■ IP' 1 , 

share wy * wjjt c ^ een u#e< * an ^' t * ie identity (t 0 V) *r 0 s - [t Q rot t c ] has been 
taken into account, or in the form 

iff H t C tg?LMt i INC {V* «*-) turtit I 

t n a H +m' EH 14 Mb l##r//| 4 


! Zm | r "' * ")| • (20. 45) 


m 
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CHAPTER V 

JUSTIFICATION OF THE ASYMPTOTIC METHODS 
Section 21 Justification of the Method of the Menu 


The problem of justification of the ssynptotic Methods nay be investigated 
from various points of vie*. 

•e nay, for exaaple seek the conditions under *hich the difference between the 
exact solution said its ssynptotic approxination lor sufficiently snail values of 
the parameter becoaes as snail as desired over a tine interval as long as deaired, 
but which is still finite. 

te any also pose problens considerably sore couples, attempting to establish 
the correspondence between those properties of the exact and approximate solutions 
that depend on their behavior over an infinite interval. 

In the present Section «e will consider the first of these problesis, since it 
is the stapler one. 

Since the above- described ssynptotic Methods alio* a reduction to the Method 
of the nean, the probiea, for the atke of generality, will be fomulated with re- 
spect to its application to a system of differential equations in the standard fora 

Tbua* •« ahall consider the system of equations 

% = lX(t,X) (21.1) 

P 0 **** •* o-dinensionai Euclidean space) with the snail psraneter e. 

..... u * wiitrect lor it the corresponding systea of averaged equations 


msasamm 
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m i 


dl 

tii 




( 21 . 2 ) 


And let us proceed to the proof of a theorem establishing that, under very general 
conditions, the difference s (t) - g (t) may be made as small as desired, for a 
sufficiently small vinlue of e, over as long an interval 0 < t < T as may be desired. 
Since l (t) depends on t fey way of the product et, it follows that, for £ to be abie 
to depart significantly from its original value during the course of this time 
interval , i.e. for this time interval to be sufficiently long from the point of view 
of the variation of &, a quantity of the order t must be taken for T, where L may be 
made as large as desired for a sufficiently small e. 

Let us therefore formulate the assertion as to the smallness of the error in- 
volved * (t) ~ £ (t) of the first approximation in the following way: 

Theorem. If the function x (t, x) satisfies the conditions: 

a) For a certain domain D, positive constants M and X can be indicated such 
that, for all real values t > 0 and for any points x, x\ x" of this domain, the 
inequality 

I *(/.*)! : *f; I xu.x') - X(t,x") | < j jc' - x"\. 

will be satisfied. 

b) Uniformly with respect to x, the domain D contains a limit 

T 

lim y j* X(t,x)dt = A’g(jf). 


(21.3) 


(21.4) 


T->ao o 

Hien to any positive p, n as anil aa desired, and to any L a* large at desired, a 
positive e 0 aay be associated each that, il X • l (t) ie the Eolation of the 
equation 

1 dz 

dt 


which is determinate in 0 


«* o C0. 

t < " and lies in the mentioned domain D together with 
36? 

i ~ - - *•_ ^ | ___ 


I 1" 
i r 


I 1 i.i 
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where the positive constant A # is defined by the relation. 

J \,(x)<iXr- | ( 



its p- neighborhood* .then, for 0 < e < e u is the intervals 0 < t < the following 
inequality will hold: 

in which x • x (t) represents the solution of the equation 

™ = *x'v,» o. 

coinciding with 4 (t) for t * 0. 

Proof. Let us fix a certain positive masher a and construct the function 

l A 1 1 ■_ .L'J'I', \x\<a, 

A. (*)*={ • 1 ' 

l 0, \x | > a. 


( 21 . 5 ) 


( 21 . 6 ) 


in which the integration is performed over the whole space under consideration; 
dx denotea an infinitesiwal elewent of an ordinary n- dimensional Euclidean voliuse. 

Obviously, the function (x) so introduced is bounded, together with its 
partial derivatives, to the second order inclusive. Since this function and its 
derivatives vanish identically, it is obvious, for |x|> a, that the integral 


'.«= J'l^h 


( 21 . 7 ) 


is finite for all positive values for a. 
Noting this, consider the function 


i 

u(t, x) ~ f A„(JC- A-')[J|.Y(/. x’)~ X 0 (x')\dt\ dx’. (21B) 


• be shall denote as the p- neighborhood of a certain set A, the set of all points 
whose distance to A is leas than p. 


368 


STAT 
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STATl 


By virtue of condition b) we nay construct o monotonously decreasing function 
f (t) tending toward sero as t =• *, such tbit in the entire donain D 

t 

| J J | V </,.V) — A'„ (X)| dt | / (/). (21.9) 

0 

le therefore have 


I « (t. X) i 1/(0 j A u (x - x') dx'K tf o t ) f Ay (X — x') dx' 
» *» 

-- t/(0 /Ay (x')dx', 


!«</. x)j <//</). 


ie have, further, 


d\, (x) 

dx 


or, in view of eq. (21.7), 


On the other hand, owing to condition a), 


I *„(*)! < M \ \ X 0 (x') -.VyU")! < 

i; x, x', x’£D, 


j X(t.x') - X 0 (x') X(t, x ) 4 Ao(jr) | < 

.y|; x. x'£D, ( 21 . 13 ) 


Be note now, from eg. (21.$) , that 


— < j: r> - I !*(/,*') - .V 0 (x')j Ay (x — x')dx\ 


du </. x) I 
dx ] 


U/U). 


( 21 . 11 ) 
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«h«AC«» on the basis of eq.(21.13), we can prove that, in the dona in D, the 
inequality 

- X 0 (*)j |\<x --*w|<2A«>. (21 . 


14) 


is valid. Sbrcvcr, by definition of the function A a (*}, for any point x, the 

a* neighborhood of which belongs to D, we have: 

j ±ai* *') < tx> — f \ (X X') dx' I 

& i | <(4 

In this way, the relation (21.14) for these points gives 

j du (t, x) 


\~H 

Let us now fix the nuaber a such that 


X(t,x) — X 0 (x) < 2 >*. 


(21. 15) 


mmm 


a<r * a< eu7 :r 1 wh€re t|# ~ m,n (r * # ?)t 


and let ua introduce the functions 


(21. 16) 


/>(.)= sup U/(|)| ; *(/) = — f tf(t)dt. 

ie have obviously 

F(t)~* 0, s — ► 0; «!»(/) -*-0, t-+oo. 

•e nay therefore find a positive i Q so snail that for any positive e not ex- 
ceeding e Q , the inequalities 


POX a: /’<•>< |: ♦(4-)<j 5b J£ 

will be satisfied. 

After asking euch a selection, consider the expression 

x~x(t) — Ut)+*u(t t 5 ( 0 ). 


f UM) 


370 


(21.17) 


(21.18) 


STAT 


,o1 
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***** i (t) is the notation of eq, (21.2) belonging, together with it* p- neighborhood, 
to the doamin D. Froo eqa.(21. 16), and (21. 17) , we hive 

!•«(/. 5) |<e/(o<p (•)<«<> 

in the interval 


< 21. 19) 


( 21 . 20 ) 


and therefore, in this interval, x (t)( 0, 
He have, further, 


~ = tX(i, x)~R. 


o — , du tfZ , du v/ . p . 

R -~ii^' i ~3i7r Jrt ir~ iX ^> « -f- *«) == 


( 21 . 21 ) 



= 0-A- o (S))+.^^ 0 (;) + 

+ *[X(t. D — X(t, ; + *«)!. 

thence, in conaequence of the inequalities (21.10), (21.11), 21.12), and 
(21. IS), we obtain 

! R l< 2 >.A» + /,,/M ! 9 //(0 4- >£-//(/) 

la this **y, »e lied, in the interval of eq.(21. 20) under consideration, 

I 

* a 

~ < j 2i.aL + (/„M + >.) LH> ( '-)] 


STAT 
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|gp£€tr~ 

W$i 


w 


so that 


i f 

f>» | -*|'«(t)jrf|-< J ; J e ,, {l ^\R(x)\(h < 


( 21 . 22 ) 


Let now x » x (t) represent a solution of eq.(21. 1) for which x (0) * & (0). 
Then, in the interval 


(21.23) 


0 </<*•; f , 

in which x (t) £ D, we stay write: 

i X(t,x) — X(i,x) | < >. j x — i’l . 

whence, eq. (21. 21) will yield 

Since the difference x - x vanishes st t * 0, it follows that 

t 

o 

(h* the basis of eq. (21. 22), therefore, we see that in the interval (21.23) the 
following inequalities hold: 

\x — *!< f; \x — x\< 

from which, in consequence of eqs. (21. 18) and (21.19), we obtain 

!* — U<| + / 7 («)<t,; I*— l|<-£-fF(t)<p. <21.2*) 

It will be shown below that the tern t* nay be taken equal to - . 

If this cannot be done, then the inequality 

d >|J — X\ (21.25) 

cannot hold over the entire interval (o. 1 ) , since in the latter case we would 
have x (t) £ 0 for each value of t Iron the interval ^0. - ^ . But since the 


STAT 


372 


Declassified in Part - Sanitized Copy Approved for Release 2012/11/14 : CIA-RDP81 -01 043R001 300240005-2 





Declassified in Part - Sanitized Copy Approved for Release 2012/11/14 : CIA-RDP81 -01 043R001 300240005-2 






inequality (21.25) it know* to hold lor sufficiently small value* of t, it is clear 
from consideration* ol continuity that there must exist a tj such that, in the in- 
terval (0, t|), thi a inequality is valid and that, in addition. 


be taken for 6. Let us take 


which is possible, since on the segnent [0. tj] , the point x (t) 


rtue 


which contradicts eq. (21. 26) 


Thus, we aay put t* * « . so that the inequalities (21.24) are valid in the in- 
ternal 0 < t < , which cowpletes the proof of our theorem. 

te note now if the domain D is bounded (lies in a bounded part of the Euclidean 
space under conaideration) then the requirement of uniformity may be excluded fro® 
the conditioa b), which now may be formulated as the condition that s limit <21.4) 


ist exist at each point of thia region 


In view of condition a), the functions 


satisfy the inequality 


and thus the seqaence of these functions, aa T - is equi continuous. However, 
wince the do® si a C, being bounded, is compact, every equi continuous sequence con* 
verging at each point of D will at the sane tine be uniformly convergent. 

ft note farther that, since for every quasi- periodic function f (t) there 


exists a limit 


STATl 
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the* condition b) i« satisfied in the cate where the dons in D is bounded, if the 
expression X (t„ x) for each x of 0 is a quasi -periodic function of the variable t. 

we have here considered the question of the error of first ^proxination. How- 
ever, it is not difficult to obtain an ssyaptotic evaluation of the error for the 
higher approximations. 

Section 22. Neighborhoods of Points of Equilibria and of Closed Orbits 
Let us discuss now the problems of the second type. 

Let us begin with the consideration of the stablest case, when the equations 
of first approximation (21.2) have a “ quasi -static" solution corresponding to the 
“point of equilibrium" 

5~i°; ^0(5°) = 0- (22.1) 

Then, for the solution of these equations, infinitely nesr to £*, we have the 
equations of variation 


dh\ 

dx 


~~ HI l H 'L\ . ? if. 

\ o ; /o 


( 22 . 2 ) 


which are homogeneous linear differential equation with constant coefficients. 
Consider the corresponding characteristic equation 

Del j/>/ — H\ ~0 (22.3) 

and present the general solution for 6 t (t) in the form 

55(1)= 2 

I 

^re C a ere arbitrary conatanta. and u s (t) are linearly independent partial 
eolations corresponding to separate roots of the characteristic equation (22.3) 


374 
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Declassified in Part - Sanitized Copy Approved for Release 2012/11/14 : CIA-RDP81 -01 043R001 300240005-2 






STAT 


For the aiapi* ^ot p * p a . 




If tbia root i a •ultipU, then 

*1. P. 111 p. . < - • “«"• “ '“■ K " ,b * 

“ 11 ill .1. >“ 

parts, then U espos.nti.Uy tend. to..rd sero. 

i while all the regaining n - » roots 

Now let a of the» have negative real part , 

have positive real parts. 

Let .. consider in thr. e..« the .-di.en.ton.1 -.n.foidU» t<> : 

«;(H 2 Cj u j<~> 

It i. clear th.t U 6, (t„, Ue. on* v then « <t> ^nent.-Uy tend, to-.rd 
rero; but if 6* <t c ) doe. not lie on thi. -*«<. then 6, ,t). ginning .t . 

sufficiently g re.t t. -ill .ore ...y I™® t„ *> U,out a * U * 

In p.rticul nr, -hen the r.U p.rt. of .11 the root, of the ch.r.cterr.trc 

equation .re po.itiee, the «nifold3* t 0 to the point 5* <t) • 0. nnd 

any nontrieiel Motion for 6 £ (t) -ill. «th the pu. V of tine. W«" -» 

neighborhood of this point. 

r J If the reel parts of »•. root, .re t.ro, then the line.ri..d «,..(22.2) 
poaaeee aointiona of the fom 

£*(<) = <><« (224) 

with real teroa of v. 

,d i. Oi. - «W~UT — * ‘ k — “ •“ *' *“ 

a. a— m- .< — i— •« “• 

. . . rrmrni of the o»cill.tion» of the type of 

of the solution. .nd crn.e doling or »ncre»e 

eq.(22.«> 
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o* the other bend, it the real part® of all root* of the characteristic equa- 
tion differ Iron aero. the behavior of the equation will prove to be ieaa sensitive 
to the introduction of email addition*. In this case, we are able to prove theorems 
establishing that the solution* of the exact equation* (21.1), lying in the neigh- 
borhood of £ 0 . possess properties which constitute a natural general i ration of the 
properties of the solution* of 

Of course, for exact equations, a singular solution, close to V but generally 
depending on tine, will play the role of a quasi- atatic solution, 
the M refined first approximation" 

« = ;° + iX(t. t°) = + * S ^T~ eht 

./o 

•ill depend on ti»e, snd o.cilletion. with external frequencies present in the 
expression 

*(#.*) = 2 *, <*>« w - 

*# 

will appear in it. 

In order to prove the theorem on the behavior of the exact solutions in the 
neighborhood of £\ it i* required, besides the above conditions, that only the 
most general condition* but none of the real parts of the roots of the character- 
istic equation ( 22. 3) must vanish. 

Thus we assume that: 

a) the function X (t, x) and its partial derivative* of first order with re- 
spect to Eg are bounded and uniformly continuous with respect to x in the domain 

— c o</<oo, x£D t , 

".J ^ 

tltere Dp is a certain p- neighborhood of the point l Q ; 

b) at each point of D p 

STAT 
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m. 


m ||| :p 


p-; 4 • '•■ 


db 

dt 


tHb+tBit. b) 9 


(22.5) 


( 22 . 6 ) 


there 


«(/, b)~ Z (t, i 0 +t>) + X 0 (P + l>) 

£(/. *) = *</. Jf) — A" 0 (jc). 


(22.7) 


In this case, by virtue of s) and b), in the p- neighborhood of the point b * 0, the 
functions B (t, b) , Z (t, £* * b) and their partial derivatives of first order in 
b^ are bounded and are uniformly continuous with respect to b in the domain 

— CO</< CO, (22.8) 

Moreover, at each point of the neighborhood under consideration, we have, uni- 
formly with respect to t: 

ItT 

j f Z(f.*+b)di — 0, 


t , T 


l 


^ j B (t, b) dt B (b) = X 0 {s* -f" b) — Xoi(% 

i 

However, since B (b), together with its partial derivatives of the first order, 
vanish at b ■ 0, we see that 


37? 


STAT 


>! ! 
" i 
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I fl (b ) - B (/>") | < f, (5) ! i>' — h " 




. I*"l< 3 . 3 <*- 


I 




V¥ : '; : '■:■ 

mm. 

... <0^^- 

PiPi 


’’.V ’V- ; 
*7 * ^ , i 

V-/V; ' 




\ s r 

jj ; ;' v| 

.. £ ! 




/.5. 


.C / •-. > 


It is *l»o clear that, if X (t, %) haa partial derivativca to the n th order in- 
cluaive, which are bounded and uniformly continuoua with reaped to b in the 
region (22.8), then B (t, b) and L (t, f* * b! will also poaaeas these properties. 

Before proceeding to investigate the basic equations in the form o£ eq.(22.6), 
let us further discuss, by analogy, the situation in the case when the equations of 
first approximation have a periodic solution, in whose {-neighborhood the 
function X (t, *) has the properties a) and b). 

Let us represent this periodic solution in the for* 

X -- *(«*>. <22.9) 

where f (a) is periodic in a with the period 2n. 

Let us now set iq>, for the equations of first approximation, the corresponding 

equations of variation. 

te obtain the homogeneous system of lineir differential equations with periodic 
coefficients: 


i •(»-)! st 


( 22 . 10 ) 


Since, by definition of the function i (a) (22.9), we have identically 

•?'(?) = X 0 {5<?)}. (22.11) 

then a differentiation cf this relation with respect to shows that, at an arbi- 
trary constant 5u 0 , the expression 

8* =--£(«*) Si i 0 

I i# a solution of the equation of variation (22. 10). 

] Bearing in mod the FI oquet- Lyapunov theorem on the properties of linear dif- 
; faraatiai homogeneous equations with periodic coefficients, a transformation of the 
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STAT i 

/ 
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STAT 


il k =3 ;*• ('•'*) oi/ 0 -f- 2. /1 t7 («t) 2a, ; (k - ! , 2 a), ( 22 J2) 

itt which the \ q (h) are periodic function* of 9 with the period of 2 n, poaseaaing 
coDtiououa first derivatives, wifi reduce eq.<22. 10) to the system of differential 
•<piatipna with constant coefficients 

n~! 

dlUn A dlun \1 u * . 

<f* ~~ ~~ 2d ^ 71 " * * * ' * • n * ( 22. 13) 


such thst the roots of the equation: 

w*, II = 5 - 0; /*,, r_- 


k = q, 

k q, 


(22.14) 


becoac the characteristic exponents for e«j.(22. 10). In the transformation (22.10) 
the determinant 



iU-r) 

1 1 (®) * * • 

A „ t (?) 

A U n-l (?) • 

• A ». « i(?) 


(22. 15) 


does aot vanish for any value of ®; since this is a continuous periodic function of 
it it possible. to find a positive constant smaller than the modulus of this 
determinant for all values of o. 

It is convenient to return to the system of matrix- vectorial notation adopted 
by us. «e introduce for this purpose the matrix A (») • || ^ (,) || of a 1Ue , 
and n-1 columns, the square matrix of the (n- l) th order H - || |^ || , and the 

rector *s with the components 6uj, . ,. f &u n . 

then the transformation (22.12) and the equations ( 22. 13) can be presented in 


the fore 


2! = 2a 0 -f- A (»t) 2a, 

379 


( 22 . 16 ) 
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* .ub.tit.tU, .,.<22. 16) i. .,.<22. , 0 ). .. obt . iB £ro . eq (22 , 7) tfce 
following identity: 


• + A (?) H = X'oj, {; (?)J . 


(22. 18) 


H.eing established thin identity, let 


the fora 


u. return to e,.<21. 1). .riling it i„ 


■ tX a (X) -f- iZ (/, X), 


(22. 19) 


Z(l. x)~X(l, x) -X,(x). 

u. .. «», ... , „ (l| b- |1 1> ol iht 

formilns 


°° *1(1!. 21) i. .,.(22. I,), « 

v <*>‘£+% a ' (?)*+'*(?)-= 

~ «*« + *2 (t, E -j- Ah) = iXn {El 4- tX[ y , (|! Ab+ 

+ • t*o (»+^j - X 0 ! 5) - X', x { EJ A A| -f tZ {/, E -f Ab\ , 

*”*•' by * irt "* aI “»»<22. 11) .nd (22.18). *e here 

!5'(*)-M '(?)*) (g- m )+A( f ) = 

= *IX 0 (E + 4A) — x 0 |EJ — X^g {E) /4ft|4- 

+ *«•* + *> h <22.22) 

*a. r.Ut,on. cnn.id.red .. . .,«« of iin.. r inho-ogen.ou. e„.tio». i„ . 

onknown*. 
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Mi 





Tt ~~ ,a,; lS“ ,Hb } t ■■ IS - (22 23) 

baa a determinant which coincides with the determinant (22. .15) for b * 0. 

Solving eq. (22. 22) with reject to eq. (22. 23), we find 

d! ' (22.24) 

d ± = tHb+*B(t, ?. b), 

where 


W (f ,?./>) — K (?, f>) l A'o !:(?) + A (?) l> \ ~~ • 

--,Y 0 {;(?)} - X> r |U?)| A (?)*l + 

-+-/-(?. b)Z {/, t(?) + /* (?)*!. (22.25) 

/* (/, ?. /») - ,41 (?, 6) I A' 0 ! ; (?)+•/» (?) *| - 

- -Y u I ; (9) J - XL (; (?)| A (?) />) + 

-4~A/(?, b)Z[t, S(?)-f-A(?)/>j. 

Here K, L, M, and N are rational functions of b, regular for b * 0 . Their 
coefficients in powers of b are continuous periodic functions of ? with a period of 
2x and hare continuous first derivatives with respect to ?. Let us put, for 


brevity, 

1F(?, b) = /«?. b) |Ao U (?) -M (?) b\ — \ 

- {*.(?)} - I 

0 (?.//>) = M (9, b)\X 0 |S(?)-M (*)*) — 

id . . - x & :?(?)) — xL {&<«>! a (?) f>\. 

in will denote the 6 - neighborhood of the point b * 0 by U$. The domain of 
points (f, b), for which b lies in ty will be denoted by CU 5 . 

It ia not hard to aee that a positive number t Q can be found, so snail that, 
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P8IIB! 




\ in the do&ain CU&, 


|4(?)*|<p 


iad thtt. in this dou.in, th« functions K (*. b); L <0, b); M <». b); snd N <?, b) 
bounded sud continuous. to,eth.r with nil their first-order p.rtisl derirstires. 
then, on the bssis of eqs.(22.24> end (22.25) it follows that the function. 

»'(/, ?, by B(t, <p, ft) 

snd their psrtisl derirstires of the first order with respect to <», b) will De 
bounded end unifomly continuous with respect to (», b) in the donsin 

/ \*sntt (22.27) 

— co < t < oo; (<?, ft) t Ut/». 

Ibreorer. we here, st sny point of the donein. ui.ifor.ly with respect to t: 

» + » /? 

I f r(f. ?. ft)d/-s>r(o. ft); f J B(l,<?,b)dt -*B(b, <?). 

T J i (22.28) 

Hewever. ss indicated in eq.(22.26). the functions » (*, b) , B (», b) rsnish 

tt< ? . 0) - - 0, B (?. 0) - 0 

together with their first-order partial derivative*, at b » 0 . 

Thee, taking an arbitrary positive c < b, w* arrive *t the following inequal- 
ities, vhieh are true in the bowain QU$: 


| flP(* , ,ft , )-W , (?'.ft^)!<M 5 ) I 
\B(z'.b')~B(S. ft") I <>,(’) I i?' •r'' i 4 - i *' i I ■ J 


(22.29) 


in which n (o) ■* 0 as o - 0. 

It is clear, finally , that the functions t (t. b), W <?, * 

and B (f, b) are periodic with the period 2* with respect to «, 

Aa shown dbove, eq,<22,6) is obtained fro® the systea (22.24) in the cane of 
degeneration, whan B (t, ?, b) does not depend on 9* 

for this reason, we will conduct our investigation with respect to the »ore 
general equations (22.24). Proceeding then to the esse of degeneration, we will 


382 


a \ 


Declassified in Part - Sanitized Copy Approved for Release 2012/11/14 : CIA-RDP81 -01 043R001 300240005-2 








ill 




!#:■ ■ 


obtiin w»diW« r*l«ti»§ to «q.(22.cj. 

In th. -ore general cu., ».«d her*. « .ill •»•«■« th.t th. real p.rt. of .11 
(n - 1) root, of the characteristic equation (22, U) .re different fro. rero. 

Thereby *e ..pose the r.quire»ent th.t the real part, of the <« - l) ch.r.cter- 
i.tic exponents* for the equation, of varieties (22.10) do not »™iah. 

For convenience in atudying eqa,(22.24) it i. expedient to transfer. the- to 

the foliooiaf for-: 

— = u> (i) 4" P (*• S’ a. *)’ 

at 


dh_ 

dt 


: Hh + Q(t, g. A. *). 


ao that P and Q are aufficiently »-all for —all h and t. 

Thia investigation .ill be described belo.. 

Co-aider a certain function f (t, x) defined for all real t and for all x of 
the act E. Aaau— e that E i. a coeplex set of a certain -etric space, and that, at 
each point E is unifot- .ith reaped to t: 

f e T 

i-j f(t, x)dt~* 0; T-+ oo. ( n - • 30) 

t 

U .ball also a.auate th.t po.it.ee constant. M. X -ay be assigned. such th.t. 
for all real value, of t, and for all value, of x. x\ x'« of E, the ineuu.lit.e. 

| /(/, jr)j<M; !/«. x')-fv. *)[< '*<■*’• *">• (22 - 31) 

are vlid, rtere P (x', x") denotes the distance bet*een the point, x' and x" . 
Obviously, it follo.a fro- the conditions adopted that the relation (22,30) bold. 
•uBifonaly not only *ith respect to t. but lao wtb respect to (t, x). He -ay 
therefore coaatruct a function « if), tending to.ard xero a. T - such th.t 


• Ihe n th eh.racteri.tie exponent in thia ea~ l.nya vMiiahea. 

383 


r,y 
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t (T); — oo<*<oo; x£E. 


(22.32) 


Ul as noa take an arbitrary n Mid construct the function 

« 

/,(/, *) = J e-'V-'f (*' *)*!’■ 


(22.33) 


te then have 


/,((. X) = J Z.X)dZ =z 




— 2 e"’<" T / f(t — z, x)e-'i*- nT) di, 

*T 


Therefore, on the basis of eg, (22. 31). w obtain 

(nf l>T 


!/,«. *)k£* H J /«-*• 

(S+IIT 

nT 

t nT~*\T 

v ,-vt| J {- /H 7 . 


» 


•r-4 


4.4 lot, ia *»•• ®( sq.( 22-32), 


l/ % (/, *>l < f Mr^ r r ^ f ai/-. (22.34) 

j ^ 

IH, to the qnuitity T ku been erbitr.ry. Let ut no. take T e» t £u»ctio» of 
1 <Utamiaad bv tba aquatics 

r* ’T-r: 1 * -. t =«(T). 


n, 
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Si.c. « <T> - o « T- -. it i. ob.iou. th.t. for T n . detained by thi. .q«.tion, 
the r.l.tio. i\T n - 0 *• n - 0 i. obt.med. 

Aiiuiii| tbit 

(AH- \nr y ~:(n). 

i «q.< 22 . 34 ) th.t. for the function f (t. *) under con.ider.tioo, the fol 

loving inequnlity boi<U: 

-oo</<oo; xfH. (22.35) 


in vbich 


^ (’0 — ^ 0 as T i 0. 


Ut u. do. W ly the re.nl t. to the c..e of the function. 

WT(f, a. b)=W(t, a. b) — W( a. b). \ 
B'(t, a, b) = B(t, a. b) «(?. A), J 


(22 . 36) 


(22.37) 


the don. in 2Uj u the net E. 

Since the.e function, .re perxodre xn . with . perxod of 2*. then obriou.ly 
« on repre.ent (2 .. . circle, .o th.t E - QU 6 -ill be . co*>.ct don.xn in the 
cetric .1 *.«* eon.tituting the topologic.l product of fi »d (n - l)-dxne».,o».i 
Euclideux »p.ce. He n.y therefore con.tr.et ■ function r . (n) h.ring the 
property (22.36). in »uch . u.y th.t, for m .rbitr.ry po.it.ve n. 


I Wr,(t. ?. A)| < I .%•. ®V ft)l < “?■ 
— oo < t < oo; ( 9 . b)£QUi» 

t 

- -OO ' 

t 

j flttf. a. «= f »-*-««*(*. a. »)<* 


(22.38) 


(22.39) 
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«■' aou introduce. by snslogy with the definition <21. S) in the proof of 
tiitoFM I, the function 


certein sufficiently -ell osnber. while A. is deternined by the con 


dition of ndiming 


certain fixed integer whose value nay be taken as large as 


desired. 


Let us si so construct the function 6 , (?) of « single reel rsrisble. resigning 
rer the interest (- *, ") by the sid of the relstions: 


and extending its doaam of definition io the whole res. axis _y a 
dition of periodicity with e period of 2n. 

On introducing these functions, we construct the expressions 


which obviously possess the period 2 k with respect to t. 


/ J\<? 

• • If . 



• .*■ f, 

* 


b')ti\(t. h'ulz' db', 


[M 1 

i*t»V** 


u 


1 a 1 > «. J 
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We note thet its construction will csuse the function 

\ ('? ?')•*„(* f>') ( 22. 44) 

to possess psrtiei derivstives with respect to 9, b, up to the order 2<g inclusive, 
while the function (22.44) itself, like nil its psrtiei derivstives up to the 
order 2q inclusive, ere bounded end, according to the norn, will not exceed a cer- 
tsin quantity G (a), which generally tends toward * as s - 0. Hence, on the basis 
of eq. (22. 38) we nay conclude that the function (22.43) and ell of its partial 
derivatives with respect to ?, b to the 2q 1 ** order inclusive are bounded according 


the aet* RQUg by the quantity G (a) £ ■ .. ifl) 


Mp to now, a and r\ have been arbitrary. Let us now introduce, as a and n, 
certain functions i e , r\ t of the parameter e such that 

M'n) 


0 ; tG(a,)- 


G («,) ' ( t „) -*■ 0 



(22.45) 


Let ua fix a certain positive p c < 6 and let ua take e* so snail that for 0<e<e* t 
the value p Q ♦ a < 6 will hold. Then, by the definition of eqs.(22. 40), (22.41) of 
the function A (b), we see that 


H a {b — b*)db' = I; 0 <t<t* 


(22.46) 


We note that eqs. (22.39) and (22.46) yield, identically, 
du 


b )dr>'db\ 


7,T + ?. ») = 


1 


Por brevity we here denote the real axis (- •, •) by R, so thst Rfi l!g denotes the 
set of points (t, ?, b) for which - • < t < •, t fi, b ( U5. 
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“ f f *« (? -?') (A- A) {r*(/, b')~ 

3 fr, 

— W*V. ?. A)} d 9 'db’ 


(22.47) 


<'• ?. t>)€RQU^ o <*<.., 

iB ,ie * of “»-<22 «) and the periodicity of the function 6 . <*), 

j* J (? — ?') b a (b~ b') a-?' ah' = 

» f v 

-/ 2 a(?~-®')rf? , = J , 8 0 (?'>rf? , = I. 

9 0 

°“ tfe * °““ r h “ d - " n ° te ** • •>»•“»« * cen be ...igned, .uch th.t the 
inequality 

*'• *>-*•*. ». «|<»|iy-,| +l r.„ | , 

<'* ?. A). (/. b^ZWUi. 

slinll be satisfied. 

Further, oaing to the period, city of 6 . (») .itb reapect to „ integration 
»ith reapect to ,• can be perforued orer any inter».l of fength 2*; therefore in 
particular, the i.teraal . / «. * ‘ . -ay be taken a, the inters of integration. 
*iih auch a ..lectio., * - »' „11 W y (ro . - « to * con.e^.ntly, 6. 

will fail to vaaiah only viten 


I? - 

i fc "“"fore hate, on RCU^, for 0 < t « r : 

-Wn, f. A) ! < 


< l,a J f K (f ?') X, (b b’)d> 


A') d'i' db' = 2 /.«. 


(22.48) 


1 


Mi 
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I: 




Nov consider the partial deriratirea 

<$k 


* IS 1 v»- .V</, *)|; 


i" 15 + Vi -W(t. h) J (22.49) 

and note that, by integrating eq.(22.4?) in steps, they nay be represented, re- 
spectively, in the lor* 

fk» w 

i r, * 

j b« **> 


,/ k V. M •> V* Vj_ ?• ») j 

<>i r 


u ir. 


However, in viev of the continuity of the partial derivatives entering into 
then, a Monotonous iy decreasing function £ (e) , tending toward zero as e - 0 can be 
found, such that 

| *l¥l — mOlLJiJ) 1 < ; ( I ?' — f | + 1 V — b I } . 

I ft' dbk I 




so that, reasoning as above, it can be deswnstrated that the derivatives (22.49) on 
the set RUUpQ will be, according to the nom, less than 2£a for 0 < e < e. 

Since, as e - 0, we have a - 0, it ia obvious that the function (22.47) and 
its partial derivatives with respect to a, $ on the set RQU^ will, according to 
the norm, be less than a certain quantity u (e) which tends toward zero together 
iwith «. 

In a completely analogous Manner we can prove that the aane property ia also 
j exhibited by the function 

dv 


■5+ ?, b). 


■ ! 


389 
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Or Ur other head, the function* nu, r\v end their partial derivatives with respect 
to *, b ire bounded, according to the nor*, on the set by the quantity G ( s } n 

of eq. (22.45), which tends toward »ero as c - 0. 


Thus the functi 


and their partial derivatives of the firat order with respect to e, b are bounded, 
according to the no ne, on the set R Q U po by the quantity * U) , tending toward iero 
together with e. 

Noting this, let ua return to eq. (22. 24) and perform the substitution of 


Differentiating eq. (22. SI) and substituting in eq. (22. 24), we get 
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I 





Let us now take tj < t* so snail that, for every positive value of e not ex- 
ceeding C}, the inequality 


< 0 — p.j 5 0 < p, < 0 


•ill be valid. 


Then, since eq. (22. 38) shows that 


tv !< s 


then for 0 < e < ij, (t, g, h) nQUpj we will have 


h -f iv f (/, 


Froai this we prove that the functions 


1F(/, k f :</, h + zv) -Wit. g. A); 
/?</, if 4 zu, h f tv) fl</. A) 


and their partial derivatives of the first order with respect to g, h are bounded 


according to the non, on the set Rftllpj, by a certain function tending toward zero 
with 8. For this reason, in view of the previously Mentioned properties of the 


function (22. 50) * the expressions 


/. , (t. g, A. •) = W (t, g 4 - IU, A + w) - w (/, g, ft) - 

A.. 1 


g, ft)- ft) 


(22. 53) 


LAt, g. A, •)--fl(/, g 4-sh, A 4- tv) B(/, A) 


h « (A A) — 8 (/?. ft) 4- *W«. 


J_ ■ 6V dg U . Atf it' — 

di ,*r ■ dg It ' tt di ~~ 

— B(t, g, ft)4 8(/r. ft)} 4- 

|8 (/./r 4- «tf. A 4 tv) 

— B(t, g, *)$ + <0(* h)+xHh. 


(22.52) 
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and their partial derivative* of the first order with respect to g, h are bounded 

according to the norm, m the set RQlLi by a certain function of e ; tending toward 

aero aa t *■* 0. Noting this, let us represent eq. ( 22. 52} in a form solvable with 

respect to the derivatives # , lor which purpose let us consider the inverse of 

r dt dt 

the matrix 


where j represents the square 


unit matrix of the (n - !} tf * order. 


Since, according to the above statements, 

0u On 9 fh' . OV 

1 Jig' * M’ % dg' ' dh 

and their partial derivatives of the first order with respect to g, h are bounded, 
according to the norm, on the set R&l) p i by the functions a (e) , tending toward 
aero as e - 0, it follows that a positive e 0 < £j can be assigned for which any 
positive E < £ 0 of the inverse of matrix <22.54) exists everywhere on RQU p j, and 


may be represented in the fom 


l,+*l« *13 

'Ji >, l,i i t 


*,t (t.g.fi.s). il w (/, g, It, z), % n V,g,h,»), % n (t, g, h, 2 ) C2.5S) 

and their partial derivatives of the first order with respect to g, h tend toward 
xero as e -* 0 uniformly on RQUpj. 


From eq.(ZZ. 52) we have 


— g, h t *)*» 

= eW/t -f *V(t, g. h, 1). 


(22. 56) 
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' Y 7 .. 



IK/, g, //. si U'l.tf. ft) f i?. /». OX 
X !-/:,(/. g. h, *){ «■. A, 0 X 

X ’ / /ft l (.if. ft; | A., (t. g, ft, *)) K, (/, /r. ft. o; 

’ “ (22 57) 

r (/, g, ft, i» . n it', ft) f (/, /», ft, o x 

X !u> *r //I | /-,(/. g. ft, s)| f 'Jl.,.(/, ft. s) X 
x j//ft r 11 ig, ft' r /,.</, .if, ft. s>! I /jK. g, It, 0- 


Here we will make several remarks an the properties of the functions 0, F in- 
troduced by us, which will be necessary for the further discussion. 

As indicated by eq. (22.57), the functions 11, P are def ined for each positive 
value of t < e 0 on the set and on this set the functions 

\Ui t g, h, 1) W(g. h)\ vu.&h.i) Hig.h) 

and their partial derivatives with respect to g, h tend toward zero uniformly as 

e - 0. 

Taking account of eq. (22. 29), we conclude that we may assign functions of 

H it ) ; X (e, a) 

,11 ( 3 ) — > 0 z — > 0; A (j, ‘5) — > 0 wh«rt 2 — r 0, j — > () t 

such that the following inequalities will hold: 

j IK/, g, 0, 1 ) I : .VJ < .) ; ; l'(/, g, U. 1) M (■)■. 

s g € ~- 

!ll(f.Y. ft^ 0 IK/. tf". ft"- Ol< 

•CM*. OIU' g"\ \-w -ft"il: 
j - It A''. A'). </. k") RQU., 0 < e < * 0 . 


!’(/. A'', ft'. 0 IX/. a'", ft", 01 < 


< ft (-• o li g' — g" I f- ! ft' - A ' |! ■ 


j where <? ia an arbitrary p ositive number leas than Pi* 


-s' 


-r ' ^ 
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Further, it is clear that fi, Y have a period of 2ft with respect to g, It is 
also clear that, if {t,,,} i» a sequence of R for which, uniformly on RQt%; 

} t*i rs) 

c \ti(t 4 - ?f} , t>) ~ Hyt, ?, l>)\-+ 0, j 

then for thia sequence, uniformly on R&Up|, we will have 

| \W 4 -,«• k r - h > 4 ’•>(('. g, ft. i)i -* 0. 
ir</ f g. ft. *> v(t. g, ft, 3)! 0 

for every e such that 0 < e U £ 0 . 

Taking into account eqa.(22.37). (22,39), (22.43) and (22.51), it can be 
readily demonstrated that, when the condition a) is supplemented by the additional 
requirement that the partial derivatives to the m th order inclusive shall be bounded 
and uniformly continuous, the above constructed functions D, T will likewise possess 
bounded and uniformly continuous partial derivatives to the order inclusive. 

Returning to eq.<22. 56), let us make in them the transition to the “slaw time”, 
by putting 


This will yield 


^ -***+ 11 ( 7 . 1 

«=■«* + r(v. «•»■•)• I 

We now distinguish one special case when the functions W (t, 9 , b) , B (t,<p,b), 
entering into eq.(22. 24) have the fore 

V (t. ?, f>) = »>• | ( , 2 59) 

»(/, ■», b) - B(t, ? 4 < f’)' I 

i where W (t, », b) , 6 (t, q>, b) are periodic in t with • certain constant period T. 
Then, eqs. (22.37), (22.39). (22,43), end (22.51) indicate thet 
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STAT 


•here 3 end T «ill here the seme period T »ith respect to t. 

In the speei.l ceee of eq.<22.59> under eon.ider.Uon, a transition to the nee 

angular variable 

•ill furnish, insteed of eq.<22.S»). the equations 

rf * „>4- f \\[] . ». A. *)• 1 

, 1 - 1 t V e ! ^ (22.60) 

" - llh j r(- , ». h, .), J 

.hose right side, posses, the period eT -ith respect to the independent r.rieble t. 

SuMisrising nil .bore statements, «e note th.t, under the assumptions cede, 
our basic equation has been reduced to the forro 


(22.61) 


la this case, «e say assign positise numbers e*, P such thst the following con- 
ditions mil be satisfied: 

a) the function G (e) is defined for 0 < e < e*. 

b) the function. P (t. «. h, t); 0 (t, g, h, e> are defined in the donein 

tell, g £ Q; h e u f -. o 

nd here the period 2s »ith respect to the angular r.riable g. 

c) for t C H. * S3, 0 < e < e*. the following inequation will bold: 


if (/, g, *. *) = H(t r+t h > •)» 

r<<, g. *. s f a, *), 
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in which X (e, 0} - 0 as e C, 0 0; 

e) ail the real parts of the roots *j, 


of the equation 


STAT 
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Del | zl„ , - H |---« 


differ fron zero. 


Ste will now formulate and pre^e a series of assertions on the properties of 
the system of equations (22.61). 

Argument I. A positive t Q say he assigned such that, for each positive e less 
than e D , the systew of equations (22.61) has an integral manifold representable by 
a relation of the form 


h g. *). 


( 22 . 62 ) 


in which f (t # g, e), as a function of (t, g), ia defined on RQ and satisfies the 
inequalities: 


\/(t. g, *)l<0(i)<p; \ 

I /(/. g\ *)—/((, g*. *)l <±(*)\g'— g"\> 'I 


(22.63) 


I P(t. g . 0, (*); (<?(*. g, 0, %) I < M (a), 


•here M (e) -• 0 ** e - 0; 

d> for any positiee a < p in the domain 

t f «; g* £ ’ g" £ 2; h ' £ </,; /<" € «/,: 0 

the following inequations will hold 


Pit. g', h', a) 

I Qit. g’. h\ .) 


Pit, g". k", i)\ 4 

K (’-• *) 'is' 
■Q(t, g\ h\ s)| .< 

<>•(*. 3 )ll#r 





the is*'” order inclusive, then f (t 


statI 
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£>(*) 0, A(s) 0 as s ~+ 0. 

The function f (t, g, e) possesses the period 2n with respect to the angular 
variable g. 

If the functions F (fc, g, h, e), Q (t, g, h, e) art the domain 

t € R. s € s. a € Up o < ■« < s* 

have bounded and uniformly continuous partial derivatives with respect to g, h to 


derivatives with respect to g to the or* 1 order inclusive. 

Proof of Argument I. Consider the matrix 11 and represent it in the form: 


! H. 0 | ? 

H ^ U \q H_\ V • 


( 22 . 64 ) 


where U is a matrix having the inverse IT*; 0 is the null matrix; H + , H_ are 
matrices for which the roots of the characteristic equations are roots of the equa- 
tions reduced to condition e), with positive real parts for H + and negative real 
parts for H _ . Then it is obvious that the matrix J (t), defined by the relations 


0 0 

m- u o e „ , 

satisfies the differential equations 


(22.65) 


( 22 . 66 ) 


and the condition of discontinuity at t * 0: 


(22.67) 


Since the elements of the matrix e * are, in the general case, sums of the 
products of polynomials in t by complex exponentials e'^* 1V ' * with negative values 
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1 


of u, while the client, of the matrix ' are analogous combinations of poly. 

and exponential » with positive value* of U. it i. obvious that we can always 
find positive constants a. K for which the inequation 


|J(0]<AV ,|(| 


( 22 . 68 ) 


will hold over the entire real axis. 

Noting this, let us fix the posit, ve numbers D. A (A < P). *"<* »•* - “>" slder 
the class C <0. &} of functions F (t. g! with values from K„- j defined on BO. sat- 

lafying the inequations 

■ Fit, £))<£>; g) - I'd. K*)\ ■ ,*\g /I <22 - 69) 

and having the period to with reaped to the angular variable. Let us consider, for 
a certain function F ft. g) or the class C (D. A), the equation in the for. 

~ a (*) 4- /> (/. g< F it, g), S). < 22. 70) 

By virtue of conditions c), d), everywhere on RQ we have 

P(t, g, F(t. gVOK-M 0)1). ) 

l Pit. g. Fit. g). *)~ PH. g". Fit. g"). •)!< f (22n) 

<>.(*. D)i\ + y)\g‘ ~ 

For this reason, on assigning the arbitrary initial conditions 

g -- g° *> t — t 0 , 

„ c „ construct the solution of eq. (22.70) for any t. Let us denote it symbolical 
ly in the forii 


g, -^rZ,Jg°), -here Z - / - 


(22.72) 


It goes without a.ying that, generally speaking, eq. (22.72) depend, on t a. on 
a parameter; however, since, during the course of the entire proof. ( ha. been con- 
sidered as a fixed sufficiently small number, it follows that in order to avoid 


IL_l_ 


f 
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unnecessary coayilexity of the formulas, the dependence on e is neglected here. The 

»««* procedure will be followed below, without special reservations. 

It is obvious that, since the right side of eq. (22.70) i® periodic and has a 

period of 2* with respect to the angular variable g k , a substitution of g° is 

y¥ (g°) by g° .♦ 2n, will import an increment 2* to the expression {T*,t 0 , (g°)>. 
* • *“0 

Then, let F and F* be functions of the class C (D, A). Assume that 

Kt - ?'l g’t — T? tiff)- 

fte km fro* cq. f 22. 70) sad (22.71): 


j it a*) - - mi) g>, />(/, n r /•’(/, g,). *>' ^ 

dt ‘ ' 

<>.(:, />)!/•* - /*! + >.(«. 0)0 + A>I*J g, ' ( ' n n) 


where, in general, 


However, on the other hand. 


g) g, = g' - g° t = V 


For this reason, we prove from eq. (22. 73) that 

rV.t\g') ~r£#.<*°> 


After theae preliminary remarks, let us consider the transformation S, tr«.s 
toning the function r of C (D, u) into the function 

fXJ 

s, y (/ > . , j* JU) Q ! t +• »; K I < gy< P V + *• r ‘. t (g) 1: 5 1 





we obtain from «cg. (22.75) the following; 
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By virtue of the above property of periodicity of t£ t (g) with respect to the 
angular variable? we can conclude that the transformed function ^ (F) likewise 
posaesaes the period of 2ft with respect to g. 


Let ua evaluate 


we have, by virtue of conditions c) , d) and of eq. (22.69), 

,Q\t -h r. T,. t (g)> f-'V i-z', rii(fr) |; 3 j j C 

+ 7 0; t J | •+• \Q \ t + z; 7f ,<*); 

F\t + h i' 1 .. , ifO\. * } Q ! t + ’■ T 1 t ()>')'. 0; * I i< 

<Al(e) +>.(*, 0)D, 


I *!<*)+>•<*. 0)0} K fe * *'dz 


— ! M(e)-|~/.(3, D)D j. 22.76) 


In a coag»letely analogous manner, we have 


s,. r (n~s,, r {P)\K 

Li 4 

K f e- *l r I), (z. D) 1 1 If* Or*) i'i , <#r°>i + 

— ■ 

-h + 3; rf , (if ) I — p i t + « r >. t («°)l ! } *>z 

a) 

' K' ( 5 , /)) IF' — Pi JV * 1 <iz i 


- 4 - AfA(s, 0)0 +A) j e ’i* 1 1 ifitf) - r =- 0)?)\ds, 


STAT 
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whence, in con.cqu.mce of cq. (22.74), it folio., thot 

is, .,.(n s,.,. ( m i I k*- liHr-'ii^ojsx 

X J exp ( •- • <* \ z \ "1 K 0 \ 1 z i i 

— to 

>Jp to now, the quantities » and is hare been .rbitrnry; let us no* select then. 

as function, of the parameter: D * D (<) , A - A W . •** D <*> ~ °- " 

e -o and that for all t less than . certain « 0 . the following inequation, are 




I M (?) i A (s, D) I) 1 < O', “ >• (*. />)( I MX A - 

(|+A)A(«. 0K-j; <»•»> 

Such a .election 0 * 0 (*) , & ’ 6 (*) >» sl"»V* P ossibie since M Ce) "* °' 

X (e D5 - 0 a* e - 0, D - 0. For the D and A selected, *e obtain fro® eqs. (22.76) 

and (22.77) the following inequations: 

\s t . u (r)\<D(z), 

\s,, r (.n s,.„0-)\ n (22 - 79) 

and, in particular, 

I — S,. 9" (F) ! < 1 (0 1 g* — «° i* (22 ' 80) 

Thu», for e «• e 0 , the transformation S reflects the class of functions C 
(D (e); D (.)) into itself. Since, in addition, eq.(22.79) yields the inequntion 

isr- n <22 - 81) 

the well 'known result known nlso as the Cacciopoli-B.nach principle in functional 
analysis, indicates directly that the equation 

(22.82) 

/ • - Sh' 


i . i 
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the class Of functions C <D. A) has • sul ut,on - 

The existence of this solution any he established by the effective method of 


$F, (/> ~ 1 , 2 ), (22.83) 

since the r«tion(22.81) guarantees the convergence of the sequence l p . 

Denoting this solution by 

„ ... ,b... b, ... .... .1 .b. c <U «... » Ml. bb. ........ ( 

satisfies the conditions (22.63) of our argument. 

Further, differentiating the iteration formulas (22.83) «th respect to g. it 
rill become obvious from e,.(22.81) that, if the functions Y <t. 8. •«. E >' 

Q (t, g, h, e) in the region 

h£U,., 0<»<s* 

have bounded and uniformly continuous derivatives with respect to g, h to the » th 
order inclusive, then the derivatives F p with respect to g to the m lh order in- 

elusive will likewise be uniformly convergent. 

Thus the function f (t. g, e) satisfies the conditions of Argument I; there- 


fore, to complete its proof, it rem.ins for u, to sho. that the relations 


(22.84) 


define an integral manifold for the system of differential equations (22.6) under 
consideration. 

Expanding eq. (22, 82) will give 

/</, g, i) • - J J(z)Q\i + 2\ T*. t (g); f[t +-zi Ti, t (if)!; £ • <iz. 

Let us no. relp.ee g by T*. ^ <■«) »<*« th ‘ l identically 

T*, f, " i I - L V 

Then, by introducing , - . ♦ i instead of t as the integration variable, 
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/ ... . 


V / 


I 


and putting 


/ 1 1: Ti l, iM* * ) «= *<; T >- 1. «.< 0 -= ft. 


h , ==' *«. •)<** = 

— os> 

1 “ 

.=; J ./(■: — *)<?(*. ft, A t ,*)<fc~fJ J(x — t)Q(x, ft, A t , «)<fc. 

»•* CO $ 

Tkencc , taking into consideration the properties of eqs.(22. 66) and (22.67), and 
of the function J (*). we see that h t is differentiable with respect to t, and that 

5 = ##*, + <?(/. ft. *„ *)• 

On the other hand, by definition of the operator T^. t t ^, »e have 

‘& = 0(») + P(/. ft. h„ e). 


ft te); a, ==/(/, ft. ») 

represents the solution of the system of differential equations under consideration, 
which, for t * t G , reduces to g; f (t 0 , g, e). Thus it is obvious that the manifold 
(22.84) is integral for this system, which completes the proof of Argument I. 

Argument II. If there exists a sequence of real numbers (t^) such that, for a 
certain e < e*, uniformly on R2U p : 

+ ft A. ■«)-- /*</.■ ft *. 

IQd+tm. ft A. z ) ft A. s) I — > 0; m -> CO, 

then, for this t, uniformly on RQ , we will obtain 

\ fij | // # s) /(/ } if. a) | -►(); m oo. 

Proof of Argument II. Let us take a certain function F (t, g) from the class 


I—- "T 
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C (D, A) where, as in the proof of the preceding argument, 1) • D (e), A * A <e). 


Consider the expressions 




and note that 


OPH /* \z | /; y s ;.r\z 4 .v.-l; *!. (22-85) 

f /•» {/ f / 4 "'. >4. /’ [2 4 / 4 v]]; e* . (22.86) 

.v, - gi yl ~~ g ** ~ ; 


Let us denote: 


| P. P\~: Slip \P{t f', g, ft, z) P(t, g, //. S)i! 


/£«; gZ&' heu f . 

| F t — P | --- sup | F (/ ~4 g)~~rv. g) 1; t£R. get s- 

•■11 

Subtracting eq.(22.85) from eq.(22.86>, and applying the usual majoration process, 


we obtain 


i <>;(y ! 


-<>(*. 0){1-4A)I^ ~^!+ 


-fU*. D)\F % -Fl + lPz-n 



Hhence, since ly^- - y t 4 0. folr l>«* e 

, „r „ j flP' -Pl + U*. 

l^a— >?!<-— (1 4- A) >. (*, D) . 

X {exp (X («, />)(! + A)|A|| - 1). (22 87) 

On the other hand, by definition of the transformation S, it fol loss that 

CO 

== . J../(*)-(QR4 * 4- ’i. ■?!)'• «1 . 

-Ql<|-z; y,; F(t-\~z, y.y, z\)dz, 
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ami therefore 

i s t ,, tll (b-s t , 0 (n\<K S e ~' Ui (X( *’ D)<1 +i)!/s ~ v * 14 ' 
•*00 _ 

4- \Q X ~~ <^14- * (*. D) I ~ ■ F 11 dz - 

Thu*, bearing in »i»d the inequations (22.18) *nd (22.87), « get 

< ^ { I P. — PI 4* k (*• D)iF,-~Fl)+~iQ x —Qi 

or, in abbreviated form, 

(SPX — SF8 <4-5 F x — Fj]+ ~ HQ* - <?|+ 21 P, - p Sl- (22. 88) 


No* let us take successively: 


Fo = 0; F x — SF q \ ...» F 


*4-1 »* 


SF U \ ... 


Because of the inequation (22.81), we have 

I P*u -P.I = |5P,- SPg- ii <^ F »" *• 

so that 

JP«h«— ! f i8 

Consequently, the sequence (F N ) un.fomly conrerges to f. 

^-/iKdri'^'- 0 a/ - +o °- (22,89> 

Put, for brevity, 

n — — ! \\Q . — - Q!l -f 2 UP- - p lH- 

w 

Then, from eq.<22.88) « obtsin .uccessirely: 

l!(F,V Piii<3-.; ||(P a), — Pall < 


(22.90) 


to 5 
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C (| 4 j) V 11(44 4,|| < ( i 4 1 .4 3; . .. 


In general. 


!K4v), ~4vl|<2> : . 


whence, passing to the limit as N ®, we 


convince ourselves on the basis of 


eq. ( 22. 89) that 


IK/), -/II <25, 


or, expanding and rcsembering eq.(22.90), we see that everywhere on HQ , f or any t 

the inequality 

! /(/ 4 T, -g, i) - g, s)j<^!!K> t - 011 4 2 ||P, -pm. 


will be valid. 


Now let (x m ) be a sequence out of B such that for a certain e 


K/K4",,,, g, h, z) Q(t, g, h, £> | — ► 0; 

! /, ( / 4"w f!< h, z) -p(t, g, h t *) ! — > o. 


e f!l , uniformly 


Then, for this value of e we have 

II <4, „ - VII -M); ||P, f(| - P!!->c»o; 

and, consequently, the relation 

\ } (t 4* , *»i» Af» *) ■/;(/» ,ff» s)j — > 0; m —* co, 

uniformly holds on RS , thus proving Argument II, 

Argument III. It is possible to assign positive constants ej, y, C, a Q , 

(a Q < 0\ < p), such that, if s eigenvalues of a matrix have negative real parts, 
and the remaining ones have positive real parts, then, for every * < e x of any real 
t Q and any g 0 of Q in the neighborhood U 0 ^, there exists an s-dimensional mani- 
fold35? ( t Qf g Q , e) of points of {h} with the properties: 
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I t ■ 


v/ • •/ 


\) If for t ■ t 0 


h, £ i/«„; >'t € -W ('■ «/• *)• 


then, for a certain t > 


2) it for t t 0> 


hi € u,. 


/», 6 SN (/, ft. -)■ 


then, for all t > t Q , 


lAi~~/(t #r »* 3 ^* 


where (g^, h Q ) represent <£ t , h t > for t V 

3) If .11 eigenvalues of the matrix II have positive reel parts (s * 0), the,, 

the manifold® (t 0 , g 0 , O Regenerates to the point: h ■ t <t„. «>. 


4) If, on the other hand, the real parts 


of ail eigenvalues of the matrix H 


are negat 


ire, then the manifold (t Qe g 0 , e 


) coincides with the whole neighborhood 


Proof of Argument III. Consider the integral-differential system: 


= Jji'z oq(~< I ~n A > f o<‘> 

^ g t — QU) + P(f, g t , ft,, s); < 0 < t, g, ~go> ‘ = *o> 

dt 


(22.91) 


where A is a certain arbitrary fixed vector of 

Using, for the investigation of this syatem, the methods of obtaining evalua- 
tions that hare been repeatedly employed above, it is not difficult to estublish 
the following result: 

It is possible to assign positive « v V o. obeying thc «" dUio “ 

•Here, as »s7.l t g • « t . h ’ h t d-otes a solution of the system of differential 

equations (22.61) under consideration. 
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7 /■ 




« t < V. 0(3 t )< V. <22 - 92) 

,« k U... lor «, -.I- “ “ Vl ' 


the inequalities 


V* | ‘4 | < 3 0 , 


i-stm. ( 22 . 91 ) «iU have a unique solution <* t . M . lor which h t €«o, 


for all t > t 0 ; 

b) for this solution 


K 're... '■ =>• 

. <v >• «■ *. •> >■ ■ 

Lipschitx inequality of the fora 


|U*(/ 0 , /, Af'a 1'. 3) --*HV '> 

<-.(3, - 0 ) 1 ti' - ir'H ! j (t ' r ' 


t >0’ ( 22.943 


o. *„> •». ■ " “■ ’■ ' 0 

„ u. — U- ■!.. •< l2! ‘ 1 ’' 

o. . .« .... M - »> .< .«•<»■«>• - 

h n U 0 , and h t £U ei for all t > t Q . 

For brevity let us call such solutions type s solutions. 


CO 

f id <>-*'•* 

I 

<*> 

f J (t /) //*, </' + J At 0 9 (*. &• *«• e > ** 


( 22 . 95 ) 


J(, t)^dx 
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l / 


/’ 


7 


? L, 


I' ' /' 


A* /)///<,</-( | ./(t ,<r„ /«,. s)«/t. 


Integrating tent.-by- term and taking eq. (22.66) into consideration, we obtain 




<x> 

00 

= - J(+ 0) h t -\- f J(x — 0 WA, d'z, 

1 


<* 

f 

z=J(—Q)k,~-J(t 0 ~ t)h 0 + J J(- — t)Hk z <h. 

Thus, by adding eqs.(22.95) and (22.96), and noting that J (- 0) h t - J(+G)h t =h t , 


we can prove that 


*,= J 0 A o- 


Consequently, each type S solution is a solution of the integral-differential 
syatcn (22.99) for A * h Qf so that wc may write the following expression for it 

h t = '¥(t 0 , t, g t . A, •); M|<« 0 - <22.97) 

Moreover, by virtue of the Argument I and the inequations (22.63), (22.92), 
all the solutions lying on the integral manifold 

A ==/(<, g, *). 

belong to the S type, so that for each of them a corresponding A » A' can be in- 
dicated. For this reason, in view of eq.(22. 94), *e have 
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. •■/ 


\ / 


/ \ 


\ 


| /('. g> *) — 'I r </ 0 . t, g. A, e)|< 


<P(*. " ‘ \A'—A\; />/., 


particular, for each type S solution, by replacing the arbitrary g bv g t , we ob~ 


:/( A AV * > hf V 1 * ~ AS). 3) //(>!• (22.98) 

Consider now the point set (h) belonging to U 0 , for which 

ft --‘n/o. v av ^ *>; Ml ; 

corresponding to the given fixed t 0 , g a , g, and let us denote it by®?(t c , g Q , e). 

Since, for any type S solution, the relation (22.97) will be satisfied, it is 
possible when assuming that t a t 0 to prove that h 0 must belong to®? (t G , g Q , e). 
Consequently, if for t * t G we have 

/'/G t\.; /// 6 'W (/, g tt 3), 

then the solution (g t , h t ) corresponding to these initial conditions cannot belong 
to the S type, so that h t cannot remain in the neighborhood of U 0j for ail t > t Q . 

As already remarked, the solution of the integral-differential system (22.91), 
.having the properties a), b), the existence of which has been established above, is 
~j*t the same time a solution of the differential equations (22.61). Owing to proper* 
Jty b) we have: 


5 j ''o ^ (/„. V AV A s ). (22.99) 

) j 

™jSince the solution of eq.(22.61) is entirely determined by the initial conditions. 
Jit is obvious that if (g t , h t ) is some solution of eq. (22.61), for which eq.(22.99) 

" holds, then it is also a solution of the integral-differential system (22.99) and 
-possesses the properties a), b). 

~ Thus we may assert that if, for a certain solution of eq. (22.61), at. t * t Q , 

; li t t')KU, g„ *), 

^ then it will belong to the S type, and therefore, the inequation (22.98) will hold j 
~ to .the . requited pr o p er ties 1) f 2 ) © f th e mani fold 28 

(t* g t , e), we wil lsti 1 1 prove the properties 3), 4), thereby completing our 


-v L 
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proof of Argument III. 

Now let a m 0. Then, by definition in eq, (22.65) 

i I 0; J(t) 0, / <0, 

as a result of which the integral equation of system (22.91) takes on the form 


hi 


J <*"*' KV. A,. 


in which the arbitrary vector A does not figure. Thence it is clear that 33? ( t 0 ,g 0 ,e) 
degenerates into a single point; since f(t 0 , g Q , 0 33? (t 0 , g 0 , e) is always true, 
we see that in this case® 1 ? (t D , g 0 , ?■ ) consists of a single point, which is 
f(t c# g oS e). 

Let now, on the other hand, s ® n ~ f. Then, by definition (22.65) 


./</) . (I. / 0; ./(/) 


/ <r o, 


and the integral equation of system (22.91) will be: 

t 

h ( j c N{t ''Qiz, if, //., z)th | i ( w (22.100) 

t, 

whence, more specifically, it follows that A * h Q . 

It is not difficult to convince ourselves that eq.(22. 100) is an identity for 
;any solution of the differential equations (22.61) for any h Q . Thus, in this case, 

3H U„. A' ( >. 5) ,? > • 

J Finally, let » and n - 1 - a be both different from zero. In this case, the 
term J(t 0 ~ t) A, bv means of which the vector A enters the integi al-di fferentiai 
.system (22.91), aay.be represented in the form 




where 


u 


0 0 

0 e"utO 


U~'A -- U 


0 0 

0 e VAt-U 


U 'u t 


U'A 


All 


( 22 . 101 ) 


STAT 




/ : 
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and 1 8 is the s*diMcnsional uni t matrix. 

Hence it stay he concluded that, identically, 

4 »K(/ 0 , I, g, A, •)-*('„. /. g, «. *)• 

On the other hand, with an arbitrary A, the vector a. defined by eq. <22. 10 1 ) , always 
{has a independent components a, i* consequence of which the equation 

A-V(/ 0 . / 0 , i?,,. »■ *). 

characterizing the mani fold < t„, g„, 0 may be represented in the form 

h ■■■■ h («, <U. 

where h(a, a,) are functions of s-parameters depending on t G , g 0 . « and, by 

virtue of (22.94) , satisfy the Lipschit* condi tions. 

Thus 2$ (t 0 , g 0 , e) is a« s- dimensional main fold. Ihis proves Argument III. 
Hemurk. it follows from Argument III that, in the neighborhood of QU 0< _ there 
can be only one unrque integral manifold for the system (22.61), namely the mani- 
fold (22.62). 

Indeed, thra assertion is obvious in the case a * 0. The case a - n - 1 passes 
into the first case if, in the equations, t is replaced by -t. 

The case of 0 < s < n ~ 1 raeaina to be considered. Let a certain integral 

manifold S t lie in the neighborhood CU<j o * 

St€QU 9j \ — ro</<co. 

Then it follows from Argument III that, if (g Q , ^t* t ^ en C!USt 


■■ tme that 


h € ® o* s )* 


W lj Taking arbitrarily the aaiall positive n. let us select a positive a sstisfyrng; 
the inequation ! 

2s 0 Cc-i*<%; 

let. us take the arbitrary real t, and pulj t„ ■ t, *• Then, 

P 2y> -v(‘.-o<t|. 

Let, on the other hand, (g, h) be an arbitrary point S^. def "i 

i inition of the integral manifold, the solution <g t . h t ) of the ayat« (22.61), 



- 7 - 


r 
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the value ig, h) as t. * t l# ; lies on S t Cor any t. have, m par- 


: which takes on 


ticular,(g t , h t )£S t , so that 


K € 3R gt., *)• 


However, according to Argument HI, we then nave 

I* M. g. »)l-l *». -Wf ft. *)l< • 

<Ct- «'*-M ! h u - /(t Q , () I < 2 -O < T|l 

whence, because of the arbitrariness of n: 

A =/(# t , g, *)■ <22.102) 

Thus, the relation <«. h)€S t , give. e,. (22. 102). which proves our proposition.' 

*e now introduce certain definitions relating to the theory of quasi -periodic 
functions. 

Consider some function f(t, x) assigned on HE, where E is s certain set of 
values of x. 

Ij * e will postulate that f(t, «) i» a qussi-periodic function of t, uniformly 

varying with respect to x. for the case that n > 0 can he associated with a posi- 
tive l(n) such thst, any interval on H of the length !(n> contains at least one * 
j (almost a period for n> for which the inequation 

! f(f Hh *) *) I ^ 

His everywhere true along HE. 

H for these slmo.t periodic functions. . countable aet of frequence, .ttj > «** 

-lists, not depending on x, so that, for any X not belonging to it. we have 


f f(t, x) 


e-o*dt = 0 . 


Let .{w a ) represent 


a countable set of real numbers possessing the following 


iSt properties; 

1) Between the « a there exist no nontrivial linear relations 

4~J S fl s®a = 0 

.. I 

•if ! • ai th . .isteger. coefficients* I - — — - — ~~ — : 

„ | 2) Every Xj can be represented by a linear combination «# nth coefficient# 
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7 ' - / 


that are integers* 

Such a set ,{& a ) will he called the frequency base of the given quasi -periodi c 
function. In particular, for a periodic function, the frequency base consists of a 

single element; for quasi -periodic functions, the frequency base consists of a finite 

; . C1 I ; 

rusher of elements. i 

It is sell kn owi that a frequency base possesses the fol losing important proper*- 
ty: If t b is a sequence such that, for any w 4 , we have 


then, uniformly on HE, 


I HI ? f 

e a f " -~> 1 , 


/(/ v) •-/(/■, x) Vo. 


(22.103) 


(22. 104) 


This property asay also serve as a definition for the quesi-periodic functions 
under consideration. 

Namely, if ,{w a ) is a countable set of linearly independent real numbers and if, 
for each sequence ? m for which eq.(22.103) is true, the relation (22.104) will also 
be true uniformly on HE, then .{t,x} will be almost periodic uniformly with respect 
to x, and (« a ) will be its frequency lasel 

Noting this, we recall that, in our preceding reasoning, we have encountered 
j assertions of the following type: 

~j If .(tgj) is s sequence for which, uniformly on HE, 

:i /(H x) fa, a) o, 


J then, uniformly on HE, 


/’ (f-f- t #rt , ,V) /* (/, X) — > 0. 


We may then assert that in caaes where f(t, x) is a function that is quasi- 
periodically uniform with respect to x, and the set ,{w a ) is its frequency base, thea 

j j _ | 

F(t, x) will likewise be a function quasi ^-periodically uniform with respect to a, 

* having the same frequency base. j 

j 

” Section 23. Periodic and <>iaai -Periodic Solutions 


Let us now pass to an application of the arguments proved in the preceding 
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. / 


These arguments .were formulated with respect to the system (22.61) to which the 
the system (22,24) was reduced, to which, in turn, under suitable conditions, the 
fundamental equation (21.1) w«a reduced. 

Here it only remains to transfer the formulation of the properties of the solu- 


tions to the solution of this fundamental equation. 


Let us begin with the case of a quasi-static solution, when the dependence on 
the angular variable is canceled. 

TaL » «g A r g». %en » £ I t !1 1 HI and the corresponding remarks into consideration, 
we arrive directly at the following theorem: 

Theorem 1. Let the function X(t, x) entering into the equation 


^= S .V(U), (23 -” 

satisfy the following conditions for values of x located in a certain region E: 
a) X(t, x) is a quasi -periodic function of t uniform with respect to x; 
b> X(t, x) and its partial derivatives of the first order, with respect to x s 


are bounded and uniformly continuous for 

— oo < / < oo 9 x£E. 


Let, further, the equation of first approximation 




lin which 


m 

X 0 $) =z Urn ~ f X(t, \)dt 




has the quasi -static solution £° in the region E, with the real parts of all roots 


’{of the characteristic equation 


Det \pl — X'o (1°) | = 0 


I being different from sero. 


Then positive e 0 , < a x ) may be assigned such that, for every posi- 


1 tive e less than the foil owi ng assertions are true : 


1) Equation (23.1) has a unique solution x * x*(t), determinate over the *n- 
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' - .1 ; 


i . 7 


~ \l : 




' i- ' 


•tite interval (~ «)» for which everywhere 

1 | JC *(0--f|<v 

2) This solution x*(t) is qussi-periadic, having the frequency has* of the func- 
tion X(t. *). 

3) |x*(t) - £°! * 6(e) - 0 <- ” ‘ t < ->. 

i 6 >• 0 

I ■ • 

4) Let x * x(t) represent any solution of eq. (23. 1) different from x*(t) f which 
for some t c satisfies an inequation of the form 

\x(Q ~P|< V 

Hjen, if the real parts of all roots of the characteristic equation (23.4) are nega- 
tive, the distance U(t) - x*(t)| tends toward rero as t * «. and 

} .v (/) - x* (/) | C<* * t{t C\ 7 const, 7 > 0. <23.5) 

If the real parts of all these roots arc positive, then a tj > t 0 can be found, 


such that 


!-v(/,) - I > V 


If s real parts of these roots are negative, and die remaining n s real partaj 
*M»re positive, then in the (^-neighborhood of the point * 0 there exists an s- 
* * ' dimensional »anifoldS? t such that, f row the relation 

:,5 r *iQ € 

JS -;it follows th.t the difference x(t) - x*(t) of eq.(23.5) tends exponentially toward 
aero, and from the relation 

- 'H A(/ 0 ) 

— it follows that the inequation (23.6) is true. 

this theorem will be further discussed below. 

It is clear that, by virtue of the property 4), the solution x*U) will be 

H-.Uble when the real parts of all roots of the characteristic equation under con- 
VW : 

*i deration are negative. 

>1 ,,1— — ^f~c( ie ~r e al~part of oven one of these root, is positive, then the solution is 


>6.4^ 
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v : 

./ :■ 



unstable. 


Let us now consider the ense then X(t, x) is a periodic function of t with a 
j . • ' : 

certain period t not depending on x. 

j liven, in particular, we have 


and, therefore, 


lim Jr j X (/, x)dt ~ ( X(t\ x)dt , 

r-poo # T < r 

tl 0 


— A* </, S)(/f. 


( ; ! Since the frequency base of the function X(t, x) consists of a single number 

the property 2) indicates that, in this case, the solution x*(t) will be pen- 
ft "Iodic, with the period x. 

—j note, finally, that all of the results formulated above are directly ap- 

plicable to this esse as well, when the fundamental equation has a somewhat more 


general form: 


S X(t, X t s), 


4 Then. in the equation of first approximation, we put 

56 f J . j 

' .V 0 (5)= Hm 1 f X(t, x, 0)i//. (23.9) 

■ _ J 

* Z It is here sufficient that the conditions imposed on X(t, x) are satisfied by j 
* 2 H the function X(t, *, t), unifonn with respect to e over a certain interval 0 < e < j 

uJ 1 

E i* S 

\n this case, eq.(23.8) ia reduced, by the same substitutions of variables, to j 
U} ^a system of the tom M eq.(22,61) with sill of its enumerated properties. 

>0 ” ie pass now to a consideration of thf properties in the neighborhood of a pen- 
>2 "~ odic solution, of equations of first approximation, when the role oi che angular 


• v - ' ; t3rrrih'l"« ”■ i»of subs ten tiai importance. 

! >6 ieirill first state a number of consequences of Arguments I r II, IU. 
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lhu& ( it is clear from eq. (22.61) that the Angular variable g, for solutions 
lying on the manifold 

* =/<*. g. 3). 


satisfies the equation 


in which 


Here, on the basis of Argument I, 


We note further that F(t, g, e) has continuous derivatives with respect to g to the 
order inclusive, if the corresponding conditions in Argument 1 are satisfied. 

It follows from Argument II that, when P, Q are quasi-periodic functions of t, 
uniform with respect to g, h, then f(t, g, e) is also a quasi -periodic function of 
t uniform with respect to g, with the frequency base of the functions P, Q. 

Now taking into consideration Argument III, we see that if the real part of 
even one of the roots of the equation 

Hi t />/ II j — <• (23,10) 

is positive, then the integral manifold under consideration will have the property 
of repulsion of all solutions close to it except the solutions lying on the singular 
manifoldSD?, whose distensions lity is less than the dimensionality of the entire phase 


For this reason, in this esse, any solution lying on the integral manifold 

!> -/(/• a. 3). 

will be unstable. 

Conversely, if the real parts of all roots of eq.(23. 10) are negative, then 
this manifold has the property of attracting the nearby solutions: 

l*i M ft. *>; • ccia*, -/<*„, g t ., OiV -it 

from this follows, in particular, that 
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Sumiati ting the results so obtained, let us formulate them «ith respect to the 
solutions of the fundamental equation in the standard fona. *e recall, in this con- 
nection. that a substitution of the independent variable tt - t .as made during the 
process of reducing it to the fore of the system ( 22 . 61 ). 


fc obtain the following theorem: 

Theorem II. Let the following conditions be satisfied: 
«) The equation of first approximation 


A' g (;) — lim y j X(t, \)dt, 

T-> jo o 


has the periodic solution: 


; - - ; (Italy, l ('■? + 2r) = 5 (?)• 


( 23 . 11 ) 


b) The reel p.rts of .11 (n - 1)* ch.r.cleri.tic exponents for the equations 


of variation 




( 23 . 12 ) 


differ from zero. 


c It is possible to find . ^neighborhood of b p of the orbit of this periodic 
solution, such that the function X(t. x) »d it. p.rti.l deriv.tives uith respect 
to *, to the » th order inclusive, .ill be bounded and uniformly continuous with re- 


spect to x in the region 


- CO t ^ 


d) X(t x) is . qus.i-periodic function of t, uniform «th reject to x £ U p . 
Then it is possible to ..sign positive number. e 0 such that for every posi- 
tive <* 0 (<* 0 < P) the following assertions sre valid: 

• One of the characteristic exponents, as stated above, always vanishes. 
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1) the equation 


zX {( »*v) 


has a unique integral manifold S lying, for all real values of t, in the region U 0 . 

2) This oianifold S allows a parametric representation of the form 

X fit. % <23.13) 

Here* f(t, 6) is determinate for all real t, 0, possesses the period 2k with respect 
to 0, and is « quasi -periodic function of t uniform with respect to 8 and having the 
frequency base of the function X(t, x). It is possible to find a function 6(e), 

tending toward aero with t t such that 

;/</,')) ;( I); <23. H) 

the function f< t, 0) has uniformly continuous derivatives with respect to 0 to the 
* ^ order inclusive. 

3) On the manifold S, eq.(23.1), equivalent to the equation 




(23. 15) 


in which F{t, 0) is determinate for every real t, B, is a periodic function of 0 
with a period of 2k, and is a quasi -periodic function of t uniform with respect to 0 
and having the frequency base of the function X(t, x); F(t, 0) has bounded and uni- 
formly continuous derivatives with respect to 6, to the m 1 * 1 order inclusive. 

In addition,, the following inequations are obtained: 

;/'(*> O).--U(s); | (23.16) 

;/**(/» V) Fit, | f l' - J 

where ' . , ■ • ■ ■ . 

t*(z)-+ 0 at 2 0. 

4 ) If the real parts of all n - 1 characteristic exponents considered are nega- 
tive, then the manifold S has the property of attracting all solutions close to it. 
Thus, let x • x(fc) be a solution of eq.(23.1) passing, for s certain t * t Q , 

• To shorten the formula* we will disregard, in the function f(t, 0) and other 
functions analogous to it, their explicit dependence on e. 


/ 
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through . 0.0 point of the region 0 o# . Then, for that eolution, -t t > t# . inequo= 
tiona of the following fores will be aatisfied: 

/vi •» (•)) | ^ C, (t) r te\ 

I d ®(0 ,1 . (23.17) 

I dl . 0(O)J<C,(*)* 

S) If even a single one of Use real parts of the characteristic exponents con- 
sidered >. positive, then the tsanifold S is unstable. Any solution x(t), not be- 
longing to that manifold, for which x(t Q ) lies in the region U„ lot not on a certain 
singular «anifold3.V to of lower dimenaionality, will, with the passage of time, leave 

AM I! 

WMV 4,S R* W,> ^0* 

*xth respect to this theorem, we are particularly interested in the important 

special case when f(t, 0) and f(t, 0) are periodic functions of t with a certain 

period T (not depending on 0), and the number of derivatives k is taken as equal to 
two. 

In accordance with the property 2), such a "case of periodicity" will occur, 
for example, when the function X(t, x) possesses this period T with respect to t. In 
this case, we select the system (22.58) as the system (22.61), and therefore, the in- 
equation (23.16) of theorem II will read 

Q(s) = w . (23.18) 

However, as mentioned previously, the case of periodicity will «l so occur if, 
in eq. (22.24), the functions &{fc, v, b), B(t, b) have the form of eq.{22. 59): 

— _ • ®» b) — B (t, • ~|~ \f t A), 

where t<t, q», b), B(t, <*, fc) have the period T with respect to t. Then, as the sys- 
tem (22.61), we take the system (22.60), whose right sides are periodic functions of 
the independent variable. In this case, in the inequations (23.16), theorem II will 


$( 8 / — «• 


(23. 19) 
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The 'case of periodicity is of particular interest in view of the fact that here 
the classical results of Poincare, as supplemented by Pen joy, can be used for ana- 
lysing the structure of the solutions lying on the manifold S. 

This point will be further discussed here. 


Let us uke the equation 


F 0. V) 


and consider G( t) as a function of the initial values t 0 , 0(t o ) and of the differ- 


ence t - t 


0 ( i ) - f l ( 7 , j) f * ‘I 5 \i / 0 » #i 


We note that, by virtue of the properties of periodicity of the function F(t,e), 
the function i(t, t 0 , Q q ) will be periodic with respect to the arguments t c , © 0 with 
the respective periods T and 2^. 

Let now 


, -j '1>(T. /„ f- nT. ()„) = ')„ + <!• ('>„). 


C*») - -- *1* (F, (q< **«)' 


(23.21) 


$(8) being a periodic function »ith a period 2*. In view of the fact that «e took 
„ - 2, the conditions of theorem II will cause this function to have continuous 
derivatives of the first and second order. Further, it follows from the inequa- 


tions (23.16) that 


1 •!•' CO | < sf< (t); r- (0 -* 0, 


(23.22) 


Therefore, taking the aufficiently small values of e into consideration, for which 


we will nave 


Thus the function 


*!>(*)'< I. 

1 + •KCO^-O. 


F(<>) — 


(23.23) 
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1 


u monotonously i-c*..*, - the p.p.tty -of ^iod.city -.1 *• 

■ •p(f) . 4 . sf ( f 0 4- 2^« 

For this reason, the transformation 

».y be regarded as the -«Uy end —ally continuous -*M of . 

circle onto itself* , , f 

Equation (23.21) indictee that the auccessis* -luea of the so utton o 

. ■ . t . . . t . * n T are obtained by iteration of thin transfora- 

tion (23.15) at the point* t t 0 

tion, starting free, the initial due 0 o‘ 

* note that the iteration of transforation* of the type here - 

d ' ll 35) and Cenjoy (Bibl. 55 ), which the lol owing *« 

investigated by Poincare lBibl, 35 ) and vuiyoy 

established: 


1 ) ‘Jhere exists a liaiit 


W H«n '^n' 

n -*a>‘ 


( 23 . 25 ) 


“;L , r— .. - — - *■ — 


( 23 . 26 ) 


= (»-> 


has the for* 


„ n ~ 2rJ,n + + ( 23 . 27 ) 


.1 Here E<«) i» • continuous periodic function «th 
i . - is. *n arbitrary constant. Here V^/ 

*. ......... * * « — — — “ 

i. i. « .......I. .. •>>“. 

3) Let v be rational: 


_ d. IMS. W 

which 
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/' 


I; 



W-~«» = 2 «v. 


Any solution (L, as ft increases wi 


thout limit, will approach one of these peri- 


odic solutions. 

Let 8 W -be some solution of the equation being considered, starting from an in- 
itial value 8 0 , located within the interval (0, 2*1). 

Then, for it, $ m 

a “> () 4 n. 0 oi 4~ r i <r 9tz (23.29) 

m v * rw ^ * m r n« - ^ * v > 

may be assigned such that 

2r,mr < 3,„. (23 ' 30) 

Let ua now establish several consequences of these results. Let us first con- 
sider the case of an irrational v. 

It follows from eq.(23. 20} that 

0 (/) — 0 f| 4 ‘l* (t ^ 

whence 

0 (/) = -4“ *4“ & (2ltvH 4 ’S') “f~ 

4 <l> (/ — / 0 — »r, t Qt 2 * ; r« 4- ? 4 2 (2swi 4~ 4»* 

Putting, for brevity, 

1 4- £ (?) + <I< ( t 'o. V + £ <*> ) = !(t " ?) - 

we way also write 

H it) = 2* M. + 4- /( 2« Irfy" "- r . 2 ™ 4- -'4 - <2S-3») 

fe should mention here that the function f(£, <?), so introduced, is continuous 

and has the period 2« with respect to 9, 

Moreover, since the relation (23.31) is true for any ft, it follows that 

' /(2*7. “ 2 **' 2’sv»4 -V'4-2*')" 

= /(2*y ' r -t *)• 
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'Rse quantity t here i» also arbitrary. Let u* take 

t - f«— m ~ ~ u 

2 nv 

and represent this identity in the for® 

f (u ~~ 2 i 5 v , 2 itvii ~ 4 ~ 2 *v) f(u, 2 ic*ji - 4 - *’ r ). 

|fow«r,- since the numbers 2 *Vn form, along the periphery, an everywhere dense set, 
then the law of continuity permits the conclusion that, for ail 

f(ll - 2ltv, « 4-2 «•.)--/(«. «). (23.32) 

Let us construct the function 


/( 2 *"*(-£)’ * ))=/(«, 9 ). 


possessing the period 2n with respect to v and u. It is clear that this function is 
continuous since in view of the identity (23.32), the property of continuity is pre- 
served at the points of discontinuity 


Let us take, in eq.(23.31), 


f j (0 == 2* r 


" V R y f ')■ 

• • to) 4 ■’> 4 /( 2 *'”/". 2 --^ r M 4 J- 


Substituting this expression in eq.(23.13), «e can prose that the solutions of the 
fundamental equation (23.1) under conaideration, lying on the integral manifold S, 


have in thia case the form 


X (O' == 4 1 (V« V + ’f)» = const • | 


~~ "f » *J> ~~ r' • 


(23. 33) 


where $(9, f) i« an arbitrary function of the angular variables <P, y with the peri- 
od 2«. 

Thua, these solutions, lying on the manifold S, sre found to be quasi -periodic 
and have two fundaments! frequencies, an ^external* frequency ^ and a “ natural" fre- 

2w 




Declassified in Part - Sanitized Copy Approved for Release 2012/1 1/14 : CIA-RDP81 -01 043R001 300240005-2 






Declassified in Part - Sanitized Copy Approved for Release 2012/1 1/14 : CIA-RDP81 -01 043R001 300240005-2 


1 ' 


le sway note that 


Therefore, in accordance Vrith the inequation (23.26). *e have, 

| a /( (23 ' 34> 

Thus B(c) is an asymptotic approximation for the natural part ey 

Let us consider the case .hen the number 7 is rational. Then, in vie. of the 
shove result 3) by Po.nc.rd-Denjoy, there .ill be periodic solutions -itfc a period sT 

on the integral ®ft«*£old ••• 

Any solution belonging to S .ill approach one of these periodic solutions, as 

» e note, among other thing., that since the frequencies of the periodic solu- 
tions .ill be multiples of * « -present *- * the linear combinations of 

frequencies; 

2k 2k 2 r , - 

*'•“ r ’ st r t v ' V 

Thua, in this case a. .ell, the stationary solutions (periodic solutions lying 
on the manifold S) may be formally presented as functions having the two fundamental 
frequencies a c and a p* 

Let us then consider the solutions not lying on the manifold S. confining our- 
selTe. to the case .here .11 the (n - 1) characteristic exponents have negative real 
parts We can aho. th.t every solution of the fundamental equation passing through 
any point of the region ^.approaches (as t - -) one of the stationary solutions, 
i.e., approaches . quasi -periodic solution in the case of an irrational v or a pen- 

odic solution in the case of a rational v. 

For this purpose, as will be clear from the inequalities (23.17) of Theorem II, 
it is sufficient to prove th.t if any continuous snd differentiable functions 9<t), 
in the interral (t c . -), eatisfies the inequality 


iFU, 'J <0 ) I <C^ (*)*-»' 
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f M O y(t) -4 0* 

? * > 4 w 


where «p(t) is a solution of the equation 


*r(t , ?)• 


In turn, for proving this assertion, it is sufficient to prove that, for any se- 


quence 6 n , for which 


I '»«+, - m.) I < Q -to = If 7 ’. 




die following relation 




(23.36) 


»i 1 1 hold, where satisfies the iteration equation 


?,m = / ? (<?»)• 

Thus, to complete our proof, it remains to consider the sequence 8 n , satisfying the 
inequality (23.35), and to establish for it the validity of the limiting rela- 


tion (23.36). 


ie will now do this. 


Take the expression 


') mll ±: Ke-n <•»+*> — /•'(<) m ± 

= Vit- F(» m )±Ke-^ n (e-‘' - ft) 


and note that, ly virtue of eq.(23.22), 


8 ? (.)<P,< l+«p(«). 


#e therefore have 


+ Ke-i '"‘ i " < /=•(»»_ 4- Ke -i ) 4 

.+ <?(«).<•- 'i — «p(«) 

0« , , - Ke- » > F (0 m - /Ge-i -) - 

— ep(s) — C-*I). 

Let the number e in Theorem II te taken so small that 


1 srj (t) — f -*r ■ >o, 0 < « < s 0 . 


(23.38) 


Then, putting 
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1 — . tp (e) — <r ' J y 

t m . // * ts -»Tu«» I (23.39) 

= 'j,,, + ,„-/(<? I 

we find fro® the inequation (23 . 37), 

,/ ./?/,./ v ;>/-(^). (23. 40) 

Consider the systems of numbers 

K. 

which are, with respect to the subscript solutions of the .terat.cn (23.26), 
under the “initial conditions" 

+ K ‘- IJ \ m ...... (23. 41) 

I 

ties BUSE „f U» '• 

the function F(6), we conclude that 

’V' m 1 . . „ , 9 (23.42) 

.«/ ' > ©" , I 

• m ■' • n ) 


■=". ,+U ■_ *. •?<.. I2! ' al 

u. .. a... ... •. 5 - »-• “ “* *' 


earlier stateicen 


sent that <„ *£.■ be rcprCS “ 


nted respectively in the £ol low- 


9m. n ~ • m + ’)i 4' 1- (■' m ' 

9m, n ~ : >m 4 v t „ 4- E (•> m +• r,„) 

Searing in *ind eq.(23.43), « ™*«t lh “ 


(23.45) 


„ . 1 in eqs. (23. 43) ■ «* h«»® 

9n. ... > W 4- K *- U W+H = ?» «. . + t. 

9n+l,»< fJ n+l — Ke“‘ T “ tnH ' l> = 9»+t, n+I. 



/. 
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V+£( vB +'+««)**• »*n 4- £ ( vn + v 4- 5«+i). 
fit, 4- £ (*» 4- * + •Hr.) < ^« +1 + ^ ('« + ^ 4- %,+»)• 

Therefore, in vie. of the aamotonicity of the function 6 * E(9), ** see th,,t 

4iiH I 

# ln l * v T b** ' 

On the other hud, it follow fro. eq*. (23.41), (23.44) that 

- 4 - F. (sit 4 - U »*.. n <«* "+ T <«> ^ 2Ke “ Z 

whence 


(23.46) 


£ rt ’*U 


0, 


(23.47) 


The relations (23.45), (23.46), and (23. 47) established .lose sho. that .hen 
falling, and H n .hen rising, tend to.nrd a certain coonon limit »■ 

On the other hand, eq».(23.43) and (23.44) yield 

'•m 4 'm 4 !'*• 4" •<») - s 4 7(1,1 4 fc 4 'i«i4 


so that 


q,'®* '(-.m 4'^)4^C(vm 4~ 4)* 0 


which prove* the argument. 

Let. „s pass no. to the con.ider.tion of the case of a rational 7: 

(23.48) 

Let us introduce a function obtained a. a result of the .-fold application of 
the tran* formation F: 

<1^(0) = / ? (... /•’(?)•••)— 2?tr - (23.49) 

and note that it -ill be « continuous and «,notoncu.ly increasing function of •• 
The difference 

(?)“?. (23.50) 

will obviously have the period 2** in “* 

Since in the case (23.43) under consideration, the periodic solution* of the 

iteration equation .ill satisfy the relation 


429 
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i, i . 


x/ - : ... 


I y „ 


■y y 





then far the® 


<Pmis -- ®» = 2w. 


<1». (« ). 


Thus it remain, for us to prove that 

U m - 2 -rm 

where f 0 is one of the roots of the equation 

•i> -=*i‘, CIO- 


(23.52) 


Indeed, let us consider o solution of the iteration equation, starting from v 0 . 


Then, of course, 


Therefore, eq.(23.51) will give 


4- 2srm, 


ft | /x 

hm Vm« — > JO. 

We have, however, 

Vwhm 1 F ('f m8 ) = 0, 

f| ««U 

whence it follow* from eq.(23.53) that 

h .->(), m ‘>0. 

'null F w » 

In a completely analogous manner we ®ay establish that, in general, 

-* O' « — ° (*=<>. 1 S - *). 

Hence 

-’/« 0, n -* co. 

We proceed noa to the proof of the limiting relation (23.53). 

Let us take a certain solution ^ of the iteration equation, starting iro« <P 0 
arbitrarily fixed in the interval (0, 2*0, P u ^- 


W® then have 


(23,55) 
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~r. 


*ii, ; 0, p», 0, *», Pm ' 


(23.56) 


On the other hand, _ ■. 

i. .i« -1 .»* lh * fc “ u “ *><«■ <" u ” ““ 

, h .„ O. -1.U- V i. ~i ■ k - "" l '" '• 

with respect U. the subscript the sequence 

?0* ?l» * * * ?«*' ' 

will, wonotonously fsliing or rising. tend toward . certain li.it .inch is a root , 

eq.(23.52). 


Hi. no. readily possible to e.t.bUsh the following arguments: 
a) The sequence 

("< — 0. I, • • •) 


. _ (53 S2) i.e., there exists no integer 

can never '* ju»p* .cross any root of 

s«ch that 

_ ( 2-5. / 

f 5 l# s < ?o ’ C I 


0r <?,»„ > ?o > ?<*v f 1 • ( 23 . 58 ) 

Indeed, let us ss.»e th.t the inequ.tion (23.57) appHeu- — •« 

the oono tonicity of the function *i(»>. « have 

«l»| (?*..) < '>'l (?o). 


?W g I I < ?0 


.*1* contradicts eq.l23.S7). By an. logy « -l- ° f ** 

inequation (23. o8)* 


b) If the sequence# 


1 > » 11 me ovh"' - ”' — 

S' ~v" (m =-= 0, 1, 2, (23. -9) 

• in* • «* 

corresponding to the solutions of the iteration equation, tend to 
roots of eq. <23. 52), then the quantities 

431 


/■ ' 


I , I 
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, / 


<5/ , 9" 


will always enclose at least one root of this cq»(23. 5/;. 

To prove this, we note that two cases can he imagined: when both these ae- 
queneea simultaneously increase or decreaae. and »hen one of them increases while 
the other decrease* . 

Consider first the case of a simultaneous increase or decrease, and let, for 


example, 


% V 


Then, obviously, for all 


o' > 9 ", 

Tm ^ ♦ w’ 


Therefore, passing to the limit, we have 


?'>?** 


where 9 W are the roots o£ eq. (23.52), winch are, respective 


ly, the limits of the 


sequences 9^, 9". 


Owing to the monotonous increase 


of the sequence <p", we obviously obtain: 


?»<-?• 


(23.60) 


Since the aequence v' m , on the laaia of Argument a), could not "jump" across <?". 


then, for all m, 


/ V Jff 

9„^9 ■ 


The inequation. (23.60), (23.61) » e.t.blishcd prose, in the case under con- 
si deration, the truth of Argument b). 

An analogous argument hold* for the case of a simultaneous decrease of the se- 
quence. (23.59). If. now, one of these sequences decreases and the other increases, 
then the signs of the following two expressions 

©in* i — 9m ^ ^*1 (?«») 9*«* 

*- 7 / -vr » x 

9 .»«■!*! — “ ?js ~~ (y.“s) ?,rt 

will differ so that, on the basis of continuity of eq. (23. 52), 
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/ 



*M?) - ?-=<> 


has it kast one root in the intervai 


l?*. ?*l- 


thus Argument b) is completely proved. 

Let us now return to the inequations (23.43!, nutting, for brevity. 


He then have 


2 TZtnt V«*. Mt | 
— 2 ttrnt « 

'Vs “ 2«rm = V J 


,, — Ktr •*** > 0 m > »*. „ + 

(m = «, «-+-!. » + 2, • • •). 


end, from eq.(23.40). we find 

= ATe-i“ B4 , 

If now, for any n, as in - *. *1*« sequences 
?m. n» 9 m, n 


(23.62) 


(23.63) 


(23.64) 


(23.65) 


i. . » /or 42' then it follows from eq. (23.63) 

approach one and the sane root W„ of eq.(23. bl,. 


'V» — 2*rm = 'fo* 



thus proving our theorem. 

Conversely, if for eny n the sequences (23.65) tend toward different roots, 
then Argument b) proves that the intervals 


hi ~ l?n. »• 9n, nl 


will always contain at least one root of eq.(23. 52). 

It is easy to prove, however, that at an arbitrary poaitive integer k, the in- 


tervala 


have a cootmon part. 
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Indeed, in the opposite esse, one of the « following .nequntionn would be ob- 


mined: 


-v~i . . — ft . ' ^ " 

f n+k, »+* > n+k P* ?n 9 n P* ? «, » 



?n « i fc ? #H k, n r it ^ 'f «. « «* ( 23. 67 ) 

Ut us unse first th.t eq.(23.66) holds. Then, substituting in eq. (23.63) 


/« =■ /i 4 


we have* by virtue of eq.(23.64). 


Jt, n ^ n i h, w + 

Therefore, it follows from eq. (23.66) that 

k,n : 7n ¥k,n+k >?« + &♦»+& >?«*»• (23.68) 

Ut «*„. k denote . root of eq.(23.52) lying .» the interval l.efc- equa- 

tion (23.68) we Have 

— ( • — t 

9 n-rk, n ^ ”*« 4 V«*« 

which proves that the sequence 

'?«. n ; •••« n 

junps the root of eq.(23.$2), which cootr.dicts Argument «). 

By analogy « prove the impossibility of the inequations (23.67). 

Thus, the intervals 

hi i k* in 

have parts in co«o». Since, on the other hand, the length l. is «**•) *» *• 
and since each of these interval, contain. e„ and root, of uq.123.52). « Anally 

can prove that . — . 


— 2 Kf«= <)„ 


rtere V is • root of eq. (23.52). Ibis co.pl.tes the proof of the arguments. 

We rill stoat arise these result. ,0 the for. of die following theory: 

Theorem HI. Let the condition, of theore. 11 be satisfied for . * 2. Also, 



I 
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let one of the following two condition* be netisfied: «) the function X(t. x) pos- 
sesses, with respect to the vsrisble t, s period T independent of * or b) in equa- 
tion* (22.24) the functions *(t, q>, b). B(t, <p. b) hare the form 
W(i. ?, = W(t, ? 4-vf. b), 

B(t, tp, b) = B(t, 94- < b), 

the functions *(t, ?, b). B(t, », b) having in t the period T, which does not depend 
on q>, h. 

Dien, for a sufficiently saall e o „ the behavior of the solutions lying on the 
integral auini fold S is characterized by the number v; if v is irrational, then each 
of these solutions is a quasi -periodic function of t with two fundamental fre- 


_1 




If V is rational, then periodic solutions exist on S with these same fundamental fre- 
quencies; any nonperiodic solution, lying on S, approaches one of the periodic solu- 
tions ss t - 


In the case a): 


In the case b) : 


I V— : «i S(s)-+0, 


l a f v *»|<45(i). 

i»et, in addition to the conditions already imposed, all above (n — 1) characteristic 

exponents have negative real parts. 

Then any solution passing through any point of the region L» a approaches, as 
*“’'**» one the stationary solutions (a quasi -periodic solution in the case of 
an irrational v, or a periodic solution in the case of a rational v). 

In conclusion, a number of application* of theorems I, II, ana III fco the theo- 
ry of nonlinear oscillations in systems with one degree of freedom will be discussed. 

Let us begin with a consideration of the free oscillations characterised by a 
differential equation of the for* of eq.(l.l): 
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t i dx \ 

w + *-x~.s/yx, w ) 

with a small positive parameter «. 

Then the equation o£ first approximation for the oscillation amplitude will be 


g =*4, (a).- 

while, on the basis of eq,(l.27), 

‘£r, 

A. (a) ,1- j / (a cos % — aw sin -J.) sin ii). 

O 

Next, we will show that theorem I and the corresponding remarks permit a rigor- 
ous formulation of the results, as to the properties of periodicity and stability, 
that were obtained in Chapter I for approximate solutions. 

For this purpose let us perform in eq.(l.i) the following substitutions of *ari- 


x ~ a cos 


As a result we obtain 


= — ~ / (a cos •’>, — • ao> sin «h) sin 
±= m — ^ a f( a cos — (m sin $) cos 


(23.69) 


da _ e /(a cos 4>, — sin sirs ^ 

1 — — - / (a cos 4s ' ' — aw sin cos y 

Ihus we reach an equation of the form of (21.1)* 

The corresponding equitiow s£ first approximation (21,2) will be 

2 ft .. 

j* /(« cos 'j, — <7 id sin ty) sill (/•'/, 



( 23 . 70 ) 
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Let the equation 


have the nontrivial solution 


for which 


A y («) — 0 


i/ 0 ' °» 


4i(«o) 0. 


Assume likewise that the function f(x, x’) on the plane (x, x’) is continuous, 
ith its partial derivatives of first order, in the nei ghhorhood of the ellipse 


X* ~f — T=:a \. 

f mi w 


(23.71) 


Then, the aboye theorem prove* that, for sufficiently small values of e . lhe « aet 
equation (23.70) has the periodic solution 

a = a 0 (•>) 

with a period of 2*. close to a c . This solution will be stable in the case 

,!3 - 72 ' 

and possess the property of attracting nearby solution*. 


In the case 


A\ (a 0 ) > 0 (23,73) 

it is unstable and ha* the property of repulsion. 

Bearing in mind the substitution of variables performed by us, and the second 
equation of (23.69), we see that the eq.(l.l) under consideration has, for suf- 
ficiently small e. a limit cycle corresponding to a periodic solution close to the 
ellipse of eq. (23.71)* Under the condition (23.72), this limit cycle will be 
stable, under the condition (23.71) it will be unstable. 

These are exactly the conclusions drawn in the approximate theory discussed 

earlier in this book. 

Let us no. study the oscillatory systems described by the more general cqu»- 
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lion { 12. 1) 




ift which £(&, x, is a periodic function of 6 with period 2k. 
Let us first consider the case of resonance, when 


0)2 = (i ') i+ 

where p, q are relatively prime numbers. 

The corresponding equations of first approximation will be 

g = «4 t <«,»), 

at (23.74) 

wme&s. by virtue of eqs.{13. 14) and (13.23), we have 

*3 

A t (a. ») = - ~ f Jo (a, *|W+»)X 

0 

X Sin (4 >t 4- «W 

/ (23.75) 

53 

* 

*.<■•*>=£-*5; //.(«•'<• f«+»)x 

0 

Xcos(-|v/-{-rijd/. 

To make use of our theorems, let us perform, in the fundamental equation (12.1), 
the following substitution of variables: 


x = * cos ~~ n/ + 1; sin y vf, 

= — E ~ v sin ^ \t -}- yj ~ v cos ~ v/, 
? q ' q q 

thus reducing it to a system in the standard form: 

f t =nX(t.i,n ). 

g = eK(/,5 ( r 1 ), 


(23.76) 


(23.77) 
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I'V. 5. '() »tn ~ 


XV , •»,) = - 


>'(/. 1, i i ) -~ 

f I , J S /'nu P *j 


y v , «, •',) t-os ~ ->t 


!'(t, :. •>,) ---/(< UOS--W + 


4- t, sin •./, ~?fv sin f •-/ + *1 f - cos | - 

— A (l cos •»< + 1| sin •£ >.() . 

It .ill be clear th.t the ripht side* of *0.(23.74) are penodic functions of 

... . , 2*tq 

t w*th the period =— , 

«fe note likewise that the equations of first approximation, corresponding to 
the system (23.77) , ir(J 

J 



V 

=•*55 J >'<'• " 


.74) and are tranafo rased into them by means of the substi- 


are equivalent to eqM23.74) and are transformed into tne* 
tut ion 

g = a cos 7} = — a sin ft. 

Assume that the eqs. (23.74) have the constant solution 

a = a 0 , 

and that,, in the neighborhood of the ellipse 


(23.78) 


x 2 -4- ■-.£ — Q a (23,79) 

(f-r ; 

the function f(t, x, x*) is continuous, together with its partial derivatives of 

STAT 
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first order with respect to x f *'• 

further, let both root, of the characteristic «*•*<>» corresponding to the 
equation, of variation for the solution (23.78) have real negative parts. 

Uen, obviously, the condition, of theorem I are satisfied. 

Bearing in mind the properties e.tabli.hed in it, it may be as.erted that, in 
the .... under consideration and for sufficiently small .sine, of e, eq.(12.1) has 
a periodic solution aith the period 2*. close to hsrmonic: 

"o cos ( P f- ?o) • 

solution passing through a point of some neighborhood of the ellipse ,23.79) 

.ill .sy.ptotic.Uy approach the periodic solution as t - 

Ut no. the equation, of first approximations have a periodic solution .it, a 

,h ‘ 

„ . «„.i. n. •' 

, tt} the second order inclusive. 

derivatives with respect to x, * , to tne sc ^ . . 

, it ^ III (with the condition a; 

In this case the conditions of theore® « 

are satisfied. , 

for this reason we ... a.sert, for example. th.t for sufficiently -.11 

of e. in a certain neighborhood of th.t orbit, there are stationary solutions »««g 
two fundamental frequenciea: "natural' and ” forced”. **<=" the ratio Ut."* . 

frequenci as is irrational, the solutions are qu.si-period.c; when t ey are r 

the solutions are periodic. . 

Jo the «.« when the real part of the characteristic exponent 

stationery -luU-. -re unstable. H. on the other hand, this real part is nega- 

tire, then erery solution of eq.(12.1>. for which, at any P«.nt t 0 , 

ut) =* X (0-cos J v t - x ^ sin p - 4, \ (0 = -V (0 *1" £ * + cos £ , t 

V * ' 

lies rather clo.e alongaide that orbit, asymptotically approaching the stationary 
state, for t - 




•h 
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Let us no* consider the nonresonant case, when the equations of first approx,- 
nation have the form 

da . , .. \ 


7f t ~ s-'l, («), 

% ~ “ + 8 - ,J i («). 


(23.80) 


•here A', (a) and B,(a) are determined by eqs.(12.15), (12.35): 

/* , («)-= 55^ J ( /(O, a cos sin *>) sin ^ r/6 </(i, 

0 0 

2-k 

«, («) = — J j* /('), a cos .Jr, <«•> sill <f) cos ,/'). 

0 0 

Kor convenience in applying theorems II and III. let us perform in eq.(12.1) 
the following substitution of variables: 

x = a cos (w/ ~f- ^), 

dx 

~ — mo sin (w/ + . 

fce obtain the equation in standard forte: 

W ~ ^ "1“ ?• a )• 

d* n (23.81) 

2 = S# 0-/, <«/ + <?, a), 


^ ^ ** c °s — mo sin »}) sin 

fl)=s — -—/(O, a cos 6, — aa> sin cos 

lhe right aides of these equations obviously are quasi -periodic functions of t 
with two fundamental frequencies, » and v. 

If the ratio of theae frequencies is irrational, we have: 


T 

7^1 T J ^ ^ ^ ^ a ) M 



/ 


/ 


/ 
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J J A (0, ‘S'. a)db d<) = A t (a). 


lim ^ B (v/, u»f 4- «) dt ■ 


sr. ji* 

53 J J B(K'\,a)dhd'\ 


We note that these equations can he satisfied, even when the value of the ratio 


- is not irrational. 

v 

Take, for example the case considered in Chapter III, where f(vt, x, x 1 ) is 
represented by a finite sum of the form 

.V 

V e ,nt1 f n {x, x'). 

in which f n (x, x 1 ) are polynomial* in x, x’. 

As is easy to see, in this case a finite aggregate of rational numbers can be 
assigned such that, if ~ is not equal to one of the numbers of this aggregate, then 
eq.(23. 82) is satisfied. 

Let the validity of these equations be proved, in this or any other manner. 
Then, eqa. (23.80) will be the equations of first approximation (averaged equa- 
tions) for the system (23.81). 


Assume that the equation 


has the nontrivial solution 




kT, , 


for which 


a = «„ -h 0 , 
A\(a ) & 0. 


Assume also that the function f(9, x, x f ) Has continuous partial derivatives 
with respect to x, x' to second order inclusive in a certain neighborhood of the 
ellipse 
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In this case. the condition* of theorem II end theorem III [condition b>] «U 
obviously be satisfied* 

Consequently .« may assert that, for sufficiently small values of «. eq.(12.1) 
actually does have stationary solutrons of amplitude close to » 0 , which solutions, 
as functions of t, have Wo fundamental frequencies, a natural and a forced. 

*° r W>° 

the family of stationary solutrons has the property of repulsion, *hile for 

W<° 

it has the property of attraction of nearby solutions. 

It is interesting to note that the conditions rn question here, making theo- 
rems II and III applicable, are so general that, alien they are satisfied, even 
series (12.46), .hich enters into the refined first approximation, may still he di- 
vergent*. 

Se have con.idered the questions of establishing the properties of exact solu- 
tions from the properties of the solution, of the equ.t.ona of first spproximation. 

In . number of cases, ho.ever, it may be of interest to use equations of » 
higher approxiaation for this purpose- 

Urns, for example, the real parts of the characteristic exponents may vanish 

for equations of the first approximation. 

The question of the theoretical evaluation of error for an asymptotic approx.- 

nation of higher order way also arise. 

For such caae. it i. easy to generalise the technique described in Section 22. 
for example, u.ing the expre.aion of the refined .* approximation as the formula, 
of aubstitution of variables. In that caae we arrive at a system of the type of 
cq.{22.61) in which the '‘additional terms* P. Q -iU be of the 


* Due w 


a* nss of*' small divisors" of the form w 2 “ («« 4 
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order o f as.sii.'*--* of e“* 1 , which. of course, correspondingly raises the order of the 
evaluations *o obtained. 


Naturally auch a consideration requirea the imposition of sore severe condi- 
tiona on the character of the regularity of the functions entering into the differ- 
ential equation* under investigation. 


STAT 
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